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IIpéhoyog

O ybpog g ehayLoTonolnong AoyxdV exPpdoewy ATAGYOAEL €var Uixpd AAAS
Wraltepa evepynTnd TUAUA TNS EMOTAUOVIXTC XowvotnTag diebvde. Mou 360nxe 7
euxatpla, uéow tng SratpPric autrg, va yive xou ey® uépog g, Uxpd £0Tw, And TOV
emPBrénovia xalnynth pou tov x. I'. Ilamaxwvotaviivou. Xtic endueveg oehldeg
Tapovsidlovtal xdnow moplopata Tou Tpoéxuday amd TNV EPEUVA UOU, GE GTEVY
ovuvepyaoia ndvta pe Tov x. Harnaxwvetaviivou.

Oéhw, Aoy, va tov euyoplothow Oepud. H ouuPoly tou otn dnulovpyia Tng
dratpPric authc frav xdt tapandve and onuavtxh. H cuveyrc evacydinomn tou xon
10 mdfog Tou Yl TNV £REUVO ATOTEREGAY TO ONUAVTLXOTERO £Q6BLO TOU Elya XATd
N dnuovpyia TV napandve moploudtony. Aev unop®, Pelalwg, va uny avagpeelo
XOL GTNV AYATN TOU YL TO avTixeluevo NG €peuvag auThg ahhd xoL oTig aoTelpeuteg
YV®oELS Tou oL ontoleg unhpay moAvTiues. 'Ola ta ouunepdouata Teoéxuay, TOUAd-
YLOTOV 6NV TeAXT| TOUG Lop®H|, uetd and ouveyels oulntioeig wall tou. Ildvew and
oo 6uwg urhpge mpobuuog va Bonbfioel oe onoladnrote duoxoAio avéxuTTe.

Yo ypévia Tou RUOLY GTO EQYUCTHELO YTOAOYLOTLX®DY XUOTNUATOY, EXAVAL Xl-
volpyloug gihoug xar ouvepydtes. 'Ola Ta maudLd Tou epyastnelov édetlay and v
AN oLyt évtovy dudleon va ue Bonnoouy xa ue éxavay va aeBavid dveto.

Oého enlong va euyoplothow ot Toug xVproug Nextdpro Kollpn xau Iavayudtn
Toavdxa yw ) @uioéevia 6TOUG Y®EOUS Tou epYaoTnelou oL YL TNV TOAUTUY
Borbewr Toug, énote auth HTav anopaltyTy.

Téhog euyapLotd TNy emitpont| e€étaomc Tng StatpPric yia To yedvo nou diEbecay
oTNY AVAYVLOY TNC.

Anurtelog E. Boudolteng
Ab¥va, 29n Anpuiiou 2008.






ITepiAndm

H onpepwvi enoyt yopaxtnelletat and tny eloBohH TwV NAEXTROVIXGDY UTOAOYLGTHY
XOL TOV EVOOUATOUEVOY GUGTHUATOY ot xdle ntuyh g Lwfc wag. Ou nhextpovixég
OUOXEVES, GUVEY M, CURELXYOYOVTAL, YivoyTal TayUTepes EVEH AmatTovy OA0 oL xpd-
Tepa Tood evépyeLag Yo TN Aettoupyia toug. H xatdotaon auth odnyel, uorpata, xau
otn uelwon Tou ueyéboug TV 0AOXANEWUEVOY XUXABUATOY ToVY Baoxdy, dnhady,
SoUX@Y GTOLYELDY TV GUYYPOVOY NAEXTROVLXMY GUGXEUMY.

H rapoloa didaxtopuxt Siatplfr acyokelton ue v ehayiotonolinon hoyxody ex-
ppdoewy "anoxhetotixot B7 (XOR) yia tuyaio hoyuer) ouvdptnom, xaL To ouyxexpl-
uéva ue TN pelwon v 6pwv and Toug onoloug auth anoteleital. ‘'Eva ohoxAnpwuévo
xOxAoua anotehel TNy mpaxTixh vhonolnoyn wlag tétoag Aoyunc éxgpaons. Katd
ouvénela 7 Statper auth TpooTabel va mpoopépel oTo TEdBAnUa TG PehTioTonolinong
TOV AoYOY xuxdoudteoy. H mo yvwot) tétowa xatnyopla exgpdocwy elval ot
Aeyébueves exgpdoec ESOP (Exclusive or Sum Of Products), énou yio Aoy ou-
vaptnon exgedletal ws dfpoioua XOR and hoyuxd yivoueva. O xdprog 61éy0g g
dratpiBric elvan n ehayiotonolnon exgpdoewy ESCT (Exclusive or Sum of Complex
Terms), ot onolec unopotv va Gewpniolv vc enéxtaoyn twv ESOP, agol théov o Gpol
ovoudlovtat oUvhetol (complex terms) xat dev nepthauPBdvouy uévo tn Aoy npdln
KAI avdueoa otic yetafBhntéc ahhd ev yéver omoadfinote hoyw npdln (ouvdptnon
300 elo6dwv pLag e€68ou). H onuaocia tov tapandve exppdocwy toviletal xou and
TO YeYovég OTL Umopovy, UE TETPWUEVD TpoTo, va anewxovieholy oe avTioTeédiueg
apyttextovixés. ‘Eva avtioteéduuo Aoyixd xOxAomUd EYel UXPOTERES ATOAELES EVE-
ovewag oe oyéon ue €va TUTXG Aoyd xbxhwuo xal yia 10 Adyo autd 1 abvleon
aVTLETEEPLUOY xuXhwUdTwY Oewmpeltar To uéAhov oty Aoyt oyediaoy. "Eva axéua
ONUAVTIXOG TOUS TAEOVEXTHUA Elvar 6TL uTopoUv va yenotuonomboly xou yia Tr oUvleon
HBoVTIUXDY HUXADUATOY.

H SwatpiPr aoyoheltan, xatapyhy, ue 1o Bewpntind unéBaubpo tne ehayLotonoinang
TETOWY eXPpdoewy. Amodewxviovtal Bewpruata to omola utodelxyiouy U uebodo-
hovla yio tnv ebpeon ehdyrotne ESOP 4 ESCT éxgpaone yio onoadnnote mAipws
oploUévn Aoyt cuVpTNoN uovadixhc 630U alld ue TepLoploud we Teog Tov aptiud
TOV 6pwV G ULo EAAYLOTY EXQEact| TS B UE TEpLOpLoUd WS TEog Tov aptiud Tev
UETABANTOV €Lo6dou tng. T'ivetan emmhiéov uehétn mwg Ta TUPATAVE GUUTERAGUOTI
UTOPOUY VA YeNoWOTOLNHoUY YLol EUPLOTIXY) EAAYLGTOTONCT CUVIRTHGEDY TOU JeVv
EUTITTOUY GTOUC TOEATAVE TEPLOELOUOUS.  XTN GUVEYELL TA ToEATdvVe: Toplouota
enEXTELVOVTOL, EUPLOTIXA, YL ATEAGDS OPLOUEVES NOYLXES GUVAPTAGELS TOAAGDY EEHdMY.

H nopamdve Bewpntind uekétn tou mpolAfuatog elayloTomolnong exgpdoswy
anoxAeLoTIX0U 1 yenouonoteltal Yo TV vAonolnom npaxTtixody adyoplbuwy ol onolot,
OTwe Qalvetol xal and Ta TelpaUATIXd anoTeAéoUATA, dlvouy xahiTepa anoTEAEoUATA
and Toug avtlotolyoug tng debvoig BiBhioypaplog.

Téhog xdmola and Ta napandve Hewpntixd noployata EneXTELVOVTAL GTO YMEO
TV ®Povixedy unoloyioudy. llgotelvovton xaviixol ahydplfuol mou umopolv va
xenorronomnboiy v Ty axeBt) ehaylotonolnon expedocwy " anoxielotinol N7 xon
XOTASEVEOUY T ot UTEROY Y TWV XBAVIUAY UTOAOYLOTOV EVAVTL TOV XAAGXOY
TOLS AVANGY V.






Abstract

Our times are characterized by the invasion of computers and the embedded
systems in our life. Electronic devices are shrinking, they become faster and require
smaller amounts of power for their operation. This situation leads to the reduction
of the size of integrated circuits which form the basic parts for building electric
devices.

This thesis deals with minimizing logic expressions using the eXclusive OR logi-
cal operation (XOR). More specifically it deals with minimizing the number of terms
inside these expressions. A logic circuit is a practical implementation of such an ex-
pression. This way, this thesis tries to contribute to the problem of improving logic
circuits.

The most famous of those expressions is the so called ESOP expression (Exclusive
or Sum Of Products), where a logic function is expressed as an Exclusive OR sum
of logic products. The main contribution of this thesis lies in minimizing ESCT
expressions (Exclusive or Sum of Complex Terms). These expressions are a superset
of ESOP, since their terms are called complex and can include not only the logic
AND function but logic OR and XOR as well, between the variable literals. The
importance of the aforementioned expressions is enhanced by the fact that they can
be, trivially, mapped to reversible architectures. A reversible circuit has smaller
thermal dissipation than its conventional counterpart since it loses no power due
to information loss. That is the reason they are thought to be the future in logic
design. One additional important advantage is that they can be used to synthesize
quantum circuits.

This thesis deals with the theoretical background of minimizing ESOP and ESCT
expressions. Theorems are presented which indicate a methodology for finding min-
imal ESCT and ESCT expressions for any fully defined single output Boolean func-
tion but with restrictions on the number of its input variables or the number or
terms in its minimal expressions. Those conclusions are, also, used for heuristic
minimization for functions that do not conform to the previous limitations. They
are also extended for incompletely specified multi output Boolean functions.

The practical algorithms that are implemented as a result of this research, are
compared to algorithms from the international bibliography and their results indi-
cate their effectiveness.

Lastly, some of the theoretical results are extended in the field of quantum
computations. We propose quantum algorithms for exact ESOP and ESCT mini-
mization and these algorithms show the advantage of a quantum computer over its
classical counterpart for difficult computational problems.






Kegpdiaro 1

Eicayoy

Life would be so much easier if we could just
look at the source code.
Author: Dave Olson

4 WS elvol YVOOTO OAo To AoYXE XUXAOUATA SLETOVTOL ANd TOUS XAVOVES
e dhyePpag Tov Boole. Me 0y aluatddn e€€MEN 6T0 Y HBpo TV AOYIXGY
xUxAoUdTwy vPnifc ohoxifpwons (VLSI - Very Large Scale Integration)

7 €peuva 6T0 YOPo TV TEoBANudteY Tne dhyeBpag Tou Boole yvwpellel TpouaxTixy
avinomn to tedeutala ypoévia. ‘Eva and ta mopandvew npofAfucata mou Oa yog amo-
oyolfoel aTn ouyxexpUEvn dbaxTopixt| Swatph elvan n clayiotoroinon Aoyixdy
rapaotdoewy. Ilo ocuyxexpuéva, Yvweilovue 6t 1 vhomolnon xdbe hoyixot xuxhad-
uatog otneiletal oe Yo Aoyt cuvdptnon Boole. Ev yével, n ouvdptnon autr unopel
va elvo ToAAGY LeTaANTGY ol TOAAGY e£68wYV, XaL TEQLYPEPEL TN OUUTERLYPORE TOU
HUXADUATOS AVINOYA UE TLS SLAQOPETIXéS TWES eLoddY ou déyetal. Kdfe tétola
ouvépTnorn unopel va €yel dapopeTiés exgpdoec (dnh TEdémOUC avaTUEdoTAGTS).
Kénoieg and tic napandve Loppéc avanapdotaons expedlovial we Aoywxd dbpolcua
Opwv "hoywol 7 1 "amoxketotixod 7. Ou ex@pdoelg autég €Y0UV TO ONUAVTLXO
TAeovEXTNUA 6TL uRopoUy elxola vo anewxoviooly oe apyttextovixéc FPGA (Field
Programmable Gate Array). To npéBinuo oe autéc tic nepuntdoeis elvan 1) edpeon
TOV EXPRACEDY UE TOUG ALYOTEPOUS duvatols dpoug, yiatl xdtl tétolo Oa odnyroel
OTNV XATAGKEVT] OAOXATIOWUEVDY XUXAWUATWY UE 660 TO Buvatdv ULxpdTepo Uéyehog.

H épeuva otpdgmnxe, apywd, otig exgpdoeig SOP, ol onoleg anewxovilouy hoyuxég
ouvapthcelc wc "hoywéd dfporoua H7 (OR) and hoywd yivépeva (SOP - Sum of
Products). Xdvtoua dumc ) Héon toug mhpay oL exgpdoels T hoyuxol abpolouatog
anoxietotixol K7 (XOR) ue époug hoywd yivbueva (ESOP - Exclusive or Sum of
Product Terms), ywtl oe olyxpion ye tic npdteg €xouv xEmolo oNUaVTIXE TAEOVE-
xtAuata. To ndve bplo atov aptiud tmv Aoyixdy Yivouévwy ot uia éxgpacr ESOP
Yo Lol GUVERTNEN 1 UeTaBANTAY elvan 29-2777 0 > 6 eved oTic exppdoeg SOP eivo:

271 [Gai02]. Emnhéov elvor omuavtind mo anoSoTixég Yl GUYXEXPULEVES XaTNHYOpleS

EQapUOYHY 6Twe oL Tnhemowvwvieg [Sas99]. Me Aya Aoy, otic exgpdoeic ESOP,

€yovue hybtepoug Gpouc (otny eldytoty éxgpaon) and 6Tt oug exgpdoec SOP.

Emmiéov ta xuxhdupata nou yenoonototy tikeg XOR, anodewcvietar, 6tL ehéyyovion
TOA) 7O EUXONA XUl ATOLTOUY YLX TOV TOEATAV® EAEYYO ALydtepo mheovalov LAXO
xat Uxpbtepec axohrovbiec eréyyou [Sas99]. To "enduevo BAua” otnv épeuva elvor
oL exgpdoeic hoywot afipolouatoc ”anoxheiotixod 7 obvbetwv 6pwv(ESCT - Ex-
clusive or Sum of Complex Terms), ot onolec unopoly va 0dnyfoouy oe pxpbiepa
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Evétnia 1.1. OPIEMOX KAI ¥HMAXIA TOY [TIPOBAHMATOX

xUXAOUATA 0 oYEor ue Ti¢ exgpdoeic ESOP. "Eva axdua ueydho toug TAeoveéxTtnua
elvar 6TL unopody va yenotwononfolv yua tny vhonolnon avitotpéuuny (reversible)
xat (XPavTi@dy xuxloudtev (quantum circuits).

Elvar yvwotéd 6tL to npdPinua tng edpeone eAdytotng ESOP éxgpaone yio uea
tuyata Aoy ouvdpTnon avixel oty xatnyopla Twv NP-hard npoBAnudteyv, xatd
ouvenela dev unopel vo emiulel oe Tohuwvuuxd yedvo. To aviieTolyo npdBAnua tng
elpeong erdyiotng ESCT éxgpaong elvar, toukdyrotoyv, to (o dYoxoio.

H épeuva 610 Yoo tng ehaytotonoinong exgpdocwy ESCT dev €yel npoywenoet
oe avtiotoyo Poabfud ue authv 610 Y®eo TV exgpdocwy ESOP, nugdho mou ot
xUTTapXéS douée (%L oL EXQpdoELS TOU avTLoTolyoly 6e auTéc) YL TNV UAomolnon
AOYXOV exPEdoewy SeV elvol XATL xoLvVoUPYLO YL TNV ERELYNTLXT XOLVOTHTA. XT1)
dexaetioa Tou 60, onuavtixd Bdpog elye dobel oty avantuin tng oyetixrc Bewplog,
6umS M T6TE Lndpyouca TeEYVoloyxY unodour xabiotoloe adlvatn TNV anodoTixy
vhorolnon tétowwy datdlewy [IS93]. ‘Etol n épeuva adpavonohfinxe. Lhuepa duwc,
mou To teyvohoyws undPalpo undpyet, N €peuva avalepudvinxe. Meydin Ginon
360nxe xon amd v parydata avanTtun tng teyvoroyiag Twv FPGAs xaw twv LUT FP-
GAs (Look Up Table FPGAs) ta onola tonptdlouv téheta otny npaxtixt, uhonolnon
TV Topandve Bewpntixdv anotekeoudtov. ‘Onwg Ou gavel xou otn cuvéyewa ot
exgpdoeg ESCT anewxovilovtar oe eldixo) TOMoU xuTTapés apyLltextovixés.

1.1 Oplopdg xa onuacio tou tpofAruatog

To npéinua mou avahletal otny Tapoltoa datel3r elvat to axdrovo:

‘Eotw wo Aoy cuvdptnon n UetaBAnTdV e16680u 1,...,%,. Avalnrodvro
exelveg oL exgpdoceic mou €youv Uop@n:

F=P®oP®...0 P,

xoL 0 apliude Ty Gpwv m elval o eAdyLotog Suvatodc. Lny éxgpaon F ol bpol
P; elvai ouvapthoeig edixric nopgric mou eCapTdvTal and Tig UETAPANTES 1, ..., Ty,

Yty nagovoa Sdaxtopur dtatplBr) avantiooetal o anapaltntog HewenTtinds pop-
UaAoude yia TNV axplBn ol euple T EAAYLETOTOMNGT) EXPRAGENY " anoxAeloTIX0o)
xouL Lo ouyxexpluéva Yo Tig exgpdoeic ESCT xou deutepeudviwe yia Tic expdoelc
ESOP. Ov exgpdoeic ESOP xow ESCT éyouv xdnola cuyxpltixd TAEOVEXTAUATA GE
oyéon ue dhheg hoyurég exgpdoes. Autég ouvodilovtar wg:

o Ouexgpdoeic ESOP xou ESCT anotehoty xdmoleg and TLg YEVIXOTERES UORPES
afpolouatog 7anoxhetotixod K7 xat Yot T0 AGY0 aUT6 UTOPOLY Vo TpoGHEQOUY
EXPPACELS UE TO ULxpOTERO duVaTO aplbud Gpwy. AvaAuTtindtepa oL exPpdoelg
"anoxheloTinod 17 xat oL oyéoeig toug eetdlovtal oty evoTnTa 2.2.

o Ou exgpdoec ESOP xau ESCT umopoty, modd edxola, va anewxovioholyv g
avtioTeédiua hoyuwd xuxhoduata. To mAcovexThuata xoL 1 avTioTolylon Tov
exppdoewyv ESCT ye tumixéc aviiotpediueg nhieg napoucidlovtal otny evétnTa
2.3.

o Ov exgpdoeic ESOP xou ou exgpdoeig ESCT unopolv va arneixovicholv oe
oVyypovee apyttextovixéc FPGA. M tétoln anewxdvion napousidletat 6Ny
evotnta 2.4.

Fevind pixpdtepeg hoynég avamopaoTdoels ULag AoYLxHg oLVAETNOTG CUVERAYOVTAL
XOL UXEOTEPES UAOTOLAOELS, ATl Tou 0d7YEl 08 UxpOTERO XOGTOC TARAYWYTC, EAI-
YLOTOTONOY XATAVAALGHOUEVTC EVEQYELAS Ol ULXpOTERES DepUinés andAeles.
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Evétnra 1.2. ¥YNOVH YYNA®OYY BIBAIOI'PASIAY

1.2 Xdvodn cuvagois BLBAloypapiag

O emotnuovixds yheog TN ehaylotorolnong Aoyixdy nopactdoewy elval axuatog
ed&% xou, mepinov, uied adva. ‘Oco 1 Prounyavia Topaywyhc OAOXANEWUEVWY XU-
XAOUATOY avanTUeoETAL, TG0 evTovoTeeT O yivetal 1 avdyxyn yio ™) BeAtiotonoinoy
TWV TUEAYOUEVLY TEOLOVTLY NG, T660 o€ enlnedo UAXoY 660 %o ot eninedo uebodwy
oUVOEGTC TV OAOUATPWUEVDY XUXADUATWY.

'Onwe avagépbnue o tponyoupévng oL exgpdocts ”anoxketatixol 17 etvon Wial-
TEPA ONUAVTIXES XAL YLl TO Ay autd €youv uehetnlel oe onuavtind Babud and 1
diebvry emotnuovixy xowvdtnta. Avduesd toug ov exgedoeic ESOP €youv tiyel tng
ueyahitepnc avay vielons A6Yw® ToU GUYSUAGUOY ATAGTNTAS XL ATOSOTLXOTNTAS GTO
uéyebog tng uhonoinong, Tou TEOGPEPOLY.

‘Eyouv npotalel ahyodplbuol yia tny edpeon tng ehdylotng, wg mpog tov aptiud
v 6pwy, ESOP éxgpaorng vy yia tuyala Aoyue ouvdpetnon ahld pe Teploplopoi
©¢ Teog Tov apliud Twy UeTaBANTGY e166d0u 1) Twy aptiud TV dpwv aTNY EAIYLOTY
ESOP éxgpact) tng. Ou ahydbplfuot autol uetaoynuatiCouy to mpdBinua tng edpeong
ehdyotne éxgpacne ESOP oe xdnolo woodbvauo 6nwe to mpolAnua tne elpeorc
eNdytotou povonatol oe Ypdpo (ouvdptnon Helliwell [HP88, MP90]) v opilouv xou
eXUETAAAEDOVTAL XAdOELS Looduvauiag dnAad abvola cuvapThoEnY UE Tov (Blo aptiud
bpwv oty ehdylotny ESOP éxgpaot] toug [KS93, Gai02]. To npdBinua otny tehevtala
TEPIRTWOT AVAYETUL GTOV EVIOTLOUS TNE XAAGNS LoodUVAULAg TNS CUVEETNONS ELGOBOU.
Téhoc wor dAn npooéyyion [THO2] xoataoxeudlel xau evitonilel ehdytotec ESOP
exppdoels Y ouvapThoel Uypl 6 ueTaBAnTdy elo680u eAEyyovTag OAES TLg duVATEG
OUYIRTNGELS UxpOTEPOU aplluol UETABANTGOY eLaddou, YenolLotoldvTas Topdhinia
%xAVOVES AMOPUYNG OELOUEVLY amd aUTES oe TeplnTwar Tou dev uropovy va Bonbrcouy
otov eviomoud eidyrotwy ESOP exgpdoewy yia ) ocuvdptnon ewwédou. Ol onua-
viuxdtepor axpiPelc alydpbuol yio ESOP exgpdocic mapovsidlovtal ot gpyacieg
[SP02, SP03, SP04] xou otnpwlbuevor oty uéfodo tne anocivieone ulog hoyurc
ouvdpTnone oe anholotepec (Ue Wxpdtepo aplBud uetaAnTtéhy elo6dou) unopoly va
evtonioouy ehdyrtotec ESOP exgpdoeic yia onotadrinote Aoy cuvdptno, avelop-
THTWS ToL aElbuol TwyV UETAPANTOY eLo6dou TN, aAld ue tepLoplopols otov aptbud
Opwv oty ehdyiotn ESOP éxgpaon tne. Xtig Bieg epyaoieg napousidotnxay xar
EUPLOTLXEG ETEXTACELS TOUC.

‘AMhouL alybplBuot plyvouv 1o Bdpog Toug oty TayltnTa elpeong " xahdY’ ex-
pedoewv ESOP ov onoleg Oa elval oyeddy ehdytoteg ywplc duwe va motonololy 1o
Béhtioto g mapayouevng éxgpachc. O ahydplfuol autol dev mepropilovtatl and
ToV apliud TV YETABANTOV NG ouvdpTnong ele6dou 1 Tov aptiud Twv dpwv. O moro
ovouaotég elvar o ahybptbuog Exorcism-4 [MPO1] o onolog opilet 1o uetaoynuatiousd
Exorlink xat tov yenouwonotel yio 10 UeTAOYNUATIOUS GpwV 0E dAAOUS LGOBSVVAUOUS
ue oxond TN UETEMELTA eAayLoTOTOINGY) Toug. AANAoL, Aiy6Tepo anodotixot, alydelbuol
oty B xatnyopla napovetdlovtor otic epyaoieg [Sas93, ADOL, SPST00].

ITagdho nou To mebPinua e ehayloTtonolnong expedocwy ESOP éyel ueketnOel
exTevdS 6To mopehBov xau €youv mpotalel alybplbuol té660 via axpfelc doo xan
v oyedov axpiBelc Moelg, evToUTolg TapaUEVEL axdua avolxTtd. 1to nedfAnua Tng
ehaylotonoinong ESCT exgpdoewy undpyouv Ayeg npoondfeiec. O npdteg epyaaieg
oto nedio autd dnuootedbnxay tn dexaetia tou 70 [Min64, Muk69, Pap76, Pap77a,
Pap77b] xau yio éva peydho dudotnua 1 €peuva 610 Yoeo autd énade. Ta tehevtala
YoV, 6umS, avabepudvinxe To evilagépoy Yia TG AOYLXES AUTES EXPRATELS XAl YLa
TLS EQAPUOYES TOUG.

Emonuatvetar 61 dev €yel npotabel uebodoroyia, ToukdyLotov 660 unopolue va
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Evétnia 1.3. ¥YMBOAH AIATPIBHY

yvwetlovue, yua tnv ebpeon ehdytotne ESCT €xgpaong yio tuyala hovixr ouvdetnon
extoc and authy g epyaotoc [Pap77b]. Ou undhoinor ahybpibuot tou npotelvovion
elvar evplatixol oL otnpllovial, 6TLC TEPLOGHTERES TEPLNTMGELS, OE TETPUUUEVY EME-
x0T TV HON unapydvTwy uehodohoyidy yia Ty ehaylotonolnon exppdocwy ESOP.
Ye TOAEG, UAAOTA, TEPIRTOOELS OL EXPEACELS TOU TopdyovTal dev elvar, axpBdg,
expedoeig ESCT ahAd napeupepeic Touc.

Y1 epyaoieg [AS94, IS93] yenoruonotodvion teyvixéc Onwe 1 avadidtaln Ty
UETABANTAOY €Lo630L xaL UeTtaoyuatiopol x0Bwy. Ou teyvuée autég otnpllovtal o
avtiotouyeg pebodoroyieg and v ehayiotonolnoy exgpdocwy ESOP xou anoteholy,
ouvifog, amhoixég enextdoelg Toug. Ye dhheg mepntdoelg TohG-Tiun Aoyl yernot-
woroteltan yia va napayfody " xakéc” exgpdoeic [PLI8, LDBI8] aldld oL exppdoelc
autég elvan maparlayéc xau enextdoes twv ESCT. Ytic epyaoiec [SP98a, SPI8b]
mpotelvetal ot ouoTnuatixy uébodog yua tn dnulovpyia exppdocwy ESCT enextel-
vovtag v npd&n EXORLINK. H xoawolpyia auth npdéyn ovoudletar m-link. M
eNEXTAOY) TOU TopAndve akyoplluou v atehdc oplouéves ouvapTrioels TpotelveTal
oty epyaoto [GLIS] aldd ot exppdoeic mov napdyoviol oL GpoL uropoly v eve-
vovTal 1660 pe TNV npdln "anoxielotxd 17 660 xoL Ue TNy mpddn "hoywéd 7, xotd
ovvénewa elvon napeugepelc twv ESCT exgpdocwy. Ytg epyaciec [Lee97, GLIT]
npoteivetal alybpiuog mov otnpiletal oty anoctvleor tng ouvdpTnong elbédou o
dhheg anhovotepeg xar anotehel, oty ouola, wa enéxtaot Twv PSDKRO exgpdocwy
mou Bo napovolaatoly atn ouvéyea. Téhog otny epyaoio [AMO2] npotelvetol ahyd-
etBuoc yuo T Snutovpyia oyedov eldytotwyv ESCT exqpdocwy yio atehdc optouéveg
hovuée ouvapthoelg alld 1 pebodoroyio auth Sev vhomouffinxe xar xatd cuvénela
dev umopel va e€etaotel wg TPOC TNV ATOTEAECUATIXOTNTE 1.

O onuavtindtepeg and Tig Tapandvw epyacieg TapoustdlovTal avahuTiXGTERX 6TO
Kegpdhawo 8.

1.3  Xupfoly) dratplfng

Elval gavepd and 1o nponyolueva 6Tl umdpyel éva ueydho "xevé” oto ydeo Tng
ehaytotonoinone exppdocwv ESCT. Méypl tn dwatp3h auth dev undpyer capéc Oe-
wenTd undfabpo v TNy evpeor eldytotwy ESCT exgpdoenyv yio cuvapthioels Ue
TepLo66TepeS and 5 uetafSintéc eleddou. Emniéoy, to anoteréouata v ahyoplfumny
¢ diebvoic BiBAtoypagplag yia tny ehayrtotonoinon expedoewy ESCT dev elvat apxetd
LXAVOTOLNTLXG.

Y Swatet3r) auth napovaidletal To Dewpntind undBabpo Yia TNy elpeon eAAYLOTNS
ESCT éxgpaong aveZoptitog tou aptiuod tov yetafintdy ewoddou tne. Ilupouot-
alovton entome axpiPelc uebodohoyieg yia tnv edpeor ehdytotwy ESCT exppdocwy
Yo ovvapthoelg Ue aptiud ueTaBANTOY eLobddou To ToAY 6 1 ue apliud dpwv 10 TOAY
7 oty ehdytotn ESCT éxgpaon tng ouvdptnong ewoddov. H napandvew uebodoroyia
enextdlnxe xou ypnowwonowlnxe v va dnulovpynfolv eupliotixol alydefuo o
orolol TaEOho TOU dEV EYYUMVTAL TO BEATIOTO TWVY TopaYoUEveY exppdocny ESCT,
EVTOUTOLS BEV SEGUEUOVTAL UTO TOUC TUPATAVE TEQLOPLOKOUC XAl ELVOL Xal TOAD TLO
yeryopol oty taybtnTa exTéhechic Toug. 'Onwg galvetar XaL 6T0 oYeTXd XEQPIAULO
e StateBric, Ta anotehéouata Toug elval xaAlTEpa and autd Twy akyoplfuwy Tng
diebvoile BiBhoypaglag. Mekethfnxe enlong xou to mEéPAnua tne avadidtaing Ty
UETABANTOVY €L6d0U P AoYIXHE oUVARTNOTS UE 6TOYO TNV EVPEGT) ULXPOTERWY EX-
ppdoewy xabts xo exelvo g ehaytotonolnong atehds oploUévey ouvaptioewy (in-
completely specified) xo ouvaptioewy ToAGY e€68wy (multi output).

Enuavtid xiviteo yio T dwate3 auth arotéheoe xau 1 npoondfewa ebpeong g
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Evétnia 1.4. AOMH AIATPIBHE

oyéong avaueoa oty ehayrotonoinoy exgedocwy ESOP xauw ESCT. Ou exgpdoeig
ESOP anoteholv unonepintwon tov exgpdocwy ESCT. 'Eyive, Aowndy, npoondbera
va evtomotoly ol mpoavagepheloeg oyéoec. To anoteléouata xal oL oyéoelg mou
TpoxUnTOuY Tapouatdloval 6To TEhog NS SlatplBng.

Aedouévng tng Loyuerc oyéong twv exgedocny ESCT ue tig aviiotpédiyueg moleg
2oL T XPAVTIHE XUNADUOTA, EYLVE UEAETT TG EMEXTACTIC OPLOUEVWY EX TWY TULATAVEL
Bewpnuixdy noploudtewy 670 YOEo TV XPaviixdy urtohoyiouwy. To anoteréopata
rapouctdlovtal 610 Kegpdhato 7 xar anodetxviovy Ty avetepdtnTtd TV XBaviindy
UTOAOYLOTAY €VAVTL TOV XAAGXGY, 0€ SUOXOAA UTOAOYLOTLXA TRofBAAUaT TS TAENg
NP (Non Polynomial time).

Aedouévou 611 ol exgpdoeic ESOP anotelody unoctvoro twv expedoewy ESCT,
1 épeuva Eexivnoe and avtés. Hoplopata g épeuvag autig ouvéBalav ot dnuLovpyia
TV ahyoplfuwy QuiXOR xat QuickDCMin. Ou akydetuot autol, av xat guplotixot,
dlvouy amd T MO TOLOTIXA ATOTEAEGUATA YO THY EAAYLOTOTONGT TApwS Xl ATEAGDS
0pLOUEVLY AOYLXGY GuVAETAGEWY, aviioTolya, ot dtebvy| Bihioypapia.

1.4 Aoy dratpPrg

Y10 Kegdhawo 2 nopoucidlovitar ot Paoixés €vvoleg xal WOOTNTES TOV EXPRICEWY
Tanmoxhelotinol K7 xa eWdwdtepa Twy expdocny ESOP xou ESCT. To Oswpntixd
unéBabpo vy Ty ehayrotonolnoy exgpdoswv ESOP v ouvaptioeic povadunrig e£6-
dou mapoucidletar oto Kepdhoro 3, evédd to Oewpnuxd undBabpo yio tny ehayLoto-
moinoyn exgpdocwy ESCT eugaviletar 610 Kepdhawo 4. O Bewpntinde gpopualiouods
YW TNV ENEXTACT, TWV TAPATAVE OE GUVAPTACELS TOMGY e£68wV Tapouctdletal 6To
Kegdhato 5 xau unogel va yenowonownfel 1600 yio ehayiotonoinon exgpdoewny ESOP
660 xau v ehaytotonoinon exgedoswy ESCT. Yto Kegpdhoawo 6 napousidlovtal,
ouUYOTTIXd, oL aAydplduol mou vhomotRdnxay XL cUYXPlVOVTUL UE UTAPYOVTES TNG
diebvoic PuBhioypaglag. Ilepiocdtepeg mAnpogopies yua Toug ahyoplBuoug autolc
unopoVy va avalntnlovy otov Hapdptnua. IMapdiinia oto Kegpdharo 7 tapovaidlo-
VTOL ENMEXTAOELS TWV TURATAVE aAyoplfumy 670 Yheo ToV XBAVTXGY UTOAOYLOUODY.
Téloc oto Kegpdhato 8 napouotdletal avalutixdtepa 1 diebviic iAoypapio 6to ydeo
¢ ehayiotomoinong exgedocwy ESOP xar ESCT, evé 1 dwatpn ahelver ue xdmora
ovunepdopata xor yehhovuxée epeuvntixés xatevhivoes (Kepdhao 9).

1.5 Anuootedoelg

To onuavtdtepa noplouata mou tpoéxuday, 6To Thalolo e StateBrc, dnpootedbnxoy
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Kegpdiaro 2

Baouxeg €vvoleg xau LOLOTNTES

I do not fear computers. I fear the lack of
them.
Author: Isaac Asimov

29

xo0 1. Ilagoucudletar 1 oyéon Twv dwpdowy expedocwy ” amoxAeLoTIX00
1 xa anodewvietat 6Tl oL exgppdoelc ESOP xow ESCT elvat ov mo yevixég
exgpdoeic afpolopatoc XOR xat xatd ouvéneia odnyolv 6e exPpdoels UE TOV Uxpb-
€00 duvatd aplbud Gpwy (Evétnta 2.2). "Eva axduo onuoavtind yopaxtnetotixd toug
elvan 0 avtiotpeduyubdtnTa 1 onola avarleton oty Evétnra 2.3.

Téoo o exgpdoeic ESCT 600 xau ou exgpdoeig ESCT elvan Hewpntinég évvoleg.
Elval onuavtind howndy va nopouctachel Ui mpaxtins Toug EQupUoYT GE ULd TEOYUd-
e mhat@épua avéntuing FPGA (Evétnta 2.4).

ITewy duwe and ta mapandvw, tapoucldlovial oL anapaltnTes Baotxés EVVoLeS ot
0pLoUOL HOTE 0 AVAYVAGTNG VA UTOREL VA TROYWEHOEL ATEOGHOTTA GTNY AVAY VKO
e dwtpPBrhc (Evétnta 2.1).

: )TO xeQEAALo auUTO avahbovTaL Baotxég WLOTNTES TWV EXPPACEDY " ATOXAELTTL-

2.1 Boaowécg €vvoleg

2.1.1 Avadwh Aoy (Binary Logic)

Opiowés 1 ‘Eotw X dvadua petafAnty ue twée and o Vo= {0,1} xar S C V.
Tore X, X, 1 elvar literals (SinAérec) tne X.

Oprtowbs 2 M Aoyuwxij ouvdptnon Boole n uetafAntédy eiodédov xar uiac elédov
(single-output Switching Function 7 single-output Boolean Function) elvar pia avti-
otolyton: f:{0,1}" — {0,1}.

Oplowés 3 Mia Aoyuwdj ouvdptnon Boole n uetafAntdy etoddou xar m eébdwy (multi-
output Switching Function 1 multi-output Boolean Function) elvar uia avriotolyion:
f {01} — {0,1}™. Tevixd uta tétota ovvdptnoy unopel va Gewpnbel wc m
Stagopetinés ovvaptiioeic n uetafAntdy xaw utag eéédou.

Opiowés 4 Muia unoouvdptnon fi, i = 0,1,2 wac ouvdptnone f(x1,22,...,2y) ©C
meog T Svadui uetafAnti x1 opiletar we:

fl :f(l,xQ,---,xn);fO :f(O,IITQ,...,.’L'n);fQ :fl®f0;
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érov to oluforo @ vrodnldver loyixd dfpotoua anoxietotixol 1j (XOR-sum).
Xty owéyeta (via euxoria) a SnAdvovue tpy uetafinth x1 (SnAadh avth we meog
™)V omola toyUovy ot Tapandvew CYETELS) WE T .

HMapddetypa 1 H Aoywxsj ovvdptnon: f(x1,x2,23) = 12223 G 10203 €yet unoou-
VAPTHOELS W¢ Tpo¢ TN ueTafAnth 1 Tic: fo = @203, f1 = T2x3, f2 = X223 @ £273.

Octowés b 'Eotw uta Aoyl ouvdptnoy f nov elaptdtar and (n + 1) uetafintéc

etoédou. Yrodoyilovrag tic unoouvaptiioets t¢ [ xat avadpouuxd ti¢ utoouyapTioets
TwY uTooLVapTHoewY, Snuiovpyeitar éva Toiadixd dévtpo ue Bdboc to moAd n xar 3"

pUAa. To dévipo autd ovoudletar 8évtpo yevviitpia (generator tree) tnc ouvdptnone

f. H mapardve avadeou mpayuatoroieitar éwg 6Tov EVTOMLOTEL UTOOUVERTNON 1)

onola elvar otabfepd (0 1 1) 1§ Beebel pUAdo (o1 ouvaptioeic twv pUllwy umopel va

elvar plag 1 6vo uerafintdy eioddou).

M hoyuer ouvdpTtnon unopet va ypagtel ue ) Borfela Twv UTOGUVIETAGEDY TNg
0¢:

f= e o0 (2.1)
=gz o

Ov tpewg napandvew oyéoels ovoudlovton: Shannon (Boole), Oetixd xar apynuxd
Davio avéntuyue (1 anootvleon) aviiotouya, 6mou z1 elvar duadux uetafAn.

Oplowés 6 'Eotw uia Aoyixyj ouvdptnon f(z1,x2,...,x,). 'Eotw erionc literal
x; =, T; Tn¢ xdbe uetafintic xii = 1,...,n. ‘Eva Adoyixé ywiuevo tne uoppic:
Ny (wi) ovoudletar edayiotdpoc (minterm) tnc ovvdptnone f ([ elvar n Aoyuxy
modén "KAI”).

Mua tuyata Aoywd cuvdptnon n YeTABANTOY el66d0u €xel 2" SlapopeTinols e-
haytotopouc xat uropel va avanaplotatoar wg hoywéd dbpotoua ehaylotépwy: [ =
U?:l(ﬂle(xz) (U elvon n Aoy mpdén ). H uoped auth elvar povadnd v ™
ouvdptnon f. Ernlong n noupandve uoppt umopel vo exppactel, Loodlvaud, xal wg
dhpolopa " anoxhelotind A7 f = Z?;l B(Nrey ().

Oglowés 7 H avanapdotaocy erayiotdpwy (MT) ulac switching ouvdptnone n ue-
tafAnty [ elvar éva bit Sidvuoua ueyéfous 2", érou to i-oto bit elvar 1 dray o
i-oT0¢ eAaytotépos ¢ f elvar avtiotorya 1.

Y ouvéyewn otav Béhovue va dnhdoovue MT avanoapdotacy uag hoyixig ou-
vadptnone Oa tny mepixhelovue oe ayxVAeg xoL Oo TV SNAGYOUUE YPNOULOTOLOVTAG
dexaeodund PYrnepla.

H avanapdotaon MT elaptdtol and ) didtadn uetaBintdy mou Ou Hewprioouye.

Hapdderypa 2 H Aoy ouvdptnon ue mivaxa aipnbeiac tov Hivaxa 2.1 €yer tny
MT avanapdotacy: [F8| étav Gewpijoovue 6ti n uetafAnty xg elvar n mo onuavtixi
xar n x1 elvar n Aiyétepo onuavtixy. Edv Gewpijoovue o1t n uetafAinty x1 elvar p
mo onuavTxr xat n 3 N Atydtepo onuavtixy téte n MT avanapdotaoy elvar: [EA].

Elvar mpogavég étv av n MT avanoapdotacn wag hoywhc ouvdptnong f €xel
2n bits, t6te ou fo, fi elvon o n de&ud o to n oploTepd bits, avtloTouya, Tng
avanapdotacng. H fo elvoar to XOR twv 8300 MT avanopactdoewy twv fo xo fi.

Hapddetypa 3 Eotw n ovvdptnon f = [81]. Tére: fo = (1], f1 = [8], f2 =1[9].
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IMivaxag 2.1: Tlivaxag ahnfelag ouvdptnone 3 yetoBantdyv.

17 dLdtadn petafPinTady 27 dudtaly pweTaBANTOY
w3 | o | w1 | flws,we,21) || 21 | 22 [ @3 | flan,20,23)
0] 0] 0 0 0]01]0 0
0011 0 0|01 1
0110 0 0110 0
01 1 1 011 1 1
110]O0 1 110]O0 0
1101 1 11011 1
1 110 1 1 110 1
1|11 1 1|11 1

2.1.2  TIoAo-tiurn Aoy (Multi-valued Logic)

H diyepea Boole otneiletatl 6to Suadnd cbotnua aplbunone. Kdale yetainty uropet
va €yer 8o mbavée twée (0 % 1). Mnopolue duwe va Bewprioovue uetafintée
(rohd-Twec) Tou umopoly va ndpouv replocdtepec Tuwée (multi-valued variables)
emexTelvovTag ouslaoTixd Ty diyelpa Boole. H moAdtiun hoyuer Bo pog govel tohd
yeriown oto nedBAnua TNS eAXYLOTOTOMNGTIC AOYXDY GUVIRTHGEWY TOAGDY eE63wV.

Oplowés 8 ‘Eotw X ue twéc ané 1oV =1{0,...,v — 1} xu S C V. Tére X3
elvau literal tnc X dote X% =1 drav X € S xau X% =0 érav X € V\S. Yrpv
replntwon rov S =V, 161€ X% =1 xa uropel va ayvonbel oto Aoyixé yivéuevo.

Oplopés 9 ‘Eotw X5, X2 8do literals tn¢ noAd-tiunc uetafintic X. Téte X' @
XSQ = X(SlLJSz)\(SlmSz)'

Oprowés 10 Mia ouvdptnon utag €éédou mov eéaptdtal, duws, and moAd-tiues ue-
tafAntéc etobdov, eivar uia anetxdvion tne uopeic: f Vi x Vo x - xV, — {0,1},
érov: Vi ={0,...,v; — 1}.

Ogwowés 11 Eorw: Vi = {0,...,u —1},V; = {0,1},i = 2,...,n,T = {0,1,d}.
Mo ateddc optouévy ovvdptnon noAddy eEédwy ue n etoédovs xar m eéédoug elvat
uia amexévion e popprc: f 1 Vi XWX .. XV, — T™. O edayiotdpor yia
toug omolovs f = d ovoudlovrar adtdgopor elaytotépot (don’t care terms) 1%/19
ouvvdptnons. Xt mepuntdoeic autéc n Tul ¢ f elvar anpoodibpioty. To olvoro
TV eAaytoTépwy yia Tous omolovs f =1 anoteoly to ON set thc ouvdptnons evé
ot urndiotrot arnoteroly 1o OFF set. ‘Otay u = 2 161 0 [ elvar atedd¢ optouévy
Aoyuwdl] ouvdptnon n etoédwy m eébdwy o elaptdtar and Suadixéc uetafAnTéc.

Y1n ouyxexpuévr Sdaxtopuxr Statel3Y) Uog anaoyoAoly anexovicerg Tng Lop@hg
f:4{0,1}X{0,1}...X{0,...,u — 1} — {0,1,2}, dnk anewxovicelc tou eZupTdvToL
ané ulo u6vo ToAG-Tiu YeTaBANTY, V6 oL UTOAOLTES elval duadLXES.

Oplowés 12 H avanapdotacny edaytotdpwy ntollaridy yetafintdy (MVMT) m ulac
ouvdptnone (n + 1) uerafinrdy f : {0,1} x --- x {0,1} x {0,...,v — 1} — {0,1}
opiletar we éva bit Sudvuoua ueyébove 27EWN Eory 21" it xS Aoyixé
yiwvduevo, érov a; € {0,1} xar S C {0,...,v —1}. ‘Eotw p1 = a12" ' + ... +
an—12" + a,2° xar po = 2109 Tgre O elvar éva bit didvuoua ue uéyefoc pa tou
omolov to i-oto bit elvar 1 avi € S. Tdre ta bits [(p1 - p2 + p2 — 1)..(p1 - p2)] ¢
MVMT m eivar tavtéonua ue o O.
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Mapddetypa 4 Eotw ua ovvdetnon f :{0,1}X{0,1}X{0,1}X{0,1}X{0,...,u—
1} —{0,1}. H avanapdoraon MVMT tnc f unopel va Gewpnbel we n vnéebeon twy
mapaxdtw 5 ouvapticewy povadixic eéédou mov eaptdvtar and Svadixéc uetafAntéc:
[0 = [d3d4], f1 = [cldb], f? = [dlcf], f2 = [dbcb], f* = [c13b]. H avanapdotaoy
MVMT tnc f elvae: [1f1£00040008011f0f0f10131c071cle]. Lo ouyxexpuéva, yia
va pavel xaAUtepa nwe napdylnxe n rapandvw MVMT avarapdotacy, fa avaiioovue
™V xataoxev] twv tedeutalwv Svo dnplwv (le). Ta dnpla autd Snuiovpyribnxay
arné ta tedevtala bits twv MT avarapactdoewy tov fO,... f4 (ta onola eivai:
11110) apoU mpdta ovurAnedtnxay ue undevixd dote o aptbudc Toug va pTdoet oTo
entBuunté 219 = 8 mov mpoBAénet o mponyotuevoc opioude. ‘Etor ta tedevtaia
dnpla tne MVMT avarapdotaonc elvar: 00011110 = [le].

Katd avtietoylo ye v avanopdotacn MT oo MVMT avorapactdoelc towv fo, fi
elvan Ta n 3e&ud xou o n aplotepd bits avtiotouya e avarapdetacng MVMT (nou
anoteleltor and 2n bits), apxel n yetaPfinth x vo elvo Suaduer,. H fo elvoar to XOR
v 0o MVMT avanapactdoewy.

Enedn n é€odoc yrac arewdvione e wopehc: f: {0,1}X{0,1}... X{0,...,u—
1} — {0, 1} elvar duaduxd, toydouy xat yio auTéc TLg anetxovicels GAeS oL BLOTNTES Xan
Ta Dewpnuata Tou Loy vouy Yia TS AoYIXES GUVAPTHOELS oV EURTAVTAL and Suadixég
uetafSintés, apxel ov mapandve WLoTHTES Vo e@apudlovTal o Suadixéc UeTaAnTES.
I tapdderyua ta avantdyuata Shannon xaw Davio nou eldaue tponyouuéveng Loy bouy
xaL vl TG mpoavagepbévieg aneixovioelg, apxel 1 UETABANTH = va elvar Suadix.

2.1.3 Baowég évvoleg exppdoswy ESOP

Ot enduevol oplouol apopoty Tohi-Tiues UETABANTES AhAd UmOEOYY EUXOAA VO OpLGTOVY
xon vl Suadixég ueTaBAnTéc.

Opiouég 13 ‘Eotw XZS literals doyuxdy uetafintéy. Tére C = X7t X3 elvau
éva doyixd ywduevo 1 xbfoc uiag Aoyixiic ouvdptnons [ omou eaptdtar and Ti¢
uetafantéc Xq, ..., X5,

Ogiowéds 14 'Eva MVESOP 1j xdAvuua (cover) elvar uia éxgpacny tne uopprc:
@D > Ci, nov avarapiotd uta Aoyuxij ouvdetnoy f, émov C; elvar xifor e f.

IHapddetypa 5 Xi{o’z}XQ{O’l} @ Xfl’z}Xé{O} elvar éva MVESOP tn¢ Aoyixijc ovvd-
ptnone f:{0,...,3} x{0,...,3} x {0,1} — {0,1}.

Oplowés 15 'Eva eddyioto (1 axpiféc) MVESOP uiac Aoyuxijc ouvdptnone f elvat
éva xdAvppa TS ouvdeTHONS aUTIC ToU anoTeAe(tal and tov eAdyLoto aptfud xUfwy
avdueoa o€ 6Aa ta Suvatd MVESOPs tnc f.

M avanapdotacy ehaylotépwy elval ovadixr Yo wio Aoy ouvdptnor. Aey
oy Vet To (Bto o yio wa avarapdotacy MVESOP.

Octopwés 16 To ESOP uéyeboc s(e) evéc MVESOP e elvat o apitfudc twv xifwy
tou. To ESOP Bdpoc w(f) utag Aoyixic ouvdptnons [ elvar o aptfudc twv xifwy
oe éva eAdytoto MVESOP ¢ f.

O¢towés 17 'Eotw e éva MVESOP tnc ouvdptnone f xat l(e) elvar to dlpotoua
6Awv twy un tAeovalovrwy literals oe dAovc toug xUfous oto e. To Bdpoc twy literals
U(f) tyc f elvar o eddyioro l(e) avdueoa oe dAa ta eddyiota MVESOPs e tr¢ f.
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‘Otav 6heg oL uetafSAntéc tng ouvdptnong elvar duaduée t6te éva MVESOP
AéyeTar, anhovotepa, éxppacr ESOP.

H eqapuoyr tov avantuyudtwy Shannon xov Davio yio o Aoyt ouvdptnon,
Tou TepLéyel To TOAY uia mohd-Tiun uetaBinte, napdyer MVESOP exgpdoeis. ‘Aucon
OUVETEEW TOU YEYOVOTOG autol elvol OTL amd TNy EQUpUOYT TWV TAQUTAVE AVITTU-
yudtwy unopel va mapayblel éva dvw éero yia to ESOP Bdpoc uwag ouvdpetnong wg

w(f) < MAX(w(fo) +w(f1), w(fo) +w(f2), w(f1) +w(f2))).

Mapddetypa 6 Eotw n Aoywr ouvdptnon f: {0,1}X{0,1}X{0,1}X{0,1} — {0,1} =

[1230]. Ot vroouvvaptioeic tne eivar: fi[12], fo = [30], f2 = [22]. Ioyder: w(fo) =
w(f2) = Lw(fi) =2 xau pia eAdytoty ESOP éxppaon touc elvar: f1 = (£122)x3 S
zizaxy = [10] & [02], fo = zaxs = [30], fo = z122 = [22]. 'Eror unopodue va
napdyovue teets ESOP exgpdoeic yia tn ouvdptnon [ yenowonotdyvtag ta ava-
rtdyuata Shannon, Getixd xar apynuxd Davio f = [((£122)x3 & x18283)4] D
[f2$3f4],f = [mlx’gm} D [fg.%’g],f = [wl.fgf4] D [(flfz)wg D xlfgfg]. Hpoqpavcég
ot 800 and autéc TiC exppdoeic anotedolvtar and 3 dpoug xar ula and 2 dpoug. Apa
tedixd umopotue va Poovue uta ESOP éxppaon ue 2 dpoug, ondte to ESOP Bdpoc

TS ouvdpTnons umopel va elvar to moAU 2.

Oprowés 18 ‘Eva x-toodvvauo uiac ESOP éxpoaonc yia uia ouvdptnon f opiletat
autd mov éyer mAffoc dpwy (oo ue: k+w(f).

Mapddetypa 7 Eotw uia Aoyue ovvdptnon f @ {0,1}X{0,1}X{0,1}X{0,1} —
{0,1} = [1111]. H ouvvdptnon avtl éyet ESOP Bdeoc 1 xav uia eAdytotn ESOP

éxgpaon elvar: [ = 2122 Mia 1-10080vaun tc elvar: [ = (£102)x3 © (T122)73

2.1.4 Baowég évvoleg exppdocwy ESCT

Oplowés 19 "Evac ovvletoc dpoc (complex term 1§ Maitra term) uropel va opiovel
avadoouixd we:

o Mia orabflepr (0 17 1) Aoywxij ouvdptnon elvar évac ovvletoc dpoc.
o ‘Eva literal utac Svadixijc uetafAntic elvar évag ovvbetoc dpoc.

o Av M; eivar évac otvletoc dpoc xar G uia tuyaia Aoyixij ouvdptnon (8o
eloddwy, yac e&édou), téte: M1 = G(a, M;) eivar évac atvbhetoc opoc.

Alogopetind o advletog bpog oplletar wg:

Ui = Gip(@n, Gipn—1(n-1,Gin—2(n—2,...,Gi1(x1,y)...)),

6mouv G elvar uw omowdhmote Aoy ouvdptnon 8o elcodwy upiag e€680u
(ovoudletar xittopo Maitra) xou y otalepn eloodog.

Ané tov mapandve oploud elvar autovonto, 6TL évag abvletog bpog opllel ua
ouyxexpévy dudtaln v tig UetaBAntée tou. Aniadh oTov mopandve oploud 1)
uetafAnty @, elval n mo onuavTxr) UETOBANTA, N Tp—1 N AUECWS TLO GNUAVTIXA
%2.0.%. eV N Ay6TEQO onuavTi UeTaSAnTH elval 1 xo.

Oplowés 20 "Eva Aoywxd dfpotoua anoxAeiotixol §j (XOR) and odvletovs dpoug
(15 mo anAd uia éxgppoaon ESCT - Exclusive or Sum of Complex Terms) unopel va
optotel we: Q = Y0 ®M,;, drov s(Q) = m elvar o aplfudc twv dpwv uéoa oty
éxppaon (uéyeboc tne éxgpaonc). ‘Odot ot bpot uéoa otny éxppaon npénet va €yovy
v (Sta Sidtaly uetafAntdy (variable ordering).
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Maitra Cells i i i
i H H
i ' :
Y ¥
Rn1 / | Rnz feom=em=meccmmcmcacoaa- » Rum
X XOR
\ Collector
L~ row
\J \/ \
% >K/ ;\xj'."."""'."'..".' ;\/ é

F()

Ewdva 2.1: Kuttopued Sudtan Maitra.

Tuic napandve exppdoes uerhétnoe tpetoc o K. K. Maitra to 1962 (v auté to
AGY0 ToANES popéc ovoudlovtal xau exgpdoels Maitra) [Mai62]. M tétoa éxgpaon
unopel TOAY ebxoha va aneoVoTeL 6T0 UAO Ue TN BoRfeta Tne xuTTopuic didtadng
e ebvag 2.1 (xuttapued Sudtadn Maitra - Maitra Cellular Array).

Kdébe tétowa dudtaln amoteheltoar and wa axohoubila xuttdpwv, mou xdbe éva
and autd éyel dvo ewobddouc xar ula €Z0do. Emmiéov (otnv apywh uopeh tou)
x80e éva unopel va vAorotel omowadfirote and T dexaéll mbavée cuvapthoels dvo-
elobdwv ulac-eZédou.  TuvAbug ula and tig 0o e6680Ug TOL TEAOTOU XUTTAPOY,
tpogodoteital ue otabepd 0 4 1 (v ouypetpio ye to undrownta) H vhonowmbeioa
ouvdptnon haufdvetor and v €£080 Tou TEAEUTALOU XUTTEPOV.

Kdabe oivletog dpog wag éxgpaonsg ESCT avtiotolyel oe o 6THAN g nagandve
apyttextoviic. Hapatnpolue éti évag obvbetog dpog avtioTolyel ot ua axohoubia
ané xVtTapa, Ta onola vlomowoly v medln G otov aviiotolyo optoud. T to
Aovyo autd moAAéEC gopéc o oUvletog dpog Ttautiletal Ue To wodlvaud Tou, TNV
aluoido Maitra (Maitra cascade), oto eninedo vhonoinong. To npdto xdtrtapo Maitra
fewpeltar exelvo nou éyer ) wla eloodo otabepr; xau lon ue 0 (Aydtepo onpaviind,
uetaAnTy), eved teheutalo exelvo mov Bploxetar tinoéotepa oto culkéxtn XOR (mo
oNUAVTLX UETOBANTY).

Anodewvietal [Min64] nwg ta napandve xittopa dev elval anapaltnto va ukorot-
oYy omotadhrote Aoywxr auvdetneT dYo uetaBAntody. 'Eva obvoho and uévo 6 hoyixég
ouvapThoelg elval mAfpeg. Ou ahuoideg Maitra ta onola yenoiwsorolody xdttapa Tou
vhomolovy cuvapTthoels and éva T€Tolo 6UVoAo, ovoudlovtaL Teploploueves aAucideg
Maitra (Restricted Maitra Cascades) xat yevixd odnyoilv oe uixpbdtepes vhonotioeLe,
agov amattovvtor uévo 3 bits avd xitTapo Yo TV mepLtypapt, Toug, ot avtifeon ue
ta 4 bits mou anottodvtal av to xdfe xvTTopo Tpénel va viorotel xou Tic 16 mbavég
ouUYARTAHGELS 800 UETABANTOVY €L6680U, ULag e€630U. XTn GUVEYELL OTAY AVAPEPOUAOTE
oe alvoldec Maitra (1 oUvbetoug 6pouc) o evvooiue teploptouévec aluoidec Maitra
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IMivaxag 2.2: Tumxd oet ouvapticewy xuttdpou Maitra.
Kottapo | Aoyuwed) uvdptnon
1 Tty
T4y
Ty
Ty
rDy
)

S| O =W DN

(xan xotd ouvénela oL abvletol bpot mou Ba yenorronololviol and To onuelo autd xat
énerta Ou ypnouwronotoly cuvapthoelc G and To TEPLOPLOUEVD OET). YTdpyouv TOAY
Tétow mhavd oUvola hovixdy cuvapThoewy xat éva TuTixd gatvetal aTov mivaxa 2.2.

Ané toug mponyoluevoug oplopols elval npogavés 6t ol exgpdoeic ESCT elvon
vewwdtepeg TwV exgpdocwy ESOP. Yuyxexpuuéva uia éxgpaon ESOP elvar yio éx-
gpeaon ESCT étav dev emtpéneton uéoa aToug 6Uvletoug 6poug va yenoLeotolotytal
ot npdlerc "hoywb R (OR) xar "hoywéd amoxdewotxd 17 (XOR). O exgpdoelc
ESOP, Aowndv, elval utostvoro tov exgedocny ESCT.

Katd avtiotouylo ue v ehdyrotn ESOP éxgpaon xor to ESOP Bdpoc unopoty

va optotoby 1) eAdytotn ESCT éxgpact xaw to ESOP Bépoc.

Oplowés 21 Eddyioty (1 axefric) (minimal 1j ezact) ESCT éxgpaon uiac Aoyuxijs
ouvdptnons f elvar n éxpeacn n onola nepiéyel Tov eAdyioto aptbud oUvletwy dpwy
oe oyéon ue onowadinote dAAn ESCT éxppacn yia Tn ovyxexpluévn ouvdptnon.

Oplowés 22 To ESCT Bdpoc (1 anAd Bdeoc) utac Aoyixiic ovvdptnone opiletar wg
o aptbudc twv otvbetwy dpwy oe uta eAdytoty ESCT éxpeaon tne ouvdptnons.

[Tpéner va Toviotet 6L To ESCT Bdpog eCaptdtal and 11 Sidtaln twv uetalAntdy
(m660 onuavtuer elvan 1) xdfe petainti) mou yenowonololue, eve autd dev cupBaivel
otic exgpdoec ESOP.

Magddetypa 8 'Eotw n Aoyw) ouvdptnon: [ = (1 @ z2)rsza () Sudtaly tov
uetafAntay elvar: x4 O x3 O x2 D x1). Eivar mpopavéc dt n ouvdptnon autl éyet
ESCT Bdapoc 1. Av Jewpijoovue tny enduevy Sudtaly uetafAntédy x4 O x1 D T2 D x3
T0Te malpvouue: [ = x3wom4 D w3174 Xt Exel Bdpog 2.

Hapddetypa 9 Mia ovvdptnon ovoudletar UAonotfjoun we évac dpoc” (cascade re-
alizable) drav éyer Pfdpoc 1.

'Eyer anodeuytel [Min64] 6t yea ouvdptnon 2 yetafntody éxet tévta Bdpog 1.

Oplowés 23 Opioude 18 . "Eva x-wiooddvauo (k-wequivalent) uiac ESCT éxgpaons
yia yia ovvdptnon [ opiletar avtd mouv éyxer nAfifoc dpwy (oo ue: k4 w(f).

'Evog olvletog dpog unopet va avanapaotabel and v axohoubia twv cuvapth-
oewv G 1 dgopetxd and ta Maitra cells tou ypnotwonotel. Anhady (Bewpdvtog 6Tu
whdue yua restricted maitra cascades) umopel va avanapactafel and tnv axohoubia
TV dextdy Tou Mivaxa 2.2 tou urodnhdver tic avtiotolyes npdiels (Dewpolue ot yia
™V et TEddn N apywl eloodog elvon 0). Auth 1 avarapdotaoy Ba yenoiwonowmbel
otn ouvéyew TN ouyxexpévne epyaoiac (cell representation). T vo dnhdvouue
N ovyxexpuévn avanapdotacy Ha Ty nepuchelovue ot napevbéoels.
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Complex (Maitra) Term (1541) = [ff60] =
[[(X,+0) xor X,]X,[+X, = [(X, xor X,)X,]+X,

0

X X Kmap for the term [ff60]
1 1 l XT Xy 00 01 11 10
least 00 0 0 0 0
significant 01 0 1, 0 1
variable — 1 \\ L 1
0+X,
X X Position 1100 = 12 \
2 2 |
[LTala]aaa]za o1 2o oJofo]0o]
/ -
Xy X,
121 bit I~
X X
2 X,
(X,+0) xor X, X, X,
.
X X X4 X,
3 3 MT Formulation for the term [ff60]
(X, most significant and X, least

significant variable )

[(X,+0) xor X,IX,

X, 1 4
most
significant
variable

F

Fi(X,, F(Xas Fs(%, F1(X,,000) = [(X,+0) X0 XXX, = [(X, x0T X)X ]+X,

Ewéva 2.2: Iivaxag Karnaough xou yetatpony| oe avanapdotaoct cell Tng cuvdptnong

[/ £60].

Hapddetypa 10 O ovvletoc dpog: P = (z1+x2)T3 ® x4 avanapiotatar we: (1135)
(BAére Hivaxa 2.2).

Mapddetypa 11 Eotw n ovvdptnon: f = (x1®x2)x3+x4 = [FF60]. H ouvdptnon
auvtij unopel va avarapactabel (fewedvrac we Sidtaln uetafAntdy tpv: x4,3, T2, T1
ue v xdbe uetafAnty va elvar mo onuavtixy ané avtée nov Peloxovrar Seid tc)
w¢ évac udvo ovvletoc dpoc: Fi(xa, Fs(x3, Fi(z2, Fi(21,0)))) = (244 (23(226 (214
0)))). Xenowonotdvrag tpv avanapdotaoy cell o ovvletoc dpoc yodperar: (1541).
H avtiotolyia 6Awy twy avanapaotdoewy Tou napandve oUyfetou dpou, xalds xal o
nivaxac Karnaugh tov napovoitdlovrar otny Eixdva 2.2.

Oplowds 24 7Eninedo orabepic etoddov” (Constant Input Level) 1j ovvroua CIL(c)
evoc oUvletou dpou ¢ elvar o apibudc twy Maitra cells otov deo mou €youy uia ané
Ti¢ etoddouc touc otalbepd 0.

Me diro Aoy to CIL etvon o aplfuds twv Maitra cells tou oGvletou dpou tinou
6, oty apyt tou Gpou (Ilivaxag 2.2).

HMapddetypa 12 Ioyver: CIL(66612) = 3.

'Evog obvletog bpog agopd cuvapthcels mou e€aptdvTal and Suadixéc uetaAntée
eLe6dou. Mnropolue, xatd aviiototyla, vo 0ploouUEe TO LGOJUVOUS TOU Yia AOYLXES
OUVURTNOELS TOU €Y0UV Lo LETUBANTY TOAG-Tuuy.
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Opltowés 25 'Botw x; Svadixéc uetafAntéc xar y moAd-tiun otalepd mou maipver
Téc and to ovvoro: {0,...,u—1}, G;:{0,1}X{0,1} — {0,1},2 <i <n elvar wia
tuyala Aoyuxi ouvdptnon xat G elvar yia anewxdvion e popeic: {0,1}X{0, ... u—

1} — {0,1}. Téte p anewxdvion: Uy = Gp(xn, Guo1(zn—1, Gn—2(Tn—2,...,Gi(z1,y) ...

elvar évac mu dpoc (mu-term).

Kotd avtiotouyio ue tov opiouéd tou abvletou bpou, oL cuvaptioec G; (2 < i <
n) Tou mv 6pou npoépyovion and tov Ilivaxa 2.2. H anewbvion Gy opiletar xotd
avtiotoLyia pe T ouvapthoelg Tou Ilivaxa 2.2 xou n MVMT avanapdotacy g elvar
n unépheon twv avanapactdoewy MT »xdbe cuvdptnone nou napdyetol 6tay Hécovue
0g eloodo xdbe bit tng moAd-Tiung otabepds y otn cuvdptnon G.

Hapddetypa 13 Eotw évac mv dpog ue noAd-tiun otalbepd y = (3) xat Gi(z,y) =
4 (obupwva ue tov Hivaxa 2.2 eivar n ovvdptnon xy). Tote yia xdfe bit tnc
y = 0011 xataoxevdlovue tny MT avarapdotacy tne ouvvdptnone xy (Maitra cell
function 4). Avté onuaiver: Fy(x,0) = [00] (aptotepdrepo bit), Fa(x,0) = [00],
Fy(xz,1) = [10], Fy(x,1) = [10] (8e&idrepo bit) (yenoiuonowiue dvadixi avanapd-
otaon otny MT yia xaldtepn xavavénon). Katd ovvéreia xar olugpwve ue tov
optous e MVMT avanapdotacnc o mu dpog elvar: [00110000] 7§ oty ouviify
Sexaeladixr uoppn: [30].

"Evac mv 6pog unopel va avanapactaldel eite ue tnpy MVMT avanapdotact] tou
elte we évag oUvheToc bpoc (Wwa oelpd and Maitra cells Tou v ovoudlovue 2v-term)
wall ye ua todd-twun otalepd (y) mou v ovoudloupe mv-var. H avanopdotoon
auth (cell representation) elvan (St ue auth Tou olvletou Gpou ue T dlaopd 6T
e3¢ €youue xal TNV mv-var vo teptxAeletal and dyxiotea.

Mapddetypa 14 O mu dpoc ({3}434) = yx122x,, dnov y elvar noAv-tyun otalbepd
xar Ty, T,y elvar Svadixéc uetafintéc éyer 2u-term: (434) xar mv-var: 3. H
MVMT avarapdotact tov elvar: [0030000].

Lnuet@veTal 6TL 1) GUUTERLPOEA X oL oL LBLOTNTES VoG MV bpou elval (Bleg ue exelveg
evog alvletou 6pou, apxel aUTES Vo agopoly duadixt UETaBANTY Tou.

'Onwe avagéphnxe h07, N eapuoy Twv avantuyudtewy Shannon xou Davio yuo pa
Aoyl auvdptnon nopdyel ESOP exgpdosic. Aedouévou éti ol exppdoeic ESOP elvau
unocvoro Twv exgedoewy ESCT, ta napandve Snutoupyoly xal exgpdoeic ESCT.
‘Aueon cuUVERELX TOU YEYOVOTOSC auTOU elval OTL amd TNV EQUPUOYT TWV ToPATEVG
avanTUYUdTeY unopet va napayfel éva dve dpto yia to ESCT Bépoc urag ocuvdptnong

wc w(f) < MAX (w(fo) +w(f1),w(fo) +w(f2), w(fi) +w(f2)))

2.1.5 Xvuyyeveic ‘Opot

Abo obvbetoL dpol unopel va "uowdlovy” uetalt tovc. O Babudc ouoldtnTag Toug
\ \
arnotuneveTal 6TY Bewpla twv Buyyevdy ‘Opov.

Optowds 26 Ta xUttapa Maitra tov Iivaxa 2.2 uropolv va ywetotoly oe tpla
obvoda (xAdoeic xuttdowv Maitra) avddoya ue tnyv ouoidtntd tove. H mpdty xAdon
neptéyel ta xutTapa ue Seixtec 1 xar 3. H deUtepn meptéyet ta xUttapa ue deixteg
2 xav 4. H tpity meptéyer ta xUttapa ue deixtec 5 xaw 6. Yvyxexpiuéva yia ta
xUttapa mov n ula and ti¢ etoddous Toug elvar Poayuxuxdwuévy o otabepr) eloodo
(86 Eyovue xdver Ty mapadoyr 6t n eloodoc autij elvar undév), ot xAdoeic elva
uévo 2. H mpdtn anoteleitar and cells tunov (1,2) xar n Sevtepn and to cell tinov
6.
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H ouoibétnta auth Ba gavel oto Afuua 2, xaldtepa.

Optopés 27 To "avunpoowneutixé Maitra cell” (Representative Maitra cell) yia
v xAdon Maitra cell (1,3) eivar 1o 8. To "avunpoowrevtixd Maitra cell” yia
v xAdon Maitra cell (2,4) eivar vo 4. To "avunpoownevtixé Maitra cell” yia tny
xAdon Maitra cell (5,6) elvar to 6. Xvyxexpwéva yia ta Maitra cells mou éyouy
™) ula eloodd touc Beayvxuxdwuévy oto otabepd 0, téte yia v xAdon (1,2) o
avrmpéownos elvar to 1 xat yia Ty (6) elvau Teopavds o 6.

Oglowés 28 "Evac yevvijtwp olvbetoc dpoc (generator complex term) amoteleltat
uévo ané avrnpoowneutixd Maitra cells.

Oplopés 29 Ado ovvbetor dpot (ue tov (8o apifué Maitra cells) éyouy tov (bio
yevvijtopa olvleto dpo av ta avtiotorya Maitra cells Touc avixovy otyy (Sia xAdon.
Avtol ot 800 ovvletor dpot ovoudloviar “ouyyeveic”.

Opltowés 30 Ado ESCT exgppdoeic avijxouv otny [dia yewijtoia xAdon edv yia
xdbe olvleto dpo oty mpdtn Exgeacn urndpyel €vag oUvbetoc dpog oty Seltepn,
mou elval oUYYEVIC UE TOV TRTO.

Mapddetypa 15 O otvbetor dpor (1234) xau (1414) elvar ovyyevelc apol dla ta
Maitra cells toug avijxouy otny (Sta xAdon. O yevitwe ouvletoc dpoc toug elvat o
(1434). O enduevec Vo ESCT exgpdoeic: QQ = (1234) + (6215) xat R = (1414) +
(6116) avixouy otpv (St yewitpia xAdon agol ot dpor (1234) xar (1414) eivar
ovyyevelc xau emniéoy ot dpot (6215) xar (6116) elvar ovyyevelc.

Ov 3%0 teheutatol oplauol dnuovpyoly xhdoewg and obvvletoug 6poug xar ESCT
exppdoeLc.

Oglowds 31 (m-Iooddvaun éxgpaoy - m-equivalent expression) Avo ESCT exppd-
oeig elvar m-too8Uvaues av avipxouy otny [Bia yevviitoia xAdon xar anetxovilovy
v (Bia Aoyixrj ouvdptnon f.

Mapdderypa 16 Eotw uta ESCT éxppacon Q = (1234) & (1414) tnc ouvvdptnone
[ =1f300]. HESCT éxgpaon K = (2412) @ (2232) eivar m-tooddvaun tnc Q agol
ot 8o autéc exgpdoeic anecixovilouy tny (Bia ouvdptnon xat o dpor (1234), (2412)
xar (1414), (2232) eivar avd 8vo ovyyevelc.
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2.2 K\dosig exgppdocwy anoxAelotixol 1

M tuyata hoywer ouvdptnon unopel vo exgpactel ue ) Borbeia Tou teheatr| a-
noxhetoTixd 7. Ou expdoelc Tou Yag AnaoyoholY 011 GUYXEXPLUEVY SLdaxTopu
dratplBr (ESOP xat ESCT), avixouv otnv xatnyopla Tov Sleninedny exppdocwy ye
oulhéxtn "anoxketotind 17 (XOR). Elvaw yvootéd [Sas99] 6t ou exgpdoeic ESOP
elvol oL Lo YEVLXES EXPRACELS TNG ToRATAVL XaTnyoplds av o uévog TeAEGTHS TOU
xenowonotettar extéc Tou oUAAEXTN XOR elvar 1 hoyixn mpddn KAIL 'Onwg Ba gavel
ot enéueva xepdhaia, ol exppdoeic ESCT elvon axdua mo yevixée and tig exppdoelg
ESOP (av xou nohkéc gopéc Sev Bewpolvtar deninedec). Kplvetal howndv oxdmuo
va ylvel o olvtoun avagopd ota eldn twv deninedwy exgpdocwy Ue GUAAEXTY
TanoxheloTd 17 GOTE Vo TOVIOTEL axOUN TEPLOGOTERO 1) ONUAGLA TWV EXPEACERY
ESOP xou ESCT yuw tnv viornoinern Aoyxdy cuvapTtioemy.

‘Eotow wo hoyw| ouvdptnon f ue n uetaBintée ewoodou. H ouvdptnorn auth
unopel vo ypagtel ypnowonouwdvtag Ta avantdyuata Shannon, Oetixd xar apyntixd
Davio (6nwe Ba gavel apydrepa).

2.2.1 Positive Polarity Reed-Muller Expressions (PPRM)

Xpnowonowdvtag to avdntuyua fetind Davio yia va exgpdoovye ) ouvdptnon f,
ouvapthoel TS TedTNS TN UeTaBAnTrg, Oo dnuioupynbel wa éxgpacn XOR. Av
exteléoovpe TNV (Bl Sradixaoia, avadpoulxd, xal Yl T GUVOPTHCELS 6TO S3EVTPO
vevwhtewa g f, téte Ba mpoxdder uia éxgpacn XOR 1 onola O €yel dha T literals
TV UETOPANTOY ot Betxr, wopgh toug (dev B undpyet x;,1 = 1,...,n). H éxgppaon
mou Ha mpoxdier ovoudletar Positive Polarity Reed-Muller Expression (PPRM yua
ouvtouia).

Mua éxgpaon PPRM elval povadued yio pia ouyxexpuuevn hoywr ouvdptnon. O

uéooc 6poc and hoywolc bpoug ot uua tétola éxppaot elvar 27 L.

Hapddetypa 17 H enduevy éxppaon: f=1@ x1 © z2 © x122 elvar PPRM.

2.2.2 Fixed Polarity Reed-Muller Expressions (FPRM)

Avtiotoiyn we v PPRM elvar n éxgpaon Fixed Polarity Reed-Muller (FPRM
Yoo ouvtoula), ue T dagopd 6T Yo xdfe peTaBANTH Tne napandve avadpoutxfic
dtaduxactag, unopolue va emhéZouye T yprion elte Tou Betixod elte Tou apvnToy
Davio avantiyuoatog. Xty éxgpaon FPRM xdbe uyetaffAntd umopel va Pploxetan
elte oV xavovixy (z) elte oty ouumAnpwuatd g wopet (), akhd dev unopel va
Beloxetar tautdypova xar oTig do.

[ pra tuyala cuvdptnon n petaPAntedy uropoly va urdpyouv 2" diapopetixég
exppdoeic FPRM.

Hopdderywa 18 H ernduevy éxppaon: f = x1x2 ® 2374 elvar FPRM.

2.2.3 Kronecker Expressions (KRO)

Avtiotoiyn ve v FPRM elvaw 1 éxgpaon Kronecker, ue 1 Swupopd 61L yio xdbe
uetafAnty Tng mapandve avadpours dadixaciag, unopolue vo emAéEouue elte T7)
xerion Tou avantdyuatog Shannon elte xdnolo and ta avartdyuata Davio.

I pia tuyala cuvdptnomn n ueTafAnTdY unopoly va utdpyouy 3" diapopetixég
exppdoeig Kronecker.

Hopdderypa 19 H ernduevy éxppaon: [ = x1x0w3 @ 210203 elvar Kronecker.
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2.2.4 Pseudo Reed-Muller Expressions (PSDRM)

Av exgpdoouue Ty apyixr uag ouvdptnen f yenowronoldvtag To avantdyuata Davio
téTe Snulovpyettal wa éxgpaon XOR. Ay exteléoovue v (dta Stoduxaotia, avadpoutxd
070 3¢VTPOo YEVVATELA, AARS YENOLLOTOLOVTAS, EVOEYOUEVLS, dLapopeTxt| ayéon Yo
v xd&be ouvdptnom, téte Ho mpoxler uia Eéxppacn XOR 1 onola ovoudletal Pseudo
Reed-Muller Expression (PSDRM vy cuvtoula).

Doyl ouyxexpLuuévn dudtadn UeTABANTOY Uag Aoyixng cuvdeTnon n UETABANTOY
unopotv va undpyouv 22" 71 Siagopetixéc exppdosic PSDRM.

Hapdderypa 20 H enduevy éxppaon: [ = Low3%4 O 12374 O x122barzy © x12223
elyat PSDRM.

2.2.5 Pseudo Kronecker Expressions (PSDKRO)

Avtiotouyn pe v PSDRM eivon 1 éxgpaorn Pseudo Kronecker (PSDKRO yia ou-
vtoula), ue ) Swpopd 6TL oe xdbe 6Tddo g avadpouric unopodue vo emthéZouue
orolodfnote and ta avantdypata Shannon xoat Davio.

Do o ouyxexpuuévn Sudtadn wetaBAntdy uag Aoy ouvdptnon n LeTaBAnTdY
uropoly va undpyouv 32" 71 Slagopetinéc exwpdoeic PSDKRO.

2.2.6 Generalized Reed-Muller Expressions (GRM)

‘Eotw wa éxgpaon PPRM yw 1t Aoywy) ouvdptnon f.  Av avtotpédouue tny
mohxétnTa xdbe literal twv yetafintdy eoddou g f tuyala, TéTE N TapUYOUEVY
éxgpaon ovoudletar Generalized Reed-Muller (GRM yua ouvtouia).

T ol Aoy ouvdeTnom n LETaBANTGY Utopoty va undeyouy 22" Suapopetixée
exppdoeic GRM.

Hopdderypa 21 H ernduevy éxppaon: f = x1 @ w2 @ 2102 eivar GRM.

O napandvew exgpdoeic dev elval toodlvaues. Kdnoleg and autéc elvar umoxaty-
Yopieg xdnolwy dAhwy. Extoc and ti¢ napandve exppdoels UTdpyouy XdL oL EXPEACELS
ESOP xaw ESCT nou elvar mo yevixée. Ol oyéoeig uetadl v exgpdocwy gaivovtal
oTny ewéva 2.3.

Ovexgpdoeigc ESCT xat ESOP, 6nwe gatvetal xou and v napamdve euxdva, elvar
TLo YeEVESG and Tig undhoireg exgpdocic XOR. EmnAéov anowtolv, xatd uyéco 6po,
xoL upedTeRo aptiud Gpwv Yo va anewxovicouy wa Tuyala cuvaETNoT.

2.3  Avtioteédrpes Aoyixég ITvheg

H emotiun g obvleong hoyudy xuxhwudtoy Paciouévey ot aviloteédiueg miheg
(reversible logic gates) éyet Baolotel otny apy twv von Neumann-Landauer (NVL)
[Fra05] n omola unootneilel btu oL xowvéc un avioteédues hoyixée mlleg, volpala,
xdvouv evépyeta anhd xoL uévo eneldy) xdnoteg and Tic duvatég xataotdoeg e€630u
eCagaviCovtat. Xovdpuxd 7 evépyera mou ydvetor yvia xdfe é€odo avtiotouyel otny
EVERYELX TOU oRHaTOC XaL ogelhetar 0to Aeyouevo OBepuuxd O6pufo (thermal noice).
H moapandve andieio evépyelag aviioTolyel 1660 otny andiewa mAnpogoplag 660
XL oTNY AnOAEW AOY® TEXYVOAOYXGOY TapayOvTwy (aTéheles xataoxeuric Aoyx®y
Aoy xth). o xdbe bit mhnpogoplag mov ydvetoaw Adyw e un avietpedudtnrag
nopdyetor KTIn2 joules evépyelag mov diayéeton oto nepBdhhov (K elvar v otabepd
Tou Boltzmann xou T elvar 1 Beppoxpacio Aertovpyiag). Avtifeta, hoyud xuxhduota
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Ewdva 2.3: Lyéon uetald 1oy dagopetin®dy xhdoewy exgpdocny XOR.

mou ouvtifevtan and avtioteéduueg Aoyixég THAES UTOEOVY Vo LavayenoLULOTOLACOLY
éva xhdoua TG evépyelag Tou ydvetar and To Bepuind B6puBo xau ogetheTton oTny
andhewa e nAnpogoplag. MdAlota, Oewpntixd, to xhdoua autd unopel vo @Tdoet
t0 100%. H &hhn napduetpos andhetas evépyelag mou ogelhetar 6e TEYYOAOYHOUC
TOPEYOVTES (XATACHEVAOTINES ATENELES) AVAUEVETAL VO UELDVETAL 66O 1) TeYVohoYia
Behtidveton. Tapdha autd, ToukdyLotov uéypel 1hea, 1 SevTepy TUPAUETROS ATMAELIS
evépyelog elval onuavtixd yeyohitepn and ™y mpdTn (TOUAdYLOTOV GTIC EmXpAUTé-
OTEPES TEYYOLOYIEC MAUPUOHEUTIC ONOXANPWUEVDY XUXAOUATWY OTWS GTU XUXAGOUTA
CMOS - Complementary Metal-Oxide Semiconductor). Katd cuvénewo 1 obvleon
HUXAOUATWY Y PTOLLOTOLDVTOS AVTLoTEEPLUES TUAES dEV TPOG(EREL XATOLO OLUGLUGTIXG
TAEOVEX TN

Elvar mpogavég and ta napandve 6Tl oL avtioteédiueg Aoyixég nikeg Ou yivovton
6ho xoL To eAxUOTXEC Y TN 6UvOeoT AoYGY XUXAWUATOY AOY® TNG €UQuUTNg
auThHS LILOTNTAS TOUS VoL Ny Ydvouy evépyela Aoy w andAeiag tAnpogopiag. H abvleon
dnhad ) avtioTeéduny xuxioudtey Hu fondhicel oty nepattépw Uelwon TwY anwheldy
evépyewac. 'Onog entong Oo gavel 610 xepdhato yia Toug xBavtixols alyopibuoug,
6heg oL xPavtixég TOAES elval aVTLOTEEPLUES Xl OAES OL AVTLOTREPLUES THAES UTOPOVY
va anoteréoouy xBavtixolc tekeotéc. Onowdrnote, howndy, uéhodoc alvleone xu-
xAOUdTOY ToU oTNeiletal ot avTLoTEéPLUES TUAES, EXTOC TNG UELWUEVTC XATAVIAWOTNG
oe evépyewa, Tpoo@épel xat TN (Bewentnd) duvatdtnta g aneubelag olvbeong xon
Tou avtioTolyou xPavTinol xuxkduoaTog.

Ou meplocdtepeg amd Tig xAAOKEG AOYLXEG TUAEC TOU YENOLWLOTOLOUYTAL YId T1|
otvleon hoydy ouvapthoewy elvar un avtiotpéduuee (irreversible logic gates). Té-
Toleg mOAeg elvan oL Yvwotég wog Thoywd xa” (AND) xow "hoyixé %7 (OR). Ioapdha
autd undpyouv xal Aoywég mUAeg mou elval avTioTeéduueg, Onwe N TUAN ThoYxo
anoxherotixd 7 (XOR), 6tav enextalel va éxel 8o etobdou xon dVo e€6dovug. M
hoyued TOAn Aéyetat avTioTeédiun 6Tay aviioTtolyel ue yovadixd tpémo xdbe Sidvuoua
eLo6d0u o€ Eval xal Lovadind didvuoua e€680u xat aviiotpoga (1 - 1 arewxdévion). To
TOEATAVE YeYoVHS umtovoel, eniong, 6TL oL avtioTeédiueg ToAeg €xouv Tov (o aptiud
eLe6dwy xal e€6dwy. loyver axdua étL éva Aoywd xixhwua mou cuvtifetor and
avtioTeédiueg hoyinég miheg elvan xat To (8to avtioTpédLuo.

YN oUVEYELL XAVOUUE UL GUVTOUT AVIQOpd OTIC TLO YVWOTES OTOLYELMOELS d-
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IMivaxag 2.3: Tumuée aviioteéduues Aoyixég moleC.

II6An ‘ Elcodot/"E&odot ‘ MoaOnuotixny nepltypagpn
Mtuag etodd0u pLag e£d6dou.
Tavtétnrac(Identity) a/b b=a
Avtiotpoghc(NOT) a/b b=a
AUGOo eL66dLY U0 eEHOWY.
Arnoxderonxd H(XOR - CNOT) a,b/e,d c=a,d=a®b
Feynman a,b/c,d c=a,d=a+b
Teldv 1060wy TELHY €€6dLV.
Fredkin(Controlled swap) a,b,c/d,e, f Ave=0:d=a,e=0b,f =c,
Ave=1ld=be=a,f=c
Fredkin(Controlled swap) a,b,c/d,ef Av ¢=0: d=a, e=b, f=c¢
Av c=1: d=b, e=a, f=c¢
Toffoli(CC-NOT) a,b,c/d,e,f d=a,e=b,
Ava,b#£1:. c=c
Ava=b=1:f=lc
Evalioaxtwnd: d=a,e =b,f =c P ab

viioteédueg hoyixég mukeg tng PiBhoypaplag, oL omoleg yenouuomolobvTon yia T
obvBeon aviiotpédumy hoydy xuxhoudtov (Mivaxae 2.3).

Avéueoa otic topandve elvat Yvootéd 6t nikn Toffoli elvor xafohuer (universal)
OnA unopel va ypnoiuonoinlel and uévn g yia Ty vAornolner onotoudhinote hoyixol
HUXADUATOC.

H riin Toffoli ({a1,...an} — {b1,...,bn}) unopel vo enextabel Gote va opileta
Yoo T YV Teplntwon Tov n eleddny n 68wV Q!
b = a1
by = az

bp—1 = an—1
b, =a, ®aias...ap_1
Mepawtépw yevixeuon (Fevixevuévn nohy Toffoli) tng nopandve miing napovoLd-
otnxe otg epyaoiec [VRO5, RVKO7, AMO02] xat o tunixdg tng optouéc axoloubel.

Opiowés 32 Mia k*k yevixevuévy nudn Toffoli (k * k Generalized Toffoli gate)
oplletar wg:

by =a

bo = as

bn—1 = an—1
b, = a, ® f(a1a2 e p_1)
, 6mou A, Pi elvar ot eloodot xar o €080t avtiotorya Ty nAne xat f(araz ... ap—1)
elvar wa tuyala ovvdptnon n — 1 uetafAntov.

Yy epyaoia [AMO2] anodewcvietar btu 1 xuttapu apyrtextovix) Maitra (xat
xatd ovvénewr onowdhinote ESCT éxgpaon) avuotouyelitor oe uo ovotoyla and
yvevieuuéveg miheg Toffoli. M dtumn anddellrn tou napandve axoroubel.

M ahuotda Maitra (xau dpa évag ovvBetog 6pog) mou aroteheltal and n xHTTopd
uall pe to avtiotoryo xittapo XOR elvon puo yevixevuévr mohn Toffoli (n+1)*(n+1),
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Maitra
(Complex) 0 0 0
oy v v
> » Ri1 » Ri12 » Rim
X1
7
Maitra Cells
A A \
[
[> & Rn1 » Rn2 > Rnm
xn XOR
Collector
> row
0 gy v v
VAR VAR >
U L NN {
Generalized A d
(n+1)x(n+1)/ vV
F(x)

Toffoli gate

Ewéva 2.4: Apyitextovin) Maitra wg ndieg Toffoli.

agol, obupwva ue tov Opioud 19 xou v exdva 2.4, woyder: P = A1 = X1, P =
Ay =Xog,..., Py = Ay = X5, A1 = 0, Py = fr(A1da .. Ay) © Apyr o f
Gin(tn, Gin-1(zn-1,Gin—2(Tn—2,...Gi1(x1,0)...))) elvar 10 anotéreoya evég pLog
ahvoidag Maitra(oVugowva ue tov oploud tou otvbetou bpou). And to mapandvw
émeton 6TL xou ot ESCT éxgpaor umopel va var ametxoviotel wg aviioteédiuo xixioua

s ’ 7 z s
agpov anotehelton and aviioTeédLues TOAES.
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2.4 Anewdvion ESCT exgppdocwvy o 0AOXANROUEVA XUXAGUATA
FPGA

Ou exgpdoeic ESCT elval Aoywée exppdoeic ol onoleg unopotv vo arelxovieholy
otV apylteExTovr xuttapwxhc dudtadng Maitra. To onuaviwd mheovéxtnua tng
TOPATEVG ApYLTEXTOVXAG ELVOL 1) ATAGTNTA TV XUTTEpmV TNe (xUTTopa 800 ELo6dLV,
utag €€680u nou yperdletal vo anewxovilouy to okl €EL SlapopeTinéc Aoyrés cuva-
pthoelc) xabde xau 1 xavovixdtnta g dlag e ddtagng, agol to xhTTapa Tonole-
ToUVTAL 0€ YeuuMES xal oThkeg. "Eva axdua mohd onuaviid yapaxtnoiotind elvar
7 nepLoploUévn ouYSeoLUOTTA UETAdY Ty xuttdpwy. Kdbe xittapo ypedletor va
ouvdéetar uévo pe ta dumhavd tou. Autd amotelel onuavid TheovExTnU ool
nepropiletar 1 ypfon dwdpbuwv (buses) mou xotalauBdvouy onuavind yopeo ot
EVOL ONOXANEWUEVO XUXAWUA EVE SMULOLEYOUY Xl TEOBAAUATA AQOy UTOPOUY Vo
od1NYHO0LY GE UELWUEVY) ATOS00Y TV OAOXANEWUEVWY XUXABUATWY EAY ATOTEAEGOUY
onuelo ouupdenong otny aviaAiayr tAnpogopiag uetald twv xuttdpwy. Ilapdia
auUTd, UEyeL TN oTLY MY auTH, dev uTdpyel StaBéouun eunopix | UhOTOLNGY TNG XUTTALHC
apyttextovixhc Maitra.

To onuepwd eunopxd ohoxinpwuéva xuxhduata (VLSI - Very Large Scale In-
tegration) unopolv va ywperotolyv ot dYo Baowés xatnyoples. Ta ohoxhnpwuéva
xuxhoduoata ASIC (Application Specific Integrated Circuit) xav ta ohoxknpwuéva
xuxhoduota FPGA (Field Programmable Gate Array). It tny xotaoxeur] ueydiov
EQUPUOYMY %Ol UEYIA®Y TOGOTHTOYV OMOXANEWUEVWY XUXAOUATWY TEOTLLOUVTOL To
xuxhduata ASIC agod ye Ty Teyvixh auTh ToHEdYovTal OAOXANEWUEV XUXAOUATA
eZeldxeuuéva Yiol T auyxexpluévn egaployn. To ohoxinpwuéva xuxhoduata FPGA,
and TNV dAAT TAEUEE, ATOTENOVY AOYLTEXTOVIXES YEVIXOU TUTOU TOU TEELEYOUY TEO-
Yeouuatt{OUEVH XVTTUP XAl TPoYpauuatl{oueves cuVdEoeLs UETAEY TOUG.

Ané v napandve Teplypagy| vivetor tpogavég 6TL 1 xutTaewy| Sudtaln Maitra Ha
unopoVae EVXOAA VA xATAoXEVACTEL WG ohoxhnpwuévo xUxioua FPGA. Aedougvou
oumg 6TL dev undpyel Stabéoiur eunopxt) ukonoina, uropody va Beebolv napbuoieg
apyLtextovixéc FPGA otic onoleg vo unopolv va anewxovieholy, apxetd evxola, ol
exppdoeic ESCT.

Mio ané 1 eunopuéc apyLtextovinés atny onola unopet edxoha vo anexoviaholy
ot exgpdoeic ESCT elval o ohoxhnpouévo FPGA Atmel 6000 [Cor99]. 'Alkec apyt-
TEXTOVIXES, OTw¢ 1) oelpd Concurrent Logic Cli 6000, elvar entong Wialtepa eAxvotixég
yw v vhonoinon ESCT exgpdoewy.

2.4.1 Xdvrtouy mepLypagr Tng apyttextovixns Atmel 6000

H oepd Atmel 6000 elvor WSavixt| yior Tnv Snutovpyla EnavaypnoLULOToOoLU6Y exede-
EYACTOY oL YL TNV UAOTOINGT EQupUOYOY anatTnTixdV o€ eneepyaoTixy Loy,

O taydtnteg Aettoupyia Tou ohoxhnpwuévou xuxhoduatos Atmel 6000 unopody
va Eemepdoouy Ta 100 MHz evé n évtaoy Aertovpylag xupaivetor and ta 15 €wg Ta
170 mA.

H apyrtextovins| tne oetpdg Atmel 6000 anoteleltar and Eva GUUUETELXS BIXTUWTS
(grid) amé uxpd xittopa Tou EVOVOVTOL OE €V EUEAXTO dixTuo amd JLadpdUoug
(buses). "Oho 1o duxTLLTO TEpBdhheton and mpoypapuaTi{oueves Lovades ela6dou-
e€6dou (programmable I/O units).

"Eva tunixd tétoo FPGA unopel va neptéyet and 4.000 £we 30.000 Aoyixéc mhheg
xaw ané 1.024 éoc 6.400 oucowpeutéc (registers) xaw napovotdletar otny ewxdva 2.5.

Kdbe xittopo, 6Ny etxxovi{OUEVT AEYLTEXTOVLXY|, CUVOEETAL UE TEGOERPLS BLadpduoug
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Ewdva 2.5: Apyitextovixr Tou ohoxhnpouévou xuxheuatoc FPGA Atmel 6000 se-
ries.
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local (1660 eloodog 660 xau éZodoc). Alnha oe xdfe duédpouo local undpyer xou o
duddpouog express o onolog, eneldy) dev auvdéetal aneulelog pe to xUTToEA, UnopEl Vo
xenowonownbel yio taryela uetagopd ThAnpogopiag UeTAE) AMOUAXPUGHUEVHDY XUTTAPWY.
Ye %40 duddpouo local udvo wwo evépyeia emtpenetal oe xdfe ypovixn oTiyun.
'Onwe unopolue vo napatneicouvue xdbe tétolo xiTTapo elval TAYpw GLUUETEWS
xoL TEPLEYEL TEoOEPLS ELOdoug xat dUo e&bdoug. Xtnv oucla ol téooeplc eloodol
ywetllovtow oe dUo xatnyoples xor odnyodviar and 3o dlapopeTixols TOAUTAEXTES
(multiplexers). Katd ouvénewr unopoly vo uhoroinfody ouvaptioels 390 elo6dmy xat
300 68wV, EXTOC A XATOLES LOLAULTERPES TERPLTTMOELS TTOU UTOROYY va yenouronolnfoly
xat ot eloodor ehéyyou EW xar NS (o avagépoviar wc L;) vy v vhonoinomn
OUYVIPTHCEMY TELGY L663wY Xt U0 e€8dwv. Mia and Tic eloddoug autéc odnyelton
070 duddpouo local evéd ou dhheg dGo odnyolvtal ot YelTovixd xbTTapa.

O drapopetinéc xaTaoTEoELS TOU UR0POYY Va TpoxUPouy oe Eva xUTTapo (dnhady
ot dLaopeTnés aLUVaPTAGELS ToL UToEel Vo amelxovioel) elval oL mapaxdt:

1. A,Ly=0,B=A
2. A, Ly=1I; B=

7. A)Lo=L,AB=DB

8. A,Lo=B,B = AL;

9. A, Lo=AL;,B=1;

10. A,Lg=L;,B = AL;

11. A,Lo=AL;, B = AL;
12. A, Ly =L;, B=BL;

13. A, Lo =BL;,B=1;

14. A,Lo=L; + B

15. A, Lo=A+1;

16. A, Lo = AL;, B = BL;
17. A, Lo = BL;, B = AL;
18. A\ Ly=A® B,B=AB
19. A/Lo=B®L;,B=DBL;
20. A,Lo=AL;® B,B = AL;B
21. A, Ly = AL; + BL;

Ov é€odoL A, Ly and 1ig napandve expedoels unopolv va dwatnenlolty oto D-
Flip/Flop tou »x&fe xuttdpovu.
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2.4.2 Arnewévion ESCT exgpdoeswy otny apyttextovixyy Atmel 6000

H arewodvion exgpdoeny ESCT elval tetpuupévn otnv apyttextovixr; Atmel 6000.
"Eva xittopo g apyttextoviic authc unopel va anewxovicel onoladnnote and Tig
€L ouvapThoelg 800 elebdwY Ulag €€680uU Tou TuTXoU 6eT ouvapThoewy Maitra. M
mhavr avtietolylon xdfe cuVEETNONG TOU TUPATAVW OET UEGK TWV CUVIPTHOEWY TOU
vhormorotvtal amd T xVTTapa TG apyLtextovixrg Atmel 6000 gaivetol oTny exdva
2.6. H eloodog x tou xuttdpou Maitra avtiotoiyeltal otny eloodo L; tou dadpduou
local, evé 1 eloodog/éZ0d0¢ y Tou xutTtdpou Maitra aviietoryeital 6ty elcodo/éZodo
A Tou xuttdpou g apyttextovixfic Atmel 6000. Ou eloodol/éE0doL B elvor xabaupd
Bonintixéc. Téhog Bewpolue 6Tt dhec oL ueTaPAnTéc eL6630U TOU AVTLETOLYOVY T
ouvdptnon eebdou tomobetolvtal 6Toug Stadpduoug local wall pe Tig avileTEoPég
Toug. Me v mapandvew npocéyylon xdbe avvletog dpoc Oa dnulovpyeital wg oTHAY.

Mapatneodue 61L ta xGttapa Maitra témou 1, 2 xav 6 unopolv va vhomoinfoly
ue éva x0TTUpo TNg apyltextovixic atmel evé ta xdttapa Maitra tomou 3,4 xal 5
amortolv 800 xUttapa atmel 6000. To evdidueoa anoteréopata Tou xdbe xuttdpou
unopoly va dwatnpolviot 610 evowpatouévo Flip/Flop, énwe gaivetar otnyv ewdva
2.6. Extéc andé ta xittopa g Atmel 6000 tou Ba anewcovioboly aneufelog oe
xOttapa Maitra, evdéyetar va ypelaoToly ol emIAL0V xUTTARA YLo dPOUOAGYN oY
(routing) dnhadh yio T yetagopd xdmnowg and T eloédous A, B, L; oe xdnow and
T¢ e€6douc A, B, L;.

Befalog n napandve npocéyyion oratald xitTapa yia dpouohéynor ondTe dev
elval apxeTtd anodotixy.

Yy epyaoia [AS94, NSI5] neprypdgpetar uébodoc yia mo anodotixy anewxévio
exgpdocwv ESCT oty apyttextovixt) FPGA Atmel 6000 uéow tne teyvudic g
avadirhwone (folding).

Yy epyaoto auth Bewpeltoar 6T ov petaffintés o680y TV oUVIETLY Gpwy
nou Oa arewoviaholy Tonoletolvral otoug xdbetoug dadpduouc local pall ue Tic
avTLoTpogéc Toug. Enlong ou éZodol tou xdbe xuttdpou A, B unopotyv va tonofetnfody
oe xdnolo dddpouo local, und cuyxexpluéves npolinobéaelc. Avo Gpol eEAEyyovTaL YL
AB rmopadknhia (Snhadh eréyyovtar av unopoly va tonofetnfody oty (S ypouuh
tou FPGA yw e€owxovéuno yoHpou) yenouronoldviog 6 xavévee ol onolol otnpilovrat
07OV UTOAOYLOUS TNG andotacng Twv literals twv petaintdy Toug xabde xar oToy
o TV Aoywoy mpdéewv mou mepéyouv. Ilapdhinha 3o bpor eléyyovial av
unopovy va tornofethoouy Ta anotehéouatd Toug oe évay Suddpouo local. Av urnopoity
té1e Myovtal L-placeable. Yné cuyxexpwéves npotinoféceig 8lo L-placeable dpou
unopoVy va Tonobetnoldy atny Bl yeauur tou FPGA. Avdo 6gol mou uropolv va
tomobetnfoly oty B ypauur ovoudlovtar R-placeable. Me Bdon ti¢ napandve
WL6TNTES TPOXUTTEL 0 AhYOELOUOE oL TERLYRAPETAL antd T ETOUEVY PHUATA.

1. Beeg toug olUvletoug 6poug mou elvar R-placeable xau exelvoug mou dev elvar.
2. Kataoxebaoe éva ypdgo ovupatédinrac (compatibility graph).

3. Bpec tn BéhtioTtn whixa ye uéyebog uixpdtepo and 1o uéyLoto apliud dpwv mou
unopoly va torofetnholyv otny Bl yeouuy (e3¢ 6).

4. Hexlva ye T x0pu@Ec Tou €youy o UxpedTeEpo Babud xat avhixouy 6Tl xhixeg
Tou €youv To UeyalUTepo emiTEenTo Uéyebog. Ou 6pol Tou TOUg avVTLETOLYOVY
TonobetolvTal oe UL Ypauun.

5. TonoBétnoe Toug 6pouC TOU AVAXOLY GTLS UROAOLTES XORUPES TTOU EVOVOVTUL UE
TO YRAQYO UE TOUAAYLOTOV [Ld YROUUT.
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AvrtioToixa KurtTtapa
KOTT000 KUTTapa Atmel
Maitre Atmel 6000
6000 avoAuTIKG

ALO

-l A

~Li/Li

:

~Li/Li

~Li/Li

~Li/Li A

| Li :13—A,L0
~LL A

~Li/Li

™ 0

~Li/Li ~Li/Li

k.
\S
Ll M S e

*Y
X ~Li/Li

- o ] A LO
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Ewéva 2.6: Avtiotolylon xuttdpwy Maitra xow xuttdpwy Atmel 6000 ( = onuaivel

z).
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6. Torobétnoe Toug 6poug TOLU AVIXOLY GTLC XOPUYES TTOU BEV EVAVOVTAL UE TO
Yedpo o€ SLUPOPETIXES YPUUMES.
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Kegpdhato 3

ElayleTonolnoyn exgppdoewy ESOP

Computing is not about computers any more.
It is about living.
Author: Nicholas Negroponte

nolnoyn exgppdoswy MVESOP. Ou exgpdoceic autéc anoteholyv unoneplntwon

v exgpdocny ESCT, mou arnotehoty tov xlplo 6ToY0 NG GUYXEXPLUEVNG
dudaxtopuxfc SwatpBhc xar oL WdTNTES Toug Tapousldlouy TOAAEC OUOLOTNTES UE
T avtiotolyes Ty exgpdocwy ESCT. Ta exdueva Oewpntind moplouata uropoly,
elxoha, va petagepholy xou otic exgpdoeic ESOP. Oo anodewyfel 6to xepdharo
YW €AaYLoTOTOINOT CUVAETHOEWY TOAAGY EE63WY, 6Tl éva eAdytoto MVESOP uiag
ouvdpTNoNC Hovadxic e€680u unopel va arewxovatel ot o eldyiotn ESOP éxgpaon
U ouvdpTnomng ToAAGY e€6dwy. Téhog npotelvetal xal euplotixt| ueodohoyia yia
v MVESOP chayiotonoiney ateAdc oplouévmwy Aoyxdy GuVapThoewy.

: )TO xe@dhalo autd Bo TAEOUCLIGTOUY XdmoLd BewpRuata Yiol TNV EAAYLGTO-

3.1 AxpfB¥ic ehayLotonoinoy exgpdoswy MVESOP

'Eotw miipwg opiouévn hoyuweh ouvdptnoy f, uovaduic e€6dou, 1 omola e€aptdtol
andé n yetoPintéc ewoédou. H mpdtn and tic petafintéc elvar moll-Tiun evéd ol
urdlowtee elval duaduxéc.

Kdabe ehdyrotn éxgpaocn MVESOP vy tn ouvdptnon f Ba €yel tny mopaxdtw
HopPT):

f =190 ® gy & 25 g, (3.1)

O ouvopTioELS g, gb, ge eV e€apTdvTal and T dityun yetofinth 1 xou Ta a, b, ¢
elvar, Swxpopetind uetald toug, urocUvola tou {0,1} A xevd. Xowplc PAESEN e
YEVWOTNHTAC UTopovue va Bewprioouue 6Tu:

w(ga) 2 wlgy) = w(ge)

'Eva mpdto cuumépacua Tou TpoxUnTeL and TNV TUpATdvVe OYEoT) Eval TO ETOUEVO.

Il6giopa 1 Eotw uia Aoywxsj ouvdptnon f xac fi, fi, fr ot vnoouvaptiioeic tnc.
Edv f; elvar otabepr xar (on ue 0 téte: w(f) = w(f;) = w(fi).

Y1 ouvéyewa avantiocovtal fewphuata yia v ebpeor elaylotwy MVESOP
exppedoewy wag ouvdptnong and ¢ MVESOP exgpdosic twv unocuvapthoedy tng.
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Evétna 3.1. AKPIBHY EAAXIYTOIIOIHYH EK®PAYXEQN MVESOP

Ocdpnua 1 Av to Bdpoc tne ouvdptnone f elvar uixpdtepo touv 6 t6TE dAeC o1
erdytotec MVESOP exgppdoeic tn¢ unopoly va Beeboly and ti¢c eAdyiotec MVESOP
EXPPATELS TWY UTOOUVAPTIOEDY TIC.

Anddeln.

o Av ta b,c elvar xevd xar to a dev elvar, téte w(f) = w(ga) xat n go elva
vroouvdptnon e f.

o Av 1o c elvar xevo xai ta a,b dev elvar, t6te uia eddyioty MVESOP éxgpaon
¢ | umopel va mpoéAler anevbeiac and ti¢ eddytotec MVESOP exgpdoeic
twv a,b (apol 5 uopr mov Ga oynuatiotel Ga elvar ula ex Twy avarTUYUETOY
Shannon, Oetixd, apvyrixé Davio).

o Av taa,b,c dev eivar xevd, téte n napandvw MVESOP éxppaon tn¢ [ unopel
va yoaptel wg:
f=2(g0 ® gc) =} (95  gc)
AgoU to Bdpoc tne ovvdptnone elvar uwxpdtepo and 6, xar enetdy w(g,) >
w(gy) > w(ge) mpoxvnrer dvt w(ge) = 1 (8nA n eAddytotn MVESOP éxppaon

)¢ anotedeltar and éva xar ubvo Aoyixé ywiuevo). EmmAéov woyUet:

w(f) =w(ga) +w(gp) + 1 xar w(gp) < w(ga) < 3.

EmnimAéov toyvouy:

— w(fi) <wl(ga) + 1, dnou n fi = go B ge elvar vroovvdptnon e f.
— Avtiotorya w(f;) < w(gy) + 1.

= w(fi) +w(fy) = w(ga) +w(ge) + 1, apos w(fi) +w(fy) = w(f).

Ot uévor éyxvpot ouvdvaouol yia ta w(f;), w(f;) elvar:

1o w(fi) = w(ga) +wlge), w(fy) = wlgs) + w(ge)-

2. w(fi) =w(ge) +w(ge), w(fj) = w(gy) (amarteirar n 1-1o0080vaun éxpeaocy
yia v fj).

3. w(fi) = w(ga), w(fj) = wlgp) +w(ge) (amarteivar n 1-t00d0vaun éxppaoy
v v fi).

Sragopetixd w(f) # w(ge) +w(gs) +w(ge).

Yty mpdty mepintwon apol dAa ta eddytota MVESOPs twy unoouvaptrioewy
Gewpolvrar yvwotd, vrndpyet évac xowvéc MVESOP dpoc x (autde mou anotedel
™y Exgpaon ¢ gc). Xtny nepintwon auty urnopodue va ndpovue ancubelag
uia eAdyioty Exppaon yia Ty f and TS ga, G, e-

2ty dedtepn xau tpity meplnTwon TouAdytotov uia and Tic fi, fj €xel Tov dpo x
o€ xdmota and TIC EAdYIOTES ExppdoElS, Yia napddetyua 1 fi oty nepintwon 2. Ag
eletdoovue, ywplic BAdfn tne yevixdtytag, Ty nepintwon 2 uévo.

I xdbe eAdytoto MVESOP(F) trc fi, éotw évac tuyaloc dpog (x') tov MVESOP
autou.  Anuwuvpyodue Ty ovvdetnon g1 = f; @ k' (avaxadirrovue ue avtd tov
Te0m0 TIC XaTdAAnAec 1-toodUvauec). To Bdeoc thc ouvdptnonc autic dev umopel
va elvar Atydtepo amé autd ¢ gy, agoU ToTe umopel va amodelytel eUxola Ot
uropel va Snuioveynbel éxppaon yia Ty f ue aptbud dpwv uixedtepo tov Bdpou
te. Edv o dpoc X' mov Srarélaue elvar o x, téte w(g1) = w(gy) xar umopodue va
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Evétna 3.1. AKPIBHY EAAXIYTOIIOIHYH EK®PAYXEQN MVESOP

Snuiovpyfioovue uia eAdyioty éxgpaon yia tpv fand tic go = F1/K gy = g1,9. = K.
H eddyiotn éxgpaon Ga elvar: | = xq(F1/K') & xp(g1) © zc(K).
o

To Oedpnua 1 xahintel 6Aeg g Suvatég nepintioelg ehdytotne MVESOP éxgpa-
ong v wla tuyata Aoyue ouvdeTnot Ue to oAU ula mohd-tuun ueTaANTY €L6630u.
Katé ouvéreia, ypnowonoldvtag ) uehodoroyla mou neptypdpet, unopolue vo evTo-
nloovye xdle ehdyiotn MVESOP éxgpaon yia pia ouvdptnon pe Bdpog pixpdtepo
Tou 6.

Iépropa 2 'Eotw uta Aoywerj ovvdetnon | ue ESOP Bdpog uixpdtepo tov 6. Tote
UTOPOUME YA EVTOTLOOUUE OAeC TiC eAdyLoTes exppdoeic ¢ f and Tic eAdytoteg
EXPEATELS TWY UTOOUVAPTIHOEDY TG,

o

Y10 enduevo Bedpnua o e€etdoouue cuvapTthoelg Ue Bdpog ueyaiitepo Tou 6 xat
UxpdTERO TOL 8.

Ocetpnpa 2 Eotw Aoy ouvdptnon ESOP fBdpoc uixedtepo tou 8. Téte tould-
xiotov uia eddyioty éxppacn MVESOP umopel va amoxtnbel and tic eddytotec
MVESOP exgppdoceic twy unoouvaptioedy Tis.
Anddeln.
Kdavouue tic (diec napadoyéc ue autés tov Oewpruatoc 1. EminAéov enetd to Bdeog
tyc ouvdptnone elvar uixpdtepo and 8, Ha mpéner: w(ge) < 3. ‘Otav w(g.) =1, tdre
n anddelln elvar avtiotoryn ue autl tou Jewpriuatoc 1.

Otay w(ge) = 2, tore: w(gy) < w(gs) < 4, xauw and 10 Oedpnua 1 drec ol
eraytotec MVESOP exgppdoceic yia tyy [ unopoly va arnoxtnboly. Ot udves Suvatéc
repLntdoels yia ta Bdon twv utoouvapthioewy fi, i elvai:

1 w(fi) +w(f;) = w(f) +w(ge) = w(f) +2. Xy ovyxexpwévy neplntwon
anddetén elvar avtiotoryn ue avty tou Oewpruatos 1, ue ™) Stagopd 611 n
avalitnon neayuatonoeltar yia 6o xotvols dpoug.

2. w(fs)+w(f;) =w(f)+w(ge) = w(f). Xty ovyxexpiuévy neplntwon unopolue
va anoxtiioovue aneubeiac uia eddyiotny MVESOP éxppacn yia tpv f and
Ti¢c eddyiotec MVESOP exgpdoeic twv vroouvaptioedy tnc. H uoppr tne
mapayduevne éxpeacy eivar: f=x;f; ® xjfi, v # x4, x5, = 2,7, 1.

3. w(fi) + w(f;) = w(f) +1 = w(ga) + wlgs) + 3. ES& Siaxpivovue 8vo
UTOTEQLTTOOELS:

o w(fi) = w(ge) + w(ge) = w(ga) + 2,w(f;) = w(gy) + 1 (amarveirar
1-to08Uvaun éxgpaon yia v fj).

o w(fi) = w(ga) + 1, w(fj) = wiga) +wlge) = wlgp) + 2 (amazeirar p
1-to08Uvaun éxgpaon ya tpy fi).

Xwplc AdSy tne yevixdtyrac Gewpodue: w(f;) = w(gs) + 2. Enetdij to Pdpoc
¢ umoouvdpetnons fi elval uixpétepo and 6, umopoUuE YA ATOXTHOOUUE CAEC
TIC eAdyiotes exppdoeis tne. ‘Botw Fy wa eddyioty MVESOP éxgppacy the
Ji xaw X" Svo tuyaior MVESOP deot tne Fi. Anuwovpyodue tn ovvdetnon
g3 = [ @K @K' (avaxarinrovue ue avtd tov tpdro tic xatdAinlec I-
toodvvauec). H anddelln yia tnv nepintwon auty axodovlel tic nepintdoeic
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Evétna 3.1. AKPIBHY EAAXIYTOIIOIHYH EK®PAYXEQN MVESOP

2,8 tou Ocwpruatoc 1, agol av: w(gs) = w(gy) téte n k' & k" elvar e
MVESOP éxgpaon tne ouvdptnons ge xat uia eAdytotn MVESOP éxgpaon
e | rapdyetar we: g = xq(F1 /K [K") ® xp(g3) © z.(K' @ K").

<

[Tpémer va tovioTel 6TL 1) tepintwor 2 Tou OewEHUATOSC 2 ATAYOPEVYEL TNV AVAXIUTI-
oxevt) 6A0V Ty eAayiotwy MVESOP exgpdoewv tng ouvdpetnong and Tig ehdyLoteg
MVESOP exgpdoeic twv uvrocuvapthoedy tne (av 1o ESOP Bdpog tne ouvdptornc
elvat utepdtepo ané 8).

Lépropa 3 TovAdyiotov uia eddyioty MVESOP éxppaon yia uia Aoyixij ouvdptnon
ue Bdpoc utxpdtepo tou 8 unopel va aroxtnbel and tic eAdytotec MVESOP exgpdoeic
TWY UTOOUVAPTHOEDY TG,

o

To ouunépacua elvar 6L yia v evtonioouue Ul eldytotn MVESOP éxqgeaon yua
utae Aoyxt| ouvdptno, ue ESOP Bdpog uixpdtepo tou 8, Bu mpénel v Uy 0 VEUTOVY
70 oAU 2 MVESOP 6pot petalt eAdytotwy 1 1-.0030vauwy ex@pdoeny Twyv UTocu-
VapTHOEDY TNS.

H rmapandve Oewpla mpotelvel pia ouyxexpuuévn pebodoloyia yio tnyv elpeoy
eldytotwv MVESOP exgpdocwy (and autéc elvan tetpipuévn n uéfodog yia ) dnuiou-
evia tov ESOP exgpdocwy tne apywrc ouvdptnong). H yebodoloyio auts elval ava-
dpoutxt) xat otneileton 6Ty anoctvieon g oUVAETNONS ELGGBOU OTLC UTOGUVARTHGELS
e dnuioupydvtag €tol to dévtpo-yevvhtpla Trc.  Kdbe x6uPBoc Ttou dévipou ao-
VILTPOCWTEVEL GUVIRTHOELG ToU €youv ula Aydtepn UeTaPAnth eloodou amd autég
nou Bploxovtar otouc xéuPBouc éva eninedo mo xovid oty plla (otny ousla Tig
LTOGUVAPTAGELS TNS BLVEETHONG oL avTtioTolyel otov x6ufo). H dnutoupyla MVESOP
EXPEAGEWY VLA UL GUVAQTTOT) TOU AVTLOTOLYEL 0€ XdTOL0 XOUB0 TOu dEVTpou TEayUa-
tontoteltan and g MVESOP exgpdoeic Twv unoouvaptioedy tne (Tov cuvapThoE®Y
Tou avTieTolyoly ota xhadd tou xéuBou ). Muldue, xatd ouvénewa, yia ya
"anb x4t npoc 1o tdve” (bottom-up) dwadixacio, énou and Aydtepes ueTABANTES
xaTaoxeudlovue eXPRACELS YA GUVAPTHOEL TEPLOG0TépwY UETABANTGV. e xdbe
otddio g Swdixactag to ESOP Bdpoc tne ouvdptnone auidvetar B uével (oo ye
70 3dpog TV UTOGUVAPTAGEDY TNS.

‘Otav xdnow cuvdptnon oto dévipo-yevvhtela elvon (on ue 1o undéy t6te oL
MVESOP exgpdoeic yia ™ ouvdptnon mov Bploxetar otov xéufo matépa autig,
070 3éVTpo, mapdyovtal eVXoNd oUUPKVA UE Ta Tapandve Oewphuata (ovoudlouue
™) dwadwacta auth Simple-Combine). H meplntoon avth elvow 1 mo euvoixr, xou
ouvdua 1 mo emBuunTA, TOL GUVOVTATAUL XOTd TNV eXTEAOUUEVY avadpour. XTny
neplntwor avth To Bdpog Tng ouvdptnong elval too ye to Bdpog twv un otabepdy
unocuvapTAceE®Y Tng. Aniadh to Bdpog tng cuvdptnong, 6To 6Tddo auTd NG ava-
dpouric, dev auédvel.

Hopddetypa 22 Eotw Aoyixij ouvdetnon: f = xil}xgo’l} @ xil}xéo}, Tore: f1 =
fo= xéo’l} @ xéo} xat fo =0 (o1 vmoouvvaptijoeic napdyoviar we mpog T UeTaPANTI
z1 mov elvar dvadixr). H MVESOP éxppaoy xél} elvar wa erdyiorny MVESOP
Exppaon tne fa. Tote uta eddytotn MVESOP éxgpaon tne [ arnoxtdtar toAdania-
owtlovrag ue xll xau glva: xil}xgl}.

Enlong Oewpeltar tetpiuuévn 1 elpeorn erdytotng MVESOP éxgpaone vy tig
ouvapthoels mou Peloxovtal 6ta QUM Tou 8EVTpou (AVTLTpOoWTEVOLY TNV TOAI-TIUY
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YYNAPTHXEIY

uetaBinty). ‘Etou elvon Suvath 1 obvbeon ehaylotov MVESOP exgpdoewv yua yua
ouvdpTnoY yenotuonoldvtag T ehdytotec MVESOP exgpdoeic 1wy umocuvapticemy
mou Bploxovton ota xhadd g, Autéd ylvetar ypnouromoldvTag T avamTUYHATA
Shannon, Positive Davio xau Negative Davio. Ot exgpdoceic 10y unocuvapticemy
unopotv va meptéyouv (Soug Gpoug. Ou bpot autol ouyywvedovtal (1 Swdixasio auth
ovoudleton Common_Combine). Tw x8be x6ufo tou dévipou Satnpolvial ubvo
exelveg oL exgpdoeig oL onoleg elvan ehdytoteg MVESOP tng avilotouyng cuvdptnong.
Hopdderypa 23 "Eotw Aoyuxij ouvdetnon: f = x‘l{uxé”%“@xi“xé”xi”@xi{o}xé’l}@
azio}xél}xil}, ‘Olec ot umooUYAPTHOELS TS TAPATAVG CUVEPTNONS, WS TEo¢ T Suadixl)
uetafinty x1, elvar un undevixés. Mia eddyiotn MVESOP éxgpaon yia tic fi1, fo
elvar f1 = x21}x:{31} ® lzél}xz{ll}, fo = xél} 5> xél}xil} avtiotorya. Iapatnpoiue
otL avdueoa oTic eAdytotes exppdoeic Twy f1, fo undpyet évac xowvée xvfog: P =
xél}xil}, Yty tehdf eddyioty MVESOP éxppaon ths f o xbfoc Py tne MVESOP
Exppaons ¢ f1 xaw o xUfoc P tnc fo Oa ovyywveutoly oe évay xUfo tne uopers:
Plxio’l} = P1. H tehixij eddyiotn MVESOP éxgpaon tyc [ elvai: xil}xél}x:{;l} ®
xio’l}xgl}xz{ll} ) xio}xél}.

[Mapatneodue duwg and ) Bewpla mou avantdybnxe, étu yia vo Bpebolv ol eAdytL-
ote¢ MVESOP exgpdoceic piag ouvdptnomng mpenet, ToAES Qopéc, va €YouUE O)L ubvo
g ehdytoteg MVESOP exgpdoeic tov ouvaptioeny Tou avitoTolyody ot xhadLd
e ohhE xar T 1-o0d0vauéc toug (autd mpoxdntel and e mapandvew anodeilelg
TV fewenudtov xau Y ouvaptioes pe Bdpoc uixpdtepo and 8). Ta napandve
Oewpriuata uoag napoustdlouy T mpolnobéoeis ahhd xor tn uebodohoyia yia tnv
ToapaywY? Twv 1-160d0vauwy exppdoewy and Tig avTloTolYES EAIYLOTEG EXPRACELS
(tn Swdwaola mou otnpileton ota Dewpruata 1 xar 2 v v elpeor ehaylotovy
exppdoewy and un eAdyroteg MVESOP exgpdoeic Twv unocuvapthicewy tnv ovoud-
Loupe Recursive-Combine).

Hopdderypa 24 Fotw uta Aoyuxs) ouvvdptnon teoodpwy uetafAntdy eioddou ue
v enduevy MVMT avarapdotaon: f = [2a52]. H ouvvdptnon auth éyec ESOP
Bdeoc 4. Mia eddyiotny MVESOP éxgpaon tnc fi umoouvdptnone eivar: fi =
xél}x§1}$2{11}®xil}. Yynuatilovue tn ovvdptnon g = xél}xgl}xil}@fg = [f8] xat tpv
elaytotonowdue. H ouvdptnon avty éyet ESOP Bdeoc 2. Mia eddyioty MVESOP
Expoaocty Tne elvat: xéo}xgl}acé{ll} ® xél}. Mo eddayiotn MVESOP éxgeaon yia tny
f mapdyerar we: f = xio’l}xil} ® x“l{l}xél}xgl}xil} @ x‘{o}(xéo}xgl}xil} & xél}).

Anotéheopa g napandve Hewplog fray 1 dnutovpyia Tou aiyoplfuou Find_Exact.
O ahyoépbuoc autdg evtonilel edytotec MVESOP exqpdocic yio onowadrinote Aoyur
ouvdptnon ue Bdpog To mohd 7 xou avelapTATwS TOu aptBuod TV ELédwY XaL Tou
apliuol tey e£6dwy .

3.2  Evpiotuxn ehaytotonoinom exgpdocwy MVESOP yia atehog
0PLOUEVES AOYLXES GUVAPTNOELS

M hoyuxy| cuvdptnomn neplypdget Tn cUUTERLPORd EVOS AoYixol xuxAduatos. Kdabe
duvatég GUVBLACUGS TGV ELGOS0U TapdyeL xdmola oUYXeXQUIEVT €€080. Mg ToAAES
TPAXTIXES EQUPUOYES, OUWS, UTApYEL TERINT®GT, XATOLOL GUVBUAGUOL ELGOSWY VA
uny €youvv xdnolo vomua, dnhadyh ol elcodol autol vo Unv Umopoly Vo EUQPAVLGTOVY
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0TS TpayUaTXéS GUVOTES AetToupYlag TOU AOYLX0Y XUXAGUATOC. TS TEQLITOCELS
QUTES TA TRPOAVAPEPDEVTU XUXADUATA TEELYPAPOVTAL ANd ATEADS OPLOUEVES AOYLXES
ouvapthoelc (don’t care functions). H tuh tng nopandve cuvdptnong yio eloédoug
mou dev £youv vonua Oewpodue 6t Sev elval optouévr dnhady) urnopolue v T Oew-
efoouvue, xatd Polhnon, elte 1 ette 0. Luvhbwg tétoleg ouvapthoeg Tig exgppdlouue
xabopllovtag 1660 Toug UdldPopous EAAYLOTOEOUS, YO TOUS OTOLOUS 1) TURURAVWL
ouvdptnon dev oplletar (don’t care terms), 660 xou exelvoug yia Toug omoloug 1
nopandve ouvdptnom éyel T 1 (ON set). M mifpws optopévn hoyuer; ouvdptnon
unopel va opLotel divovtag, anhd, o ON set tng. Xdugowva howndy Ue ta tponyolueva,
ULl ATEAGS 0pLOUEVT oYY oUVAETNOY TOAGY e€6Bwv unopel va opLaTel yenoiuo-
rowdvtag o MVMT avanopdotaon yia to ON set twv e€6dwv tne xat wto MVMT
avanapdotact yio To DC set.

Eilvar npogavée 6t 7 Unapln adidpopwy Gpwv oe Ulo hoyixr, ouvdptnon divel
xdmowa TAEOVEXTAUATA, dnuloupyel Suwg xou petovexthuata. To mAeovextAuata
apopoly To PBdpog TNg ouvdptneorg, To onolo duvnTxd elval UxpdTepo ot oyéo
ue v avtiotouyn TAhewg optouévy hoywr ouvdptnor. To pewovéxtnua elvor 6t
7 ebpeon tou PBdpoug elvar axdua mo dYoxokn oe oyEon UE U TANPWS OPLOUEVT)
Aoyuxt| cuvdptnon.

H edpeomn tou Bdpoug utag atehdg oplouévng hoywrc ouvdptnorng f umopel va
TEELYPAPEL OG:

O = ON-SET({)

D = DC-SET(f)

G =P(OUP(D))(P ouuPollet 1o Suvapooivolo)
w(f) = MINygea(w(g))

Me diho Aoya 1) elpeon Tou Bdpoug ULag aTteAids oplouévng hoyixnig cuvdpetnong
tooduvauel Ue TNy avdbear GAwy TOY SuVATGOY TUUGY GTOUS EAXYLETOPOUS TOU ATOTEAOUY
To dc set g ouvdptnong, ehayloTonoinon g xdbe cuvdptnong Eeywplotd, mou
dnutovpyeltar and tnv évworn tou on set Ue exelvoug Toug ehaylotédpoug and To dc
set oToug onoloug Tébmxe TN 1, xau emhoy, auThg ue To UxpdTepo Bdpog.

Yo mhalowa Tng ouyxexpévng didaxtoplxic SlateiBhc avantdyinxay evplotinée
uéhodol elpeane oyedov ehaylotwy MVESOP exgpdocwv yia atehodc oplouéves cuva-
ethoelg povaduxiic e€630u mou eZupTdvTal, dums, and 1o TohY ula ToNG-Tiun uETABANTY
eL6630L.

3.2.1 IIpotewvdouevn MebBodoroyia

H yebodoroyla mou npotelvetal woldlet ye authy mou nopovsldotnxe atny evotnta 3.1
Yo TAHPWS 0pLoUEVES AoYIXES OUVARTHOELS XaL elvor eupLaTixt|, Snhady| dev eyyudTal
70 BEATIOTO TV anoteleoudTwy. Elval dung npocaupuocUuévr 6Tl BLILTEROTNTES TOY
ATEADS 0pLoUEVOY AoYIXDY cuvVapTAcewy. Ltnplletal 6Ty Aoy Tng anocbvlieong
utag Aoyxnc ouvdptnone ot unoocuvapthoels e, And Tig eddyiotec MVESOP
EXPPAEGELS TV UTTOGUVAETHoEWY Topdyouue (oyedov) ehdyiotec MVESOP exgpdoeis
YW TN OUVERTNOT YEeNoLUOTOLOYTAS To avarthyuata Shannon xaw Davio, evé napdh-
Anha ppovtiCouue va ouYY®VEUOVTAL oL xoLvol dpoL Tou TUYOV UTdEYOUY AVAUESH
0TS EXPRAoELS TwY unocuvapthoewy. H ouyydvevorn yivetar ue Bdon tn oyéon:
ot @ 2% = 2% gy = x,7,1,2°9% = 2¢ @ 2% Xenowonowodvton xor €86 oL
npdEec Simple_Combine, Common_Combine mou oplotnxav otny evétnta 3.1 yi
™ dnuovpyia MVESOP exgpdocwv ylag cuvdptnone and tic ehdytotec MVESOP
EXPPACELS TV UToouVapoe®y Tng. Edd, duwg, dev yenowonoweitar n npdérn Recur-
s1we_combine.
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O. Baowée Blagopée tng mpotewvduevne uehodohoylag, oe oyéon ue authy Tng
evotntog 3.1 ouvodilovtal 6Ta TAPAXETR:

o Aev ypnowonotelta 1 npdén Recursiwve_combine 1 omola au&dvel tny tohumAo-
x6NTar g pebodohoylag xar xatd ouvEneld xaL TOUG YEOVOUC EXTENEONS TOY
avtiotolywy akyoplBuwy. Yrevluuiletor 6tL 10 npdfinua tng eAayloTonolnong
aTeABS 0pLoUEVLY cuvapThoewy elval apxetd mo dYoxoho and To aviloToly o
NG EAAYLOTOTOINGTE TAPWS OPLOUEVMY GUVIRTHCEWY, XATA GUVETELX ETPERE VAl
yivouv xdnoteg anhonoticeLs.

e 310 01480 Tng anocivlieorc 6TAY Uld UTOGUYARETNOT), 6T0 JEVIPO YEVVATEL,
€yeL ehaytoTédpoug Tou avixouy 6To off set xar oTo de set xau xabdhou ehayi-
0T6pO0UC TOU VAL avxoLY 6T0 on set T6Te oL ehaytotdpol Tou de set yetagépovtal
oto off set xou 1 unocuvdptnon auth Bewpeitol otabepr) xau ton ue to 0. H
Tapadoy ) auth) anAonotel onuayvTxd TN Swadixacio eved emmiéov eyyudTol 6T
10 UToAoY6UEvo Bdpog TNE GUVAETNOTC ELGABOU, GTO GUYXEXPLUEVO GTASLO TNG
avadpoutic, dev Ha avinfel (Ildpoua 1).

o Ye xdfe 0Tddo g ovvleong 1 mapayduevy Exppact TEénel var ehéyyeTaL OTL
enainfedel T ouvdetnor. Autéd cuuPalvel eneldt| 1 ueTapopd ehaylotédpwy And
0 dc set 670 off set (my btav yia unosuvdptnoy tibeton lom pe To 0 eneld?) dhot ot
ehaytotépol g avixouy oto DC xar OFF set) npaypatonoteitar aveldptnta
v xdfe unocuvdptnor péoa oto dévipo yevvitewa. llapdha autd Gheg ot
umoouvapthoelg dev elvat aveldptnteg pwetall toug. 'Etol v noupddetyuo éva
dc 6pog unopel va ndel oto off set ywa v vnocuvdptnon f1 wag cuvdptnong f
o€ xdnolo x6uBo 1ou dévipou yevvhTeld, Ywelc duws To dlo va ouufel xau YL
NV uroGuVdETNoN fa.

e 310 01ddlo tng oUVleong, oe xdbe x6uUPBo Tou dévtpou yevvrteld, avdhoya Ue
10 néoec and TiC unoouvapThoels elval otabepéc xau loeg pe to 0 €youue TiC
TAEONATW TEPLRTOOELS:

— Av xouLd uroauvdptnor dev elvan UNdEy, T6TE 0L EXPEATELS YLa TN CUYAETNO)
napdyovtal and ta avantiyuoata Shannon xor Davio ouyywvebovtag toug
%x0LvoUg 6poug. Ot exppdoeic Tou SlaTtneotbvTar elval AUTES UE TO ULXpOTERO
aptiud Gpwv xar exelveg mou enaknbedouy 0 cuvdptno.

— Av pla axpBde unoouvdptnon elvor undév t6te oL exQpdoELS YL TN OU-
véptnon tapdyoviol and Toug napaxdtw tHnous (tporonownuéva Shannon
xot Davio avartdyuota):

¥ Eav fo=016te: f=af1,f =xfo,f=f1D2fo.

* Edv f1 =0x6te: f=2fo,f=2fo,f = fo@xfo.

x Eav fo =01éte: f= fo,f = fi,f=2xf1 ®Tfo.
Ov exgppdoeic mou dwatnpolvtal elval autég Ue To Uxpdtepo apliud dpwv
xaL exelveg mou enadnfedouy tn cuvdptnon.

— Av 8%0 axpBdc unoouvapthoels elvar undév t6Te oL expdocig Yo T
oLVEETNOY ToEGYOVTOL AR6 TOUS TaPUXATw THToUS (Tpononoluéva Shan-
non xat Davio avartdyuata):

* Bav fo=0,f1 =016te: f=xafs, f=2fo.
x* By fo=0,fo=0x67e: f=2xf1,f = f1.
* Eav f1 =0, fo =0 t6te: f=2xfo,f = fo.

©Anuitelog Boudolprs - Ehaylotonolnon exgpdocny ”anoxietotxol 47



Evétnra 3.2. EYPIYTIKH EAAXIETOIIOIHYH EK®PAYXEQN MVESOP I'TA ATEAQY, OPIXMENEY AOTIKEY
YYNAPTHXEIY

Yroouvapthoelg MVMT MVESOP Exgedoeig
flll; f112 [Oldd] X{Q}, X{O’Q}, X{LQ}, X{071,2}
f110 [0010] x {1}
fio1, four, fou, foor | [0dld] | X1, x 100 x {12} y{0.1.2)
f100 [0d10] X1 x {12}
fo10 [0011] x 101}
foot [0d01] x 10} x{0.2}
Jooz, fo20, fa20 [0da1] | X0 x {01 x{02} x{0.12}
f210 [0001] X {0}

IMivaxag 3.1: Tlapaywyh twv MVESOP exgpdocnv twv @UM®Y g 6UVARTRoTS Tou
Tapadelypatog 25.

M egapuoyy e mpotewvduevne uebodoroylag mapouotdletar 610 Tapddelyua
25.

Hopdderypa 25 Fotw f uia ovvdptnon ue 3 etoédous xar 3 eéédovc. H avanapd-
otaon MVMT yia autsj ty ouvdptnon elvar [01dd 0010 0d1d 0410 0d1d 0011 0401 0ddO].
Ot avanapaotdoeic MVMT twv vroouvaptiioewy eivar [0dld 0011 0401 0dd0],
[01dd 0010 0d1d 0d10] xa: [0ddd 0001 0dld 0ddO] yia tic fo, f1 xat fa aviiotoiya.
Anuiovpyeltar to 8évtpo-yewitpta tne ovvdptnone (Ewxdva 3.1). O exgpdoeic
mou SnuiovpyolvTal yia TIC OUVAPTHOELS TOU avTioToLyoly ota @UAAa Tou mapandve
dévtoov aretxovilovtar otoy Hivaxa 3.1. TI'ia tn ovvdptnon xdbe xéufou, tdvew and
To eminedo Twv PUAAwY, Snuioveyolvrtar oyedov eAddyiotec MVESOP exgpdoeic ané
T oxeddy eddytotec MVESOP exppdocic Twv ouvapTHoewy moU ayTioToLYoly ota
xAadid tou. Oa eletaotel mo avaivtixd n napaywyl 1wy MVESOP exgpdocwy Ti¢
ouvdptnons fi1 xat faa a@ol QUTES aVTIMPOCWIEUOUY YAPAXTNOLOTIXES TEQITTOOELS
TN¢ mpotelvouevns uebodoloyiac.

o EAéyyouue tic ouvaptiioeic mou avtiotolyoly ota xAadid tov xdufov ¢ fi1.
H uroouvdptnon fiio Eyet udvo wa éxgoaon: XU Ot exppdosic yia tny
fi11 elvau X{Q}, X{1’2}, X{072}, X10L2} 50 o exppdocic yia v fii2 elvat
X x{t2y x{02} x{0.1.2}

O aptOudc tov mapayduevwy exppdocwy yia v fi1 evar 1 -4+ 1-4+4 -
4 = 24. 'Onwc éyer elnynbel, dev elvar anapaitnto 6AeC aUTEC 01 expedoels
enaAnbedouy Ty f11, emouévws npénet va T eAEyEouue.

Yougwva ue to avdntuyua Shannon (fi1 = $§0}f110 S?) :L'gl}flll), 4 exgppdoeig

mapdyovtal, ot onoles ixavorowly )y f11: ng}X{l} @xél}X{Q}, méO}X{l} &)
xél}X{va}, xiO}X{l} @ x§1}X{072}, xéO}X{l} o xél}X{OvLQ}.

Yougwva ue to aviarntuyua Getixé Davio (fii = fiio @ mél}fng), 4 cwotéc
EXPPAOELS TapdYOVTAL: X{1}®$§1}X{2}, X{1}®x§1}X{172}, X{l}@x:gl}X{oﬂ},
X g (M x {012},

To avartuyua apvntixé Davio (fi1 = fin @xéo}fng) odnyel oe 16 exgppdocic,
addd udvo 4 and avtéc emapfedouy v fr1: X1 @ x§O}X{172}, xt2h g
xéO}X{z}, x{0.2} @xéO}X{O’LQ}, X{0’172}®x§0}X{0’2}. Ou dAdec 12 exgpdocig,
rou dev enarnbedouy Ty fi1, anoppintoviar, m.y. y éxpeacy X2 @xgo}X‘m}.
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01dd 0010 0d1d 0d10 0d1d 0011 0d01 0ddO

4 fo fa

01dd 0010 0d1d 0d10 0d1d 0011 0ddd 0001 0d1d 0dd0

Ewdva 3.1: Aévtpo yevvhtpla tng ouvdptnong tou napadelyuatog 25.

o Ac eletdoovue thv foo Tou mapadelyuatoc oty Ewxdva 25. O unoouvaptiioelc
Jo21 xav fooo elvar (oec ue to undéy. Ou exppdoeis tnc faoo elvar ot X{O},
x102y - x {01 - X012 Xopowuonowdue tic eéiodosic fan = $§O}f220 xau
fo2 = fooo xar ov mapaydueves exgpdoeic yia tnv foo elvar o xéO}X{O},
xéO}X{O’Q}, xéO}X{O’l}, ng}X{O’l’Q}, X101, x102} x{01} 5 x1012} Opec
ot mapandve exgpdoetc enaAnbfevovy v faa.

H nopandve pehodoroyia vhonoieltar atoug ahyoplBuouc DCMIN ol QuickD-
CMin rov napovaidlovtat 6to Kegdhaio 6.
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Kegpdiao 4

ElayleTonolnoy exgpedocwy ESCT

A computer is like an Old Testament god,
with a lot of rules and no mercy.
Author: Joseph Campbell

eldyotov ESCT exgpdocwy yio tuyaia hoyixy ouvdptnon. H Bewpntind

auTH TEOGEYYLOT anoTeAEl TN payoxoxakid tng Sidaxtopuxiic StatePnc. 'Onwe
o pavel xat oTn cuvEyeLa, UTdEYOLY aEXETEC OUOLOTNTES OTNV EAUYLOTOTONOY EXPRY-
oewv ESCT pe ty ehaytotonoinon exgppdocnv ESOP. Oa yiver dung gavepd, 61 1)
ehaytotornoinon ESCT exgpdoewy elvar onuaviind mo dVoxohn and tnyv aviliotouyn
twv ESOP exgpdoeny oahld, mpogavde, diver xaldtepa anoteléopata (uxpbdtepo
aptBud bpwv). AxorouBolvtal Tpeg Paowéc mpooeyyioes. Yy npdty dnutovpyol-
vt eldyrotes ESCT exgpdoeic evidvovtac xowols (h ouyyevels) bpoug avdueoa oe
ehdyroteg 1 oxeddv eNdyoteg ESCT exqpdocic Twv Unocuvapthioewy Tng cuvaptnomng
elo6dou (Evétntec 4.2, 4.3.2, 4.5). X1 deltepn o ehdyiotec ESCT exgpdoeig prog
AoYXNC GUYVAETNONG TEOXUNTOLY AN6 T CUYYWVEUGY) GUYILTHCEWY UE TLS UTOCUVIp-
woewg e (Evétnrec 4.4, 4.4.2). Yty tpltn xan tehevtala evronilovtar xavéveg yia
N ouyy®veuor | olvleTtwy bpwv oe m ue m < I dote va eméhlel ehayrotonolnem tng
ouvéptnorne ewsédou (Evétnta 4.6).

To Aupa 1 xon to Oewphuata 7, 8 éxouv tapoustaotel xal otny epyacio [Pap77b],
ARG avapépovTol 6T GUYXEXPUEVO XEQANaL0, Yo Aoyoug TAnedtntac. H anddely
v T0 Oedpnua 8 elval eAapeds dLaPopETIXY) 68 OYECT UE TNV TPWTOTUTY EVEH GUO-
YeTlletat xa ue TNV €vvola TOV M-16030Vauey UopphV.

: )TO xe@dhalo auté Oa tapovaiastel o Hewpntinds popuaiioude yio Ty elpeoy

4.1 Baowd bewmprjpata yia tig exgppdosis ESCT

Apywd Ba yiver pio mapadoyd) yio ) popgt Tov olvletov 6pwv (Maitra cascades
drapopetind) mou Oa yenowonowmbel otn ouvéyetn. H mpdin eloodog e npdre
Tpd&ng Tou avvleTou bpou (auth mou elvar "paxpbtepa” and o cukkéxtn XOR, edva
2.1) Ba Bewpolue 6t eivor ndvta 0 (v Adyoug ovuuetplag). T to Aéyo autd
ta mpodta avutd cells Bo elvan timou 1,2 A 6 (Llivaxag 2.2), agod autd xalintouv
oha Ta Suvatd anotehéouata. Enlong ol olvletol dpol mou Oa napovsiactoly elvar
neploptopévol (restricted). Téhog btav héue Bdpog uLac ouvdptnong Ha evvoolue to
ESCT Bépog tng.
To enéuevo Afuuo nopovstdlet tn uEbodo cuvévwong dbo Maitra cells.
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IMivaxag 4.1: Tlivaxag cuvévwone n Maitra Cells.

Acixtee r; Maitra Aeilxtng r» Maitra
Cells cl66d0u Cell anoteléouatog
IMepittoc apbude and cells pe timo 1 xat onowoodrnote pe tino 3 1

IMepittéc apbude and cells pe tino 2 xar onoloodfrote ue tino 4
‘Aptiog aplude and cells ue tono 1 oL onoroadhnote ye tono 3
‘Aptiog apliude and cells ye tono 2 xoL onotoadAnote ye tono 4

Ieprttoc apbude and cells ye tono 5 xau onolosdfinote ye timo 6

O U | W[ N

‘Aptiog aplfude and cells ue téno 5 xoL onoood¥inote ue tomo 6

Adppo 1 ("Evoon 8do Maitra cells) H oyéon Gr (2, y1)BGra(z, y2) = Gr(z, y1Dy2)
OmoU Y1 # Y2, Y2 LOYUEL EAYV:
(y1,92,9) = (1,1,3),(1,3,1),(3,3,3),(2,4,2),(2,2,4), (4,4,4), (5,6, 5), (5,5,6), (6,6,6).
Anddeln.
To rapandve Ajuua uropel va anodetytel oAl eldxoda eavTAnTixd.
o

H yevixeuorn tou napandve Afuuatog axohoubet.

Adppa 2 ("Evwon n Maitra cells) H oyéon > ®F, (z,yi) = Fp(x,) ®vi), vi #
Yk, Vi 7 Uk, YKk # 1 toyUet olupova ue tov Hivaxa 4.1.

Arddeln.

Yty mpdtn nepintwon tou Hivaxa 4.1, olupwva ue to Afjuua 1, yia va dnutoup-
yhioovue éva Maitra cell timov 1, mpérmer va evdoovue éva timov 1 xar éva timou 3.
‘Eva Maitra cell tirnov 3 unopel va Snuiovpynbel evdvovrag onowdijnote aptbud and
cells tomov 3 xar uové aptbué and cells tomou 1. "Etor yperalduaote pové aptGud
and cells tonou 1 xat onowdinote apifué and cells tinov 3 yia va Snuiovpyrioovue
éva cell timov 1. Avtiotoiya xat yia Tt UnOAotnes TEpINTOTELC.

o

To nponyoluevo AMjuua dNAGVEL 6TL UnopoVUE Vo eVOGOUUE onolodrrote aptiud
aré Maitra cells tinou 1 % 3 og éva uévo cell timou 1 % 3. To B0 woydel yia ta
cells (2,4) xo (5,6). Katd ouvénewr 1o nopandve Muua unodnidver 6t undpyouy
TpELS dlapopeTinéc xhdoelc and mpdletc (Maitra cells) otouc oUvfetoug dpoug xon
ducanohoyel Tov Optoud 26. Ornoroadrinote aplfudg amd cells tne Blag xhdong ouy-
muxvovetal oe €va cell e Buag xAdong. O bpog G, mou dnuioveyelton and v
eQUPUOYY TWV TARATEVE AuudTtey ovoudletol ”xavovixonomuévog abvletog bpog”
utag xol xataAnyel oe éva uévo Maitra cell Tou onolou 1 eloodog elval dfgotoua XOR
ané dihouc alvletoug bpouc.

Eidaue 671 ta mponyolueva Muuata toybouy uévo av ol elcodol twv Maitra cells
dev elvon dieg ¥ ouuninpwuatixés. To enduevo Muuo anocagnvilel Tig TEpLTTHOELS
QUTES TTOU ATOUEVOUY.

Adppa 3 Av Fr(z,yY), Fy(z,y?), Fy(z,y3) elvar tpla Maitra cells ue y',y* y3 =
y, Y, tote n eélowon: Fr(z,y')®F,(x,y?) = Fy(z,y>) toydel olupwva ue tov nivaxa

4.2,

Anddeln.

Mropel, noAd evxola, va anoletytel elavtAntixnd.
o
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IMivaxac 4.2: "Evworn Maitra Cells ye xowvég 1 avtiotpoges elobédouc.
vy =ylv=y| =yl =y | =y|v=10
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Yty evétnta v tny ehaylotonoinon ESOP exgpdoswy eldaue dtL ta avantdyua-
ta Shannon xou Davio unopoty va ypnowwonomboly yia v napaywyh MVESOP (dpa
xav ESOP) exgpdoewv vy ua tuyaia ouvdptnon f av éxouue tic ESOP (eldyroteg
1, un) exppdoeis Twy utocuvapthoedy . Aedouévou bt wa ESCT éxgpao elvon
yvevudteprn and wa ESOP, elvar tpogavég 6TL ta mapamdve avantdyuata Unopoly va
xenowonomnboly xal yua v nopaywyh ESCT exgpdoeny. Yto enduevo Oedpnua
TopousdlovTal avartdyuato Tou tapdyouy aroxieiotixd ESCT exgpdoeis.

Ocdpenua 3 (Avarntiyuata ESCT) I'a uia dedouévny Aoyuxij ouvdptnon f(x), drnov
X elvar to Sidvvoua twy uetafAntdy eroddov xar x elvar uia ané T UeTaPAnTéc
ELOGO0V, UTOPOUUE YA TNV EXPPATOUUE WS!

fx) = (z+ f2) ® (z @ f1) (4.1)
f(x) = (z+ fo)® (zf1) (4.2)
f(x) = (zf2) @ (z & fo) (4.3)
fx) = (x+ fo) ® (& + f1) (4.4)
fx)=(@+f)® fo (4.5)
fx)=(z+ f2) ® fu (4.6)
f(x)=(@f) @ (z e f) (4.7)
f(x) = (zfo) ® (@ + f) (4.8)

f(x)= (@ + f2) ® (x @ fo) (4.9)

Arddeln.
Oa anodeillovue oT1 Ta mRpATdVew avarTUyuaTa elval LoodUvaua UE TOV avATTUYUA
Shannon.

Lty oyéon 4.1 woyver: [ =[x+ fol®r® fil = [2fo] @@ fil = [2(f1 ® fo)|®
o fil=2fo@2fi020 i =2foDafi
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T ) oyéon 4.2 woyter: f=(x+ fo)® (zf1) =2fo@afridl =2fo@zfi @
(z®T)=ZTfo®xf1 - B

I'ia ™) oyéon 4.3 woyber: f={zfo}®[z® fo]l =x(foD fL)DxD fo=TfoDxf1

Ot oyéoeic 4.4, 4.5, 4.6 npoépyovtar and ta avarntUyuata Shannon, Oetixd xai
apvnTixé Davio dtayv avtiotpédovue xdbe dpo tou abpolouatoc XOR. O oyéoeic
4.7, 4.8, 4.9 mpoépyovtar and ti¢ oyéoeic 4.1, 4.2, 4.3 avtiotorya 6tay avTioTpépouue
xabe bpo tov abpolouatoc XOR.
o

To enduevo Oedhpnua anodetxvier 6Tt To Tapandvew avantiyuata ntopdyovy ESCT
exppdoelg Yo i Tuyaia cuvdptnoy f and g ESCT exgpdosic 1wy unocuvaptioedy
e

Ocethpnua 4 Eotw uia loywxry ouvdetnon | xaw fo, f1, fo elvar ot vroouvaptioeic
™¢ 0Ty uopyy abeolouatoc XOR ovvbetwy dpwy. ToTe 0 epapuoylj Twv avantuyudtoy
Tou Oewprjuatoc 3, odnyel oty dnuiovpylia exppdocwy yia Ty f, enione, oty uoper
atipolouaroc XOR ovvletwv dowy.
Anddeln.
Yta mapandve avartiyuata xdbe dpoc tou abfpolouatoc eivar oty uopel Gz, f;),
T+ f;
T+ f;
, _ zf; , .
drov G(z, fi) = if, érov fi 18 fo, f1, [2.
Td f;

fi

Ot napandvew medéeic ovyxpotoly to oet mpdéewv tou Hivaxa 2.2, yia t0 Adyo

auté xdbe tétota uoppn G unopel va viomoinbel yonowuonoidvrtac uévo éva Maitra
Cell. 'Etot edv ot exppdoelc Twy utoouvapTioewy nou da yonowuonotnfoly oe xdroioy
ané Toug xavoves Tou Oewpnuatoc 8 €yovy udvo éva oivleto dpo, TOTE xat 1) Expoacs
e f Oa ovyxpotel éva XOR dfpoioua and dUo odvletous dpoue, ot omolor Gu
elvat ot dpot twv vnoouvvapthioewy ue éva emmAéov Maitra cell (uia emimAéov mpdln
oto téloc and avtéc tov Ilivaxa 2.2). Edv ov exgpdocic twv umoouvapToewy
arotelolvtal ané meptoodtepous ouvletous dpoug, téte and to Afuua 1 uropolue
va aropacioovue 1o eldo¢ twv Maitra cells mov fa mpooteboly oTouc dpous yia 7
Snutovpyla e Expeaons tne Aoyixic ouvdptnons f.
o

Etlvar mpogavég 6t tar avamtiyuata Tov Oewpehuatog 3, eV Tapdyouy ex@pdoeLg
ESCT, 3ev napdyouv exgpdoeig ESOP.

Yta enbueva fewpRuata anodewxvietal 6Tt unopolue va rpoiédouue to Bdpog
OUYUPTHCEMY TOU TURAYOVTAL UE GUYXEXPUIEVO TEOTO amd ua apyixr ouvdpetnon f,
dedouévou 6TL yvwpeilovue to Bdpog tne f.

Ocdpnua 5 (Avtiotpopn ouvdptnon) H avricteopn ouvdptyon evéc abvletou dpou
elvar enlone évag ovvletoc dpoc. Xtov avtiotpopo olvleto dpo, dAa ta Mailra
cells mov avixouvy otyyv mpdry (mpdleic +x,+%) xar oty deltepn xAdon (mpdieic
X, -T) avuxabiotavrar and ta étepa ¢ xAdong. Ta Maitra cells tn¢ tpitne xAdong
(mpdéeic @x,-1) uévouy ta (dra. ['a ta cells Tou olvbetov dpov mou €xovy ula and
i etoddouc toug Peayuxvxiwuévy oto 0, n nedén (+x) avuxaeliotarar and (+)
xai avdroda.
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[Mivaxoc 4.3: "Afpoioua XOR evéc alvhetou bpou ue z, .
plaly[r[y]

13y 1]y
3111y |37
212154y
404 g 2]y
506y |67
65|y |57

Anddeiln.

Mropel va anobeiyfel moAd evxola yonowonotévrac enaywyr (Eextvdvrac and oivleto
dpo evéc Maitra cell).

o

Iépiopa 4 Mia Aoyixij ouvdptyon xair n avtiotpopr tne €yovy to (8o Bdpog.
o

Oedenua 6 (Xivletoc dpoc ®x) To anotéreoua tov XOR abpoiouatoc evéc otvbetou
6pov Gy (xy, Gp—1(tn—1,Gn-2(xn—2,...,G1(x1,y)...))) (Gi,i =1,...,n elvar Maitra
cells) ue o literal x,, (n teAevtaia uetafAnti Tou olvhetov dpou - autlj Tou avtioToLyel
oto teAevtaio Maitra cell Sprady avtd nov elvar mo xovtd oto ouAréxtn XOR) elva
enlonc évac uévo ovvlbetoc dpoc.

Anddeln.

Mropel noAU eUxola va amodeiytel eavTAnTixd.

o

Mépiopa 5 (Xivhetoc dpoc ®x) To anotéreoua tov XOR afpolouatoc evéc otvhetou
bpov Gp(2n, Gn-1(Tn—1, Gn_2(Tn—2,...,Gi1(z1,y)...))) (Gi,i =1,...,n elvar Maitra
cells) ue o literal x,, (n tedevtaia yetafAnty Tov oUvhetov dpou - auTij Tou avtioToLyel
oto teAevtalo Maitra cell SpAady avtd nov elvar no xovid oto ovAréxtn XOR) eiva
ernlone évac uévo ovvletoc dpoc.

o

Ou xavéveg yio var SNULoupYo0ouUE EXPRACELS GOV TIC TUEATAVG TopouatdlovTal
otov Ilivaxa 4.3. O apywés odvbetog bpoc elvar o Fp(z,y). O odvbetor bpot
Fq(QT, yl)7 FT(ZL’, y2) elvow: Fq(l’, yl) - Fp(xa y) Dz, F’f’(xv y2) = Fp(xa y) Dz

Ta noplouata Tou Oewphuatog 5 tapoucidlovtal otov nivaxa 4.4.

Mapddetypa 26 Eotw o obvbetoc dpoc P = (x1 @ x2)x3 + 4 1 o1 uoper mov fa
xenowuoronel oty ovyxexpwuévy datolfr: (1542) (Hivaxac 2.2). O avriotpogoc
ouvletoc dpoc elvar: (2524). O obvbetoc dpoc rnov mpoxinter we dfpotoua XOR tou
P e tic x4, T4 (n x4 elvae  mo onuavtixli uetafinty) elvar avriotoya: (2522) xat
(1544).

Ytov Optoud 31 noapovoidotnxe 1 évvola T m-1ood0vaung exgeaons. Mo m-
wodlvaun éxgpacn F (m-equivalent expression) wag ESCT éxgpaong (Q) v wa
hoyuxt| ouvdptnor f mpoxintel e TNy eQapuoyY) Tou Oewpruatos b xat 6 oe LeuydpLa
ané advletoug bpoug Lésa TNy Exgpact; @ i epopudloviag Toug xavdveg auToUE e
CeuydpLa 6pwy UEGU OTLE EXPRAGELS TWY UTOGLUVARTACE®Y TNS f 6T0 dévipo-YevviTpLa
™e.
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IMivaxag 4.4: Avtiotpogoc olvletog bpoc.
Kaula eloodoc dev elvar otabepi).
Apywed cell | AvtioTpogo cell

1 3
2 4
3 1
4 2
9 2
6 6

Mia ané ti¢c eto6douc elvar otabepd 0.
Apywxé cell | Avtiotpogo cell
1 2
2 1
To cell tinov 6 epapucler Tov xavéva oto enduevo cell.

HMapddetypa 27 Eotw n ESCT éxgpaon Q = (1234) & (2343) ¢ ouvdptnone
f =1[0B10]. Téte uia m-toodvaun éxpeaon tne Q eivar (epapuslovrac to Gedpnua
3): K = (1234) ®z @ (2343) @ = = (2414) @ (2341).

O napamdve xavoveg Tapa Yy m-1oodVvVau®my EXPRACE®DY LGOSUVOUOVY UE Ta
eMTAEOV AVORTUYUATA TOU TopovatdaTtnxay 6to Oedenua 3. Anhady to avantdyuota
Tou Oewpfuatoc 3 elval m-LGOdVVAUES EXPEAGELS AUTAY TOU TARAYOVTOL Amd To
avantiyuoato Shannon, Oetixd xar apvnuxéd Davio.

Ocdpnua 7 Kdlbe ESCT éxppaon uac loyuxic ovvdptnone | (dea xat pyia eAdyiotn)
umopel ndvta va ypaptel o pla and Tic napaxdtew xavovixomoinuéves (normalized

n compact) poppéc (amotedeltar and tovg "xavovixomoinuévous alvletovs Spoug”
F,, Fy, F,):

b f = Fp(l‘l,y), Me (p,y) = (17f0)7(27f1)7(37f0)7 (47f1)7 (57f0)ﬂ (67f0)
* f = Fp({l}l,y)@Fq(l‘l,Z) ue (p7 Q7yyz) = (374af07f1)’ (3765f27f1)1 (4767f27f0)‘

o [ =Fy(r1,y) ® Fy(w1,2) ® Fr(w1,9) ue (p =3, =4,7 =6) xae y ® z = fo,
yDg= fo,z®g=f1.

Kabe térota uopey €yet m-tooddvauec ot onolec npoxintovy olugwva ue tov Optouéd
31. 'Olec ot uopgés avtéc napovodlovrar otoy Hivaxa 4.5.

Anddeiln.

Kdabe eddyiotn uoppr utag Aoyixic ovvdetnone [ oty uoppri XOR abflpolouatoc and
olvletouc dpous Ha elvar Ty uopprc:

f@r, .. 2p) = Fi(z1,y1) © Fa(z1,y2) @ ... Fa(21, yn)

érnov Fy,i = 1,...,n elvar Maitra cells xat y;,0 = 1,...,n elvar obvletor dpot.
Eéaitiag tov Afuuatoc 1, n napandvew poper umopel va neptéyel to oA 8 "xavo-
vixoroiuévous” dpouc (dpouc SnAadi mou éyouy éva uévo Maitra cell oto tédoc xa
n eloodoc toug elvar to XOR twv ciodbowy - Afuuara 1,2, 3). Ta teAevtaia avtd
Maitra cells twv xavovixomoiguévoy dowv Ja avixouvy oe Stagopetixés xAdoeic. H
ouvvdptnon [ umnopel enions va avanapactabel xar ye tn Ponbeta tou avartiyuatos
Shannon. Yvyxpivovrac to avdrtuyua Shannon ue tny napandve Uop@l mpoxUnTouy
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IMivaxag 4.5: m-IoodUvaues voppés Tou Oewpuatog 7.

Mo \| Aettepn \| Telt
Kavovwonowmnuévn Mopot

p \ y \ otafl. urocuvdptno H p \q»‘ y ‘ z “;)‘ q ‘r ‘ fo ‘ fi ‘ fo
L] fo fi=1 314 fo|fi|3|4|6|ydg|20g | yd=
2| f1 fo=1 12 folail1|2|6|g0g|z0g|y®Z
31 fo f1=0 L 4| folilll1|4]6|70g]| 207|702
4| f1 fo=0 312 folfill3|2|6|lydg|zag|ydz
5| Jo fo=1 316 fo|fi[l1]|4|6|ydg|2dg|yd2z
6 | fo fo=0 1 6| folilll|4|5|ydg|2dg|ydz
115 fol il 3]4|b|lydg|zdyg|ydz

3151l fill3]2|6|gdg|lzmg|y®2

416 folfoll 32|05 |ybg|zdyg|ydz

216 folfollll2|5|lg@glzmg|u®=

415 fa|lfoll3|4|6|y®g|z0g|y0z

215 folfoll34|5|y@g|z0g |y

1146|707 |z07 |70z

112|6|ydg|20g|yD=

1125 |ydg|zeg|yez

3/12|5|ydg|zPg|yd=

ol mapandvew xavoves mou mapovotdotyxay oto Jedpnua uall ue tic m-toodvvaues

UOPPES TOUC.
o

Mapddetypa 28 Eotw f(r1,x2,x3,24) = [a7122347] xar uia erdyiorn ESCT éx-
gpach tne: [ = (13443) & (11344) & (26654) & (61166) & (12616), ue x4 va elvau

1 To onUavTiX TS UETABANTY xat x1 ) Avydtepo onuavtoed uetaBAnty. H mapandvew
éxppaon unopel va Savaypaptel otny tpltn xavovixornotnuévy uopen we: Fs(xa, (1344))@
Fi(z4, (1134) ® (2665)) @ Fy (w4, (6116) @ (1261)).

Ov oplovries ypauués otov Iivaxa 4.5 dnhdvouy m-toodbvaues exppdoets. Ava-
xplvouye Tig endueveg Tepntdoels, T onoleg N avdhuor Ha eotaotel oTig eNdyLoTES
ESCT exgpdoeic agol autég evilapépouy 6T oUYXEXPLUEVT Sratplfrn:

o 'Eotw 6t nerdyiotn ESCT éxgpaot elvar 6Ny npdTtn Xxavovixonotnuévn Lop
[ = Fp(zn,y). Avdhoya ue to ol and Tig Tpels unoouvapthioes fo, f1, f2 elvol
otafep) xau edv elvan 1 4 0, ) ouvdptnon f Ha ypaptel oe ulo (oL wévo wia)
and Tic €€L woppéc mou napovoldlovial atov Iivaxa 4.5.

Mapddetypa 29 Fotw f(x1,2,23,24) = (x1 + x2)x324, STOU T4 Elvar 1 mo
onuavTixy uetafAnty xar x1 1 Avydtepo onguavtixy. O utoouvaptiioeic tne f,
w¢ mpog Ty ueTaPANTY x4, elvar: fo =0, f1 = fo = (1 +x2)x3. Eivar cupavéc
ot n fo elvar otalbep) xau lon ue 0. Apa, olupwva ue tnv medty otiin Tou
Hivaxa 4.5: f = Fa(z12223,24) = (21 + x2)x384. A€y undpyet dAAn erdyioty
ESCT éxppaon yia v f mou va avijxer oty mpdtn XavovixomoLnuevy Loppr.
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Mapddetypa 30 Fotw f(x1,x2,23,T4) = 1020324 B T10283 & 1, dnov x4
elvar 0 mo onuavtixy uetaBAnty xat x1 n Atydtepo onuavtixiy. Ot vroovva-
ptioeic ¢ f, w¢ mooc T ueTaPANTH T4, elvar: fo =z1+x20+ 23, f1 =1, fa =
T12273. Eivar eupavéc ot n f1 eivar otabepr xat ion ue 1. Apa, obupowva ue
v mpdty othAn tou Hivaxa 4.5: f = Fi(612203,4) = 1+ 22 +x3+24. Aey
vrdpyet dAAn eAdyiotn ESCT éxgpaon yia tnv [ mov va avixer otny medty
HAVOVIXOTOLNUEV LOPPT].

e 'Eotw 61 1 ehdyrotny ESCT éxgpaon elvar otny deltepn xoavovixoroumnuévn
wopyt, f = Fp(zn,y) ® Fy(zn,z). Yrdpyouy dddexa dwupopetinéc meplntdoels
Tou TEETEL VoL eEeTAGTOVY, AN UTOpOYUE VA TIG Y 0ELOOUUE GE TRELS XATTYOpLES.

— By mpdn xatnyopla woydel: (p,q) = (3,4),(1,2),(1,4),(3,2). H ne-
olntwon (p,q) = (3,4) avtiotowyel 610 avdntuyua Shannon. 'Okec ol
nepunthoels TNg xatnyoptog eugavilovron yall. Autéd onuaiver 6t dtay
umdpyer wa ehdytotn ESCT éxgpaon otn woper tou avantdyuatog Shan-
non, t6te O undpyouy, entong, dikeg teelg erdytotes ESCT exgpdoceic pe
delxtec (p,q) = (1,2), (1,4), (3,2). Ovexppdocic auvtéc elvat m-1o08Vvoueg
NG Exppaong mou mapdyetal and to avdntuyua Shannon. To yeyovég
autd umodnhdvetor and v medTn opldvTia yYeauuy ot SeUTERT, OTHAY
tou Iivaxa 4.5 (21 xavovixoronuévn LopyH).

— X deltepn xatnyopla toyder: (p,q) = (3,6),(1,6),(1,5),(3,5). 'Onug
xaL 0TV nponyoluevn Tepintwon, ol delxtes (p,q) = (3,6) avtiotolyoly
oto avantuyua Negative Davio. Autéd onuaiver 6tL 6tav umdpyel
endyrotn ESCT éxgpaon otn wopetr tou avantiyuatoc Negative Davio,
té61e Bo umdpyouv, enloneg, dikec tpewc ehdyrotec ESCT exgppdoec e
deixtec (p,q) = (1,6), (1,5), (3,5). Ovexppdocic autéc elval m-loodlvaueg
e Exgpaong mou mapdyetar and 1o avdntuyuo Negative Davio. To
YEYOVOS 0T UTOdNAGVETAL antd TNy SdevTepn oplldvTia Yeauur 6Ty deltep
othin tou Iivaxa 4.5.

— Y tplty xatnyyopla woyden: (p,q) = (4,6),(2,6),(4,5),(2,5). 'Onwe xon
otic dUo tponyolueves TeptntHoELS, oL delxtes (p, ¢) = (4, 6) avtiotolyoly
oto avdntuyua Positive Davio. Auté onualvel 6t dtay undpyet o ehdytotn
ESCT éxgpaomn otn woper tou avantiyuatog Positive Davio, téte Oa
undpy oy, enlong, dhhec tpelc ehdytotec ESCT exgpdoeis ue delxtec(p, q) =
(2,6),(4,5),(2,5). Ouexgpdoeic autés elval M-1603VVAUES TNS EXPPAOTS
mou mopdyetor and to avdntuyua Positive Davio. To yeyovég autd uno-
dnhdvetol and v teltn oplévtia ypauur oty devtepn oThAn Tou Iivaxa
4.5.

Mapddetypa 31 Forw f(x1,x2,23) = x12223 & 10223, Onov x3 elvar 1
mo onuavtixy uetafAnty xaw x1 n Avyétepo onuavtiey. H éxgppacn ESCT
r122w3 O T1T203 elvar eAdytoty yia v [ xar avtiotolyel oto avdrTuyua
Shannon ue Seixtec (p,q) = (3,4) (w¢ mpoc tn werafinti x3). O unoou-
vaptioels ¢ f, w¢ mpog T uetafAnty x3, elvar: fo = 2122, f1 = 122
AAAd, obupwva ue to Oedpnua 7, vrdpyouvv tpeis, axdua, eAdytotec ESCT
exppdoels yia tpy f:
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[ =Fi(fo,x3) ® Fo(f1,23) = (w1 + w2 + 23) © (1 + 22 +43)  (4.10)
[ =Fi(fo,3) ® Fy(f1,23) = (#1402 + x3) ® ((41 + @2)x3)  (4.11)
[ = F3(fo,23) ® Fa(f1,03) = ((x1 + 22)a3) © (w1202 + 43)  (4.12)

Eivar eupavéc étt n ESCT éxgpaocn mov avtiotoiyel oto avdntuyua Shan-
non xat oL TEoNYOUUEVES TpeLC elvar m-toodUvaues, agol n ellowon 4.10 elva
to avdrtuyua Shannon av avtioteédovue touc F3(fo,x3) xar Fy(f1,23). H
ellowon 4.11 elvar to avdrntuyua Shannon edv Snuiovpyrioovue to dbootoua
XOR twv F3(fo,23), Fa(f1,23) ue tn uerafinti xs. H elowon 4.12 elva
to avdntuyua Shannon edv Snuiovpyrioovue to dbpotoua XOR tov F3(fo,3),
Fy(f1,x3) ue vo literal z3.

e 'Eotw 6t 7 ehdyiotn ESCT éxgpaon elvar oty tpltn xavovixoromuévn nopt
[ =Fp(xn,y) ® Fy(xn,2) ® Fr(zn,9). Yrdpye uévo ulo neplntwon nou npénel
va eetaotel, v delxtes: (p,q,7) = (3,4,6). Auth n neplntwon avuotouyel
ot yewxy woph g éxopacne ESOP: f(z1,...,2n) = yin @ 2z, ® g (1)
UETOPANTA @y, elvar 1 o onuavtxr). Ot undloineg Sexanévie REPLTTOOELS
oty telty othin tou Ilivaxa 4.5 (3n xavovixonomuévn pwopeh) elvat, anhd, m-
LoodVvaues wop@éc Tne mponyoluevns. Anutouvpyolvtal ¢ abfpolouata XOR
v leuyapdv (Fy, Fy), (Fp, Fr), (Fy, Fr) pe 1o 1 4 o literal z, % to literal
Tp. Edv undpyer pwa ehdytotn éxgpacn ESCT oty tpltn xavovixonounuévn
uoppr Tou Oswpfuatog 7, t6te Ha umdpyouv xou dhheg dexamévie ehdyLOTES
exgpdoeg ESCT yiua ) ouvdptnon auth. H dwaduxasia mtou axorovbolue yia
™ dnuovpyia TV exQEdoEnY auTHY xal ol xatdlinhot delxteg palvovtan oty
teltn othin tou Ilivaxa 4.5.

Mapddetypa 32 Fotw n f(r1, 22,23, x4, 25) = [aT122347] xou wia erdyioty
ESCT éxgoacy tye: Q1 = (23122) @ (26654) @ (21221) @ (61166) @ (12616) =
FQ(ZI}5, (2312))@F4($5, (2665))@F1 (:L'5, (2122))@F6($5, (6116))@F6($5, (1261)) =
((23122)®(26654)) & ((21221)) B ((61166) B (12616)) 5 oTnv )xavovixoroinuévn
NS Uop@l, xenotuornotdyvtac xat to Afuua 1 xar Gewpdvtac tn uetaBAnth xs
we mo onuavtxy: Fay(xs, (2312) @ (2665)) & Fi(xs, (2122)) & Fs(zs, (6116) &
(1261)). Onwc gaivetar ané to Oedpnua 7, undpyovy Sexanévie, axdua,
eddyiotec ESCT exgpdoeic yia tpy f. Mia and avtéc éyer deixtec(p,q,r) =
(3,4,6). IHpdyuatt av aAddéovue tnv Fi oe F3, tpv Fa oe Fy, 1o y oy
and to z oe Z, olupwva ue tov Hivaxa 4.5 (mpdty xar deltepn yoauulj oty
oAy yia v telt) xavovixomoinuévy uopwr), toéte: Q2 = F3(xs, (2122)) @
Fy(xs,(2313) & (2665))@Fs(xs, (6116)6(1261)) = Fi(xs, (1344))BFy (s, (1134)8
(2665)) @ Fy(xs, (6116) @ (1261)) = (13443) @ (11344) @ (26654) & (61166) @
(12616). Ipogavic: w(Q2) = w(Q1) = 5. Znuetdvetar 6t To mponyoluevo
anotéreoua anoxtdtar xar edy avtioTeédovue Touc dpous (23122) xar (21221)
oty éxgpacn Q1.

H mopandve avédivon uoag xdvel, #01), EUQAVELC TS OUOLOTNTES TOU UTAEYOLY
avaueoa oty ehaylotonoinon expedoewy ESCT xou oty ehaytotonoiner exppdocwmy
ESOP. Eidaue 611 1660 011 deltepn 660 %ol TV Tl XOUVOVLXOTOWNUEVT Lop®T, OL
"Baowéc” eldyroteg ESCT exgpdoeig elval xat ehdyroteg exgedoeic ESOP. Anid
umdpyouy xal m-1eodivaueg autey mou elval exgedoeg ESCT, ywelc va elvon xon
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METABAHTEY EIEOAOY

exgpdoeg ESOP. H Baocuh Stagopd éyxeitar 6tny Tp®Tn XAVOVLXOTOLNUEYY Lop®Y,
6TOU UTAEY 0LV TEPLTTMOOELS Tovu Uia eEAGyLoTy éxgpacn ESCT Sev uropel va anelxo-
viotel oe pia avtiotowyh) g ehdylotn éxgpoaon ESOP (cuyxexpiuéva dtav undpyouv
vrnoouvapthoels otalepée xou loec ue 1).

4.2  Axpf3ric EAhayrtotonoinon ESCT exgpdoewy yia cuvapthoelg
we wéxet 5 uetafAntég eto6doun

Octpnua 8 TovAdyiotoy uta eddytoty éxgpaon uiag Aoyixic ouvvdetnons [ ue
Aydrepec and 6 uetafAntéc (n < 6) unopel va anoxtnlel and tic eAdytotec exppdoeic
TWY UTOCUVAPTHOEGY TG,

Anddeln.

‘Eotw fi, fj, fx vroouvaptioeic tnc f. Medetdue tic axdlovbec mepintdoeic:

1. Mwa erdyioty uoppy tne f umopel va yoaptel we: f = Fy(z1,y) (fedpnua
7). Téve elvar mpogavéc ot uia and ti¢ vnoovvaptioeic Ga elvar otalbepd (0
5 1) (Bedpnua 7) xar to y Ga elvar uia and tic undloimes UTOOUYAPTIOELC.
‘Etot xdbe mbavy) Adon yia tpyv f unopel va Snuiovpynbel and tic eAdyioteg
exppdocls xdmotag vroouvdeTnoNS TN (ﬂyg y). ‘Olec ov eAdytotec Adoeig
umopoly va Snutovpynfoly mapdyoviac xar Tic m-1o0dUvauéc Toue.

2. Mua eddyioty uopyr tne | unopel va exppaotel we: f = Fy(z1,y) ® fo(x1, 2).
Yougove ue to bedpnua T ioyle: y, 2 = fo, f1, f2, f1, f2 (AauBdvovrac urddy
pac xar g m-ioodivauec uopwéc). Emmléov eneldn n éxppaon auth elvau
eddyioty yia v | Oa woyder enione: w(f) = w(y) +w(z). 'Eroi, elva
TeoPavéc OTL, Uta eAdytotn uoppl yia tnv f unopel va Snuiovpynbel arcvbelag
and tic eEAYIOTEC UOPPES TWV UTooUYVAPTioEwY Y,2 (1 Twy avTloTedpwy uno-
ovvaptiioewv). Andady n eddyioty éxgpacny tne f Ga éyer Touc dpous Ty
vroouvaptioewy ue €va emrAéov xUttapo Maitra, olupwva ue to Gedonua
7. 'Olec ot eddyiotes Adoeis umopody va Snuiovpynfoly mapdyovtag xar Ti¢
M-1000UVaUES TOUG.

3. Mia eddyoty uoper tne f umopel va ypaprel we: f = Fp(z1,y) ® Fy(z1,2) ®
Fo(z1,9), uey® z= fo,y ® g = fo,2® g = f1. Enecidj n napandve éxpeaon
elvar eddyioty yia v f Oa woyle:

w(f) = wly) + w(z) + w(g). Xwpic PAdSn tnc yevixdrnrac uropolue va
Gewprioovue: w(y) < w(z) < w(g). Mropobue va Staxpivouue tic napaxdtw
TEPINTAOELG.

o Edvw(f) =3 e wly) = w(z) = wlg) =1, doa w(fi),w(f;), w(fr) <
2. TovAdyiotoy U0 and tic vnoouvaptioeis ¢ | Ga &yovy Bdpoc axpifds
2, Siagopetind n ovvdptnon [ Oa éyet Bdpoc uixpdtepo and 3. Ac¢ vrobé-
oovue 6tL autéc elvat ot f;, fj. ‘Botw: fi=2®9,fj=y®g. Tay,z,g
o elvar odvletor dpor (Sni Oa éyouvv Bdpoc 1). Eivar mpogavéc dt yia
va Snuiovpynbel uta Adon ue Bdpoc 3 yia v f, Ga undpyet TouAdytoTtoy
uta eddytoty Aoy (ue Bdooc 2) yia xdle ula and tc f;, fj xar ot 6vo
autéc Aoeic Ba éyovy éva xowvé olvleto dpo (ouvdptnon z). Avtéc o
6poc Oa ouvevwlel xatd Ty Snuiovpyla Tne TeAxfc eAdytoTnC Exppacns
e f (obupwva ye to Ajuua 2). 'Etor dlec o eddyiotec exgpdoeic
¢ [ unopody va Snuiovpynboly arcvleiac and tic eAdytotes exppdoets
TWY UTOOUVAPTIOEWY TNG, EvEvovTac to moAl évayv xowé dpo. H teAuxi]
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eAdyioty éxgpacny e f Ga elvar tyc uoppic f = Fp(r1,y) ® Fy(z1,2) @
Fo(z1,9) (OnA Oa meptéyer 8 "xavovixonoinuévouc” oivletouc dpouc).
Ané tic Moeic autée, dnulovpydvtac Tic m-toodUvauéc Tous UmopoUue
va ndpovue OAe¢ Tic eAdytotes AUoelc yia v f.

o Edv to fdpoc tnc f elvar 4 5 (fotw w(f) = m), téte tovrdyioToy
ula ex twv y, 2,9 Ga éxer fdpoc 1 (€66 w(y) = 1). And to Gedpnua 7
toybe: y®z = fo,y®g = fo,z® g9 = fi. Evou: w(fo) +w(f2) <
w(y) +w(z) +w(g) +w(z) = m+1. Hoopavic toyver: w(fo) +w(f2) >
m. ‘Evot edv w(fo) + w(f2) = m tdre unopodue va dnuiovpyrioovue
uta eAdytoty éxppacn yia v f arnevfelac and tic eAdyiotec exppdoetc
twy vnoovvaptioewy oty popel f = Fp(x1,y) ® Fy(z1,2). Edv w(fo) +
w(f2) = m+1, téte npénet va undpyet TovAdytotoy uia eAdytoty éxppaon
twv fo, fa mou éyovy éva xowd dpo (ouvdptnon y ue w(y) = 1) (éyovue
Gewprioer o1t elvar évac alvletoc dpoc), diapopetixd to Bdpoc tne [ Ha
elvar ueyadivtepo and to m. O dpoc autdc Ga ovvevwlel (Afuua 2) xatd
™) Snuiovpyia T teAuxric eddyiotne Expeaons e f. H éxpeaon mou
Ga Snuiovpynbel Ga eivar tnc woppic: Fp(x1,y) ® Fy(z1,2) ® Fr(x1, g).
EminAéov eddyiotes exppdoeic umopoly va mapayfoly w¢ m-toodivaueg
auTéy.

o

Mapddetypa 33 Eotw 5 Aoyuxij ouvdptnon 4 uetafAntéy f = [128e]. H ovvdptnon
autij éyet Bdpoc 3. Abo eddyiotec exppdaoeic yia Tic utoouvaptioeis ¢ fi, fo elvar:
(235) + (621) xar (235) + (152) avriotoya. Autéc o exgpdoceic (drnwe unopodue va
napatnefioovue) éyxovy évay xowvd otvvleto dpo, tov (235). ‘Etol epapudloviac to
avdrtuyua tov Shannon €youue:

f=Zfo®xfi = (2354) & (6214) & (2353) @ (1523) = (2356) & (6214) & (1523).

Hapatnpodue o1t o dpoc (235) mov frav xowde napéueive évac dpos arrdlovrac
to tedevtalo Maitra cell tov (obugwva ue to Afjuua 2). H telxij éxgpaon yia tny
f éxet 8 "xavovixoroiguévous” aivleTous dpoug.

‘Eyet anodewytel [PapT7al 611 wa ouvdptnon 4 uetaPfintdy éyel Pdpog to mold
3. Koatd ocuvénewo umopolue vo Bpolue TouAdyloTtov uia Adon yio cuVapTHCELS
UETABATTAOY.

To embuevo népLoua elvat andppora Tou Tponyoluevou Bewphuatoc.

Il6giopa 6 "Eotw uia Aoyuwxsj ouvdptnon | xav fi, fi, fr, o1 vroouvaptiioeic tnc.
Edv f; elvar otabeerf (eivar 0 4 1) tére: w(f) = w(f;) = w(fx)-

Ynuetdvetal 61l to mapandve Ilépioua agopd to ESCT Bdpog uag Aoyuaic
ouvVaETHoNg oL elvar avtioTolyo ue to Ildpiopa 1 tou ntapousidotnxe Yo TG EXPRAGELS
ESOP.

Anotéheopa ) Bewplag mou avantiylnxe oty evétnta auth HTav 1 dnutovpyia
Tou aAyoplOuou Minl.

4.3 Elayiotonoinom yenowonoinviag Xuyyevels '‘Opoug

Y10 Oedpnua 8, napousidotnxe 1 Bewpla yia v axpPr chayiotonolnoyn Aoywdy
oLYIRTHGERY UEypEL 5 ueTaPhntdy. To uetovéxtnua tng ouyxexpluévre Dewplag elvon
6TL 6TL TapdyovTaL TOMES M-Lo0BUVAUES UOPPES, oL oToleg eV YEVEL elvan Tohhég. T
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Topdderypa yior pia Exgpact; 2 obvletwy dpwyv, utopoly va napayfoldv TouldyioTov
dAhec 3 m-toodivaues exgpdoels (papubloviag Toug UeTaoyNUaTIopolC TV Ot-
wpnudteyv 5, 6 oto tehevtaio ubvo eninedo). T wa éxgpacn 3 civbetwv bpwyv
UTopoVUE va £youUe TOUAdyLaTov dhheg 9 m-Loodivaues exppdocis. T'evixd 660 10
Bdpog tng ouvdptnorne mou BEhouue va elayioTonoucouue elval UEYAAUTERO, TGO
TEpLo0OTERPES M-loodVUvaues exppdoels Ou mopdyovion. Ou gavel 6TL unopolue va
Bpovue ehdyioteg exppdoeig yia ouvapThoeg €wg d UetaAnTég N ue Bdpog To TOAY
4 yoplc va dnuiovpynoouue xafdhov m-L608GvaUES EXPRATELS, YENOLLOTOLOYTIS T1)
Dewpla TV ouYYEVOY bpwv.

4.3.1 Baowd Oswprjuatos yia Xuyyevels ‘Opoug

Ou napovslacToly, xatapy iy, Bacixd Hewphuata Yo Toug cUYYEVELS bpouc.

Adppa 4 Edv Py = ci1c12. .. ¢in, Pa = e21022 . . . cop, elvau 800 ovyyeveic dpou (ci4, i,
i=1,...n elvar xUttapa Maitra tnc (8ta xAdone) téte xau n ovvdptnon Pi@® P elvau
évac uovo abvletoc dpoc xai emmAéoy edy oL alvbhetol dpot cric12 . . . €1, €21€22 - . . C24,

i < n elvat loot 1§ avtiotpogor t6te Ta xUtTaea Maitra yetald tov Géocwy i + 2 xat
n Tou dpov Py @ Py o avixouy otnv (St xAdon ue avtd twv P, P>. Ta vrdloina
xUtrapa Maitra tou Py @ Py Oa avtinpoowrebovy éva literal xiy1, xiv1 (SnAady Ha
elvar tne poppric (6...61) 7 (6...62) avtiotoya).

Anddeiln.

Mropel va arnodetytel noAd evxola ypnowonoidvras to Ajuua 1.

o

Iopddetypa 34 Toyver: (1234)8(2334) = (6234) (ot ovvbetor dpot (1) xar (2) elva
avtiotpogor) Axdua: (123455) @ (241466) = (666155) (ot ovvbetor dpor (123) xat
(241) eivar avriotpogor xar olupwva ue 1o Afuua 2 (Ilivaxac 4.3) toyver: (1234) @
(6661) = (2414).

Hépiopa 7 Edv M @& P = Py xat P, Py eivar ovyyevelc odvbetor dpot, tdte 0
ouvletoc dpoc M elvar ¢ uoppic mov napovotdotnxe oto Afuua 4.
o

Adppa 5 To dfpotoua XOR Svo ovyyevdy otvhetwy dowy éyer CIL (eninedo orta-
Geptic etoddov - Optoude 24) tovddytotov 1.
o

Adppa 6 Edv M @ P = Py, ue P, Py ouyyeveic oUvletoug dpouc xar My elvat évag
obvletoc dpog ue tov (8o apifud xuttdpwv Maitra ((io¢ apibudc uetafAntdy) ue
tov M, CIL(My)>CIL(M) xar xUtrapa Maitra tne (dtac xAdonc ue avtd tou M
and tn Géon CIL(M;)+2 éwc to tedevtaio xittapo Maitra , téte M & P = Py xat
Py, Py elvar ouyyevelc abvletol dpou.

Anddeln.

Mropel va anodetytel noAd edxoda ypnowonoidvras to Afjuua 1.

o

IMapdderypa 35 Ioyver: (1243) @ (6123) = (2243) xar (1243) & (6613) = (2443)
xat ot oUvletor dpor (2243) xau (2443) elvar ovyyeveic.
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Adppa 7 To dbpotoua XOR S8vo obvietwy dowv Pi, Py (ue n xdtrapa Maitra o
xalévac) xar ue CIL(M;)<CIL(M ) xat xUttapa Maitra tne (dtac xAdone uetaly
twv Géoewy MAX(CIL(P:),CIL(P2))+2 xat typc n elvar enione évac alvletoc dpoc
xat elvar ovyyeviic tou Pa.

Arddeln.

Mropel moAU exoda va anodeiytel ypnowonoidvias to Ajuua 1.

o

Mapddetypa 36 loyver: (666613) & (661433) = (661413).

Adppo 8 'Evac ovvbetoc dpoc Pr = ciea...cn (ciyi = 1,...n elvar ta xUttapa
Maitra tov dpov) umopel va "ondoet” (split) oty Géon i o do dAdoug olvletoug
opovs Q1, K1. Ta xitrapa Maitra twy dUo autdy olvbetwy dpwy avijpxouy otny (Sia
xAdon ue ta avtiotorya xUttapa Maitra tov Py, extéc uévo ané to i-ooté cell. Ta i-
ootd Maitra cells Tov toidy autdy dpwv Pr, Q1, K1 avijxouy oTic TpeLc StapopeTixnés
xAdoeic aré Maitra cells.

Anddeln.

Mropel va arnodeiytel noAd evxola eéavtAntixd.

o

To 7ondowo” ot Oéomn nou ta xUTTapa Maitra éyouv atabepy| eloodo 0 dnuiovpyel
cells tomou 1,2 A 6.

Mapddetypa 37 loyver: (1234) = (1264) & (1244) xae (1232) = (2411) @ (1235).

Adppa 9 Eotw SUo ovyyevelc ovvletor dpot P, Po. Edy "orndoovue”: Py = P11 ®
P12, Py = Po1 @ Pay oty [Sia Géon (oUupwva ue to Afuua 8), téte ot exppdoeig
ESCT P11 @ P2, Po1 @ Py avijxouy otny (Sia yevviitoia xAdon.

Anddeln.

Yupowva ue to Ajuua 8, ot advletor dpor Pi1, Pia, Py €youvy udvo éva xittapo
Maitra oe Siagopetixtf xAdon (éotw ot elvar toi-0016). Or obvbetor dpot Pay, Pag, Po
fa Siapépovy emione oto i-00T6 xUtTapo Maitra. Elvar mpopavéc 6t 6Aa ta xUtTapa
Maitra twv Pi1, Pi2, Po1, Pas Oa avixouy otpv (Sia xAdon, extéc ané to i-00T6
xUtrapo. Yrdpyouv uévo 3 xAdoeis and xittapa Maitra. Ac¢ vroféoovue ot To i-
00716 cell twv Py, Py avixer otny npdtn xAdor. "Eotw enions 6t 10 1-00T0 xUtTp0
tou P11 avijxer oty deltepn xAdon xat tov P oty tolty xAdon. To (6o toyder xat
yia ta Po1, Poo. Katd ouvvéneia ta P11 xat éva ex twv Py, Pog Oa eivar ouyyevelc
ovbetor dpor. To (6o Oa toyler xar yia 1o Pio. Katd ouvéneia ot exgpdoeis
Pi1 @ P2, Po1 ® P O aviixovy otny (Sia yevvitoia xAdon.

o

Mapdderypa 38 Eotw or ovvletor dpor P = (1233) xar @ = (1411) mov elvau
ovyyevelc. Av "ondoovue” (olugwva ue to Afjuua 8) tovc P, Q otny tedevtaia Oéon
téte o1 exppdoeic nov Ba oynuatiotoly elvar: (1234) & (1236) xar (1414) & (1415).
Eivat mpopavéc ot o1 8o autés exgppdoeis avijxouy oty (Sia yevvijtpta xAdon.

4.3.2 Axp3vc Ehayiotonoinoy yenoiponoidvrag Xuyyeveis "‘Opoug

Octpnua 9 Fortw Q1 ua eddyioty ESCT éxgpacn uiac Aoyixic ouvdptnons f
(uéyot b uetafintdy 1 PBdpovc to moAd 4) mou Snuiovpyrifnxe and tic eddyiotec
ESCT exgppdoeic Fi1, Fij tov vnoouvaptiioedy tn¢ fi, fj. Mia m-tooddvaun tne Q1
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ESCT éxgpaon (Q2) unopel va Snuiovpynbel andé dVo dAdec eAddyiotec exppdoets
Fio, Fyo tov fi, fj, edv ot fi1, Fj1 elvar m-tooddvauec tov Fia, Fjs.

Anddeln.

To Ocdpnua 8 anédeile 61t yia va foolue uta eAdytotn Exppacn yia uta ouvdeTnon
(to moAU 5 uetafAntdv) eivar apxetd va “evdoovue” to moAd évay xowvé dpo uetall
TWY EAAYLOTWY EXPOATEWY TWY UTOOUYAPTHOEWY TN¢ ouvdptnons. Mropel evxola va
anodetyfel 6t T0 [Bio toyUer xar yia omowadirote ovvdptnon ue Bdeoc to moAU 4,
enetdy otic mepintdoets autés To Bdpoc Twy utoouvaptTiocwy eivar To oAU 3. Ou
arnoderytel 6T edv yia eAdytoty uoppl Q1 e Aoyixic ouvdptnone f umopel va
mapay el and ti¢ eddytotec uoppéc Fi1 = Pii1 @ ... @ P, Fj1 = Pjn @ ... @ Pj1,
(q,7 < 3) twy utoouvaptiioewy fi, fj, avtiotolya, téte unopolue va Snuiovpyfjoovue
pia dAAn eAdyioty Aoy yia tpv f ané tic eddyiotes Aoeig Fio = Pio1 © ... @
Pioy, Fja = Pjo1 © ... D Pjo, t0v fi, fj, edv ot Fya, Fjo aviixovy oty (Sta yevvitola
xhdon ue tic Fy1, Fj1 avtiotoya. O dpot Py, Py xaw Py, Pjoy Gewpotue 6ti elva
avd (edyn ovyyevels. Oewpolue TelS SLapopeTixEC TEPINTHOELS:

o Eavw(f)=w(f;) tére nanddeily elvar (dia ue v avriotolyn tou Jewpruatoc
8.

o Eavw(f) =w(fi)+w(f;), téte autd onuaiver dtu dev unrjoye xavelc xowvdc
bpoc avdueoa oc eAdytotes exgpdoeis SUo umoouvaptihiocwy ¢ [ Gote va
Tovvevwbel”. XNtnv neplntwon avti n Q2 Ga Snuiovpynlbel and tic Fia, Fjo xa
Oa elvar enions eddytotn Exppaon tn¢ [ apol ot Q1 xar Q2 €yovy toy (S0
aptiué pwy xai emmriéoyv ot Q1,Q2, da eivar m-1o08vvauec ESCT exppdoeic.

o w(f)=w(f;)+w(f;)—1, mou onuaiver 6t unipye évag xotvdec dpog avdueoa
otic eddyiotec exppdoeic Fi, Fj1 twv vnoouvaptiicewy fi, fj the f xow Tou-
veveinxe”. Ac¢ vnobéoovue 61t 0 xowvéc dpoc fray o Pip = Py oxar yia
T0 Adyo auté ot atvletor dpor P, Pii1, Pio1, Pjo1 elvar ovyyevelc. H ESCT
Exgpaon mov mapdyeTal and TIC EAdyLoTEC exppdoceic Fyy, Fj1 yonotuorotdvrag
ta avantdyuata Shannon, Getixd Davio, apvitixd Davio xar autd nou mapou-
owdotnxay oto Ocdpnua 3 yia v f o elvau:

Q1= Fps (2, P11 ®...® Pi1g) © Frs (2, Pj11 @ ... ® Pj1y) = Fie (2, P12 ® ... ®
Pilq) D Fkg (:z, lez b...D ler) D Fkg (l‘, Pi.ll)

onov k3, k3, kS elvar xUttapa Maitra Siapopetixic xAdone xat o obvletoc dpog
Pf elvar ovyyevijc tou Ppi1. Avtiotoiya n ESCT éxgpaon mov dnuiovpyeitat
ané and tic Fia, Fjo ypnowornotdvrac uévo ta avartiyuata Shannon, Hetixd

Dawio xat apvntiné Davio eivar:

Q2 = Fi, (2, P21 ®© ... ® Ppag) ® Fy,(z, Pjo1 © ... © Pjo,) = (F, (x, Pi11) ©
Fi,(z, Pj21)) ® Fi, (z, Pioa ® ... ® Pjaq) ® Fi,(x, Pjo2 ® ... © Pjo,).

Emniéov ta Cedyn (ki,kY), (ka, kS) elvar xUttapa Maitra mou avixouy otpy
(Bt xAdon. Oa anolerytel 611 n Q2 unopel ndvta va uetacynuatiotel Gote
va meptéyet tov (0o aptbud dpwy ue v Q1 (oTny mponyoluevy uoppl teptéyet
évay mapandvw 6po) xar emmAfoy va aviixel xa oty (Sia yevitpia xAdon ue
v Q1. Ioylei:

Fii@®F=0& (P12®...Pig) @ (P2 ® ... ® Pjog) = P11 @ Pio1 = M,
apot ot Piiv, Pio1 elvar ouyyevelc ovvletor dpor (Afjuua 4). Avtiotoiya:

Fjpn®Fjp=0%s (Pj12® ... Pj1y) @ (Pjo2 ® ... ® Pjay) = Pj11 @ Pjo1 = Mo.
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Youpova ue to Afuua 4 ot dpot Ga €yovy xUttapa Maitra tnc (Siac xAdonc
and tn Géon MAX(CIL(P,),CIL(P;))+2 éwc to tedeutaio xUttapo Maitra.
EmnAéov ot otvbetor dpor My, Ma unopodv va evwboly oe évayv agod: My ©
My = Pjo1 © Pjo1 = M xat Py, Pjo1 elvar ovyyevele ouvletor dpot. Ac
vrobéoovue, ywpic PAEPn tne yevixdtyrae, ot CIL(Mo)<CIL(My).

1. Edv CIL(M>)<CIL(M;) téte olupwva ue to Afjuua 7 o obvletoc dpog
M O elvar ovyyeviic tov Ma. H ESCT éxgpaon Qo unopel va Savaypagptel
we:

Qs = (Fkl (@',Pﬂl)@FkQ (m,Pjgl))@Fkl (w,PiQZ@. . -@Pz'Zq)@Fk2 (w,Pjgg@
... B szr) = (Fk,(z, Pj11) ® Fy,(z, Pii1) ® Fy, (z, Ple)) ® Fy, (z, Pio2 @
.. ® Ppg) ® Fi,(x,Pja2 @ ... ® Pjo,) = (Fi,(x, Pii1) @ Fi,(z, Pii1 @
Pj21)) @ Fy, (z, P2 ®. . .® Piog) © F, (x, Pjo2®. . . @ Pjar) = (Fi,(x, Pi11)®
FkQ(.%’,M)) b Fk1 (.’I),PiQQ S...P Pi2q) D Fk2($,Pj22 S...P Pjgr).

Ta Maitra cells k3, k3 avixovy otyv (bia xAdoy. H eélowon: (P2 @
... Pj1;) ® (Pjo2 @ ... @ Pjay) = Mo unopel va Savaypaprel ws: (Pjia ®
.. Pj1y) = My @ (Pja2 @ ... @ Pjor) xdti mov SpAdver 6t o otvletoc
dooc My Oa evwlel ue touc ovvletous dpouc (Pjaa @ ... ® Pja,) dote va
Snutovpyrioet toug ovvletous dpovg: (Pjia @ ... @ Pjiy), dnov xdbe Pji;
elvaw ovyyeviic ouvletoc dpoc tou Pja;. Aol to Bdpoc twv uroouvapTi-
oewy elvar 1o oAU 3, énetar 6Tt To Ma Ga evwbel ue to moAl 2 axiua
ouvletoug dpovc. Edv evwbel ue évay uévo dpo (yia napdderyua ue tov
Pjoo) yia va Snuiovpyiioet éva ovyyevii (o¢ mpoc tov Pjas) ovvleto dpo,
t6te 0 M, obupwva ue 1o Ajuua 4, uropel exione va evolbel ue tov Pjas
yia va Snuiovpyijoet évay ouyyevij tou ouvbeto dpo. Edyv o Ma Sev unopel
va evwbel ue évay uévo dpo, téte Ha evwlel ue dvo (Pjaa, Pjaz). Xtnv
repintwon auty o My Oa “ondoet” oe dvo oUvletovs dpouc Moy, Maa,
olupova ue to Ajuua 8 xar xdbe évac amé avtols Ha evwbel ue toug
Pjag, Pjo3. Niupova ue 1o Afjuua 9 xar o M unopel va Staonaotel otoug
opovs Ki1,Ka, ot onolot Ga elvar ouyyevelc twv Moy, Mas. Adyw tou
Afuparoc 7 o1t K1, Ko Qo uropolv va evwlbolv ue toug Pjoo, Pjo3 yia va
Snutovpyroovy §do véous ouvletouc dpoug o omolot Ga elvar ouyyevelc
TWY PjQQ, Pjgg,

2. Edv CIL(M)=CIL(M;) téte o M Oa éyet xUrrapa Maitra tnc (Siag
xAdone ue avtd twv My, M and xdrnowa Géon > CIL(M2)+3 fwc to
tedevtaio xUttapo Maitra, evd ta vndrowma Ga avarapiotoly éva literal
uetafintrc. AauBdvovrac vndégn xar to Afjuua 7, n anédeiln eivar (o
UE TNV TEONYOUUEV] TEQI(TTWOT).

Xe xdbe mepintwon o olvbetoc dpoc M Oa evowuatwlbel ue touc Pjoa, ..., Pjany,
via va dnuovpyrioer uia m-toodivaun ESCT éxppeaon. Eilvar mpopavéc éti n Q2
Qo elvar m-toodvvaun e Q1 xar G anotedeitar and w(f;) + w(f;) — 1 ovvberoug
dpouvg, ondte Ga elvar xai eddyioty éxppaon yia tpv f.

o

To napoamdve Oedenua dnidver 6tL ey ypelalduaote OAeC TS M-LoOSVVAUES
EXPPACELS TWV UTOGLUVAPTAGE®Y Yia Vo Bpodue eAEyLOTES EXQPATELS Yo UL Aoy
ouvdptnon. Xpetaléuaote u6vo uia and xdbe " ouxoyévela” m-LoodHvauwy EXPRACE®Y.
Auté mpaxtixd onuaiver 6TL o ydeog avalhtnong Tou TEoBARUATOC UELGVETAUL SpAoTIXA.
To yeyovég autd napoustdleTtal YopaxTneloTixd 6To naeddetyua 39.
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Iivaxog 4.6: Ouwoyéveres exppdoeny YL TLC UTOCGUVORTHOELS TS ouvdpTnong [128e].

[12] [8E] [9C]
(133)@(234) | (113)@(144) | (613)D(254)
(211) @ (112) | (231) @ (222) | (621) @ (152)
(131) & (114) | (111)(224) | (611) & (154)
(213) & (232) | (233) @ (142) | (623) & (252)
(136)5(624) | (146)a(153) | (256)5(263)

(216) @ (612)
(135) @ (614)
(215) @ (612)

(226) & (251)
(145) ® (151)
(225) & (253)

(156) & (161)
(255) @ (261)
(155) @ (163)

(236)®(623)
(116) @ (611)
(235) @ (621)
(115) @ (613)

(116)®(154)
(236) @ (252)
(115) & (254)
(235) @ (152)

(264)5(616)
(162) & (626)
(164) @ (615)
(262) & (625)

Mapdderypa 39 Ac Gewprioovue tn Aoyixr ouvdptnon 4 uetafintdy [ = [128E].
To Bdpoc tn¢ maparndvew ouvvdptnons elvar 3. Xtnv Ewxdva 4.1 mapovoidletar To
dévteo-yvevviitpta e ouvdetnons autic. To apiotepd xAadl tou eivar n vmoou-
vdptnon f1 Tn¢ xopugrc, evd to ueoalo xar to 6eél elvar ot fo, fa avtiotoiya.
Me mAdywuc yapaxtipec eivar 6Aec ot eAdylOTEC EXPPACELS TWY UTOOUVAPTHOEWY
fi = [12], fo = [BE], f2 = [9C]. Me évrovouc yapaxtipec elvar ot exgppdoels mou
anattovvtal and to Oedponua 9. Ac ovoudoovue uta Adoy tne mapandve ouvdeTnons
Q. O1 "owxoyéveiec” Aoyixdyv exgpdoewy yia tic untoouyvaptioeic (dniads autéc mou
avijxovy oty (St yevvijtota xAdon) rnapovoidlovrar otov Hlivaxa 4.6.

Ydupwva ue to Ocdpnua 9 ypetalduaote uévo ula and xdbe tétota otxoyevela.
Abo arnd tic eAdytotec exgpdoeic Twy vroouvapthioewy fi, fo elvar ot (136) @ (624)
xat (116) @ (154) avriotoiya. Egapudloviac to Oedpnua Shannon éyovue: @ =
(1364)®(6244)B(1163)B(1543). Iapatnoodue duwc 6t ot ovvletor dpor: (136), (116)
elvat ovyyevelc (ue yevvijtopa ovvleto dpo tov (136)). ‘Etot, o ovvletoc dpoc (136)
urnopel va exppaotel we: (136) = (116) & (616). H Adon Q unopel va ypaprel we:
Q = (1164) © (6164) ® (6244) & (1163) @ (1543). O ovvbetoc dpoc (6164) unopel va
ovvevwlel ue tov (6244) yia va dSnuwovpyrfoer tov (6114) xar n Adon Q unopel va
voaptel we: Q = (1166) @ (1543) @ (6114). H (Sia axpifdc Adon yia va Snuiovpynbel
(xenowonotdvras to Ocdonua 8) Oa anartovoe va €yovy Snuiovpynlel ot Aboelg
(116) @ (611) xar (116) & (154) twv f1, fo, SnAady va éyovue nepioodtepec and uia
Moeic oe xdble otxoyévela edayioTwy expodocwy.

Telixd, obupwva ue to Oedpnua 9 ypetdletar va avalnticovue ouyyevelc dpoug
o€ 9 exgpdoeig, evd olupwva ue 1o Ocdonua 8 yeetdletar va avalntioovue xotyous
6pous oe 36 exgpdoelc.

Anotéheopa ) Bewplag mou avantiylnxe oty evétnta auth HTav 1 dnutovpyia
Tou aiyopifuou EMinl.

4.4 T'evixevorn Oewplog Elaylotonoinong exgppdocwy ESCT

‘Eyouue e, oty éwg tépa Bewpla, 6TL wiar Aoy cuvdptnon ulog e€6dou umopel
Tavta va yeapTel oe Ul and TLC TEELS XAVOVIXOTOUNUEVES U0pQES TOU Oewphiuatog
7. Emmhéov eldaue 6t yio va evtonioovue o eAdytotn ESCT popgy| yia Aoyuxég
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128E 166)+(1543)+(6114

__(1168)+(154T)+(6114) _
< (2356)+(6214)+(1523) >

(133)+(234) 113)+(144) (613)+(254)
(211)+(112) (231)+(222) (621)+(152)
(131)+(114) (111)+(224) (611)+(154)
(213)+(232) (233)+(142) (623)+(252)
(136)+(624) (146)+(153) (256)+(263)
(216)+(612) 1 (226)+(251) 8 (156)+(161)
(135)+(614) (145)+(151) (255)+(261)
5 225)+(253 (155)+(163)
(264)+(616)

_(T16YH(611). (236)+(252) (162)+(626)
(2394621 > _(115)+(254) (164)+(615)
(115)+(613) < (235)+(152) > (262)+(625)

1 2 3 8 E 6 9 C 5

(23) (13) (62) (14) (11) (15) (25) (61) (26)

Ewva 4.1: Aévtpo Ievvitora xaw ehdyioteg ESCT exgpdoeig xdbe xéufou yio
ouvdptnomn [128¢]

ouYaPTAHOELS EwS D UETABANTGV eLo6dou, yenoidonololue T eAdytoteg ESCT exgpd-
OELS TV UTOCUYIPTAGEDY TNS.

Y10 xegdhato autd Oa emyeienlel n yevixeuon g Oewplug ehayloTonoineng
exgpdoewyv ESCT yua hoyuwxéc ouvapthoels n uetafAntody ewoddov. Ta Oewpruota
Tou xegaralou autol éyouv TELTOTOS BewenTn) onuacio agol 1 ukonolnen Toug
(ue ™ Borberr H/Y) elvan avépuxtn, Toukdylotov Yo cuvapthoels ue ueydho aptiud
LeTASANTOV ewobdou. llapbdia autd ta embueva Bewpruata Ha pag odnyHoouvy otny
xataoxevh| Tpaxtixol ahyoplfuou (XMin6) o onolog evtoniler axpBeic ESCT ex-
pedoeg Y ouvapthoelg U€yp. 6 uetafAntés ewoodou. llapdhinha pag Slvouv ta
anapaltnTa EPOdLA YLO VA ETLYELHOOUUE UL TeGTYN TROGEYYLOT 0TO TEOBANUA TNg
evoroinong g Hewplag ehaylotonoinong yia exgpdosic ESOP xat exgpdosig ESCT.

To enduevo Afuuo pag delyver 6tL unopolue va Bpodue éva @pdyua aviueoo
070 dfpoloua Twv Papdv 300 UTOCUVIRTACE®Y ULAS AOYLXHC GUVAETNONG XAl GTO
TpayUaTied Bdpog TN GUVAPTNONG AUTHS.

Aduuo 10 Edv f;, f; elvar 6o umoouvaptiioeic uiag Aoyixic ouvvdetnons [ mou

elaprdtar and n+1 uetaBAntéc etoddou, ki, ke, g elvar loyixéc ovvaptioeic n uetafintdy,

g € R, drnov R éva ovyxexpiuévo olvolo ouvaptiioewy xai:
o fi=Fk ®x3
o fi="Fky®xs

o s(f) =w(ki) +w(ks) +w(ks), k3 = g € R dore s(f) = MINyy(w(f; © g) +
w(f; @ g) +w(g))

ote [w(fi) + w(fy)] — s(f) = [w(fe) + w(fy)] — [wlkr) + w(ka) + w(ks)] <
MAX (w(ks)) xau ks elvar exelvec ot ouvaptiioeic g yia tc onolec fploxovue to
eAdyioto s(f).
Anddeln.
Ioydew: fi = ki®ks < w(fi) = w(k1®ks) < w(k)+w(ks) = w(fi) < w(ki)+w(ks).
Avtiotorya: w(f;) < w(ka) + w(ks). Kavd ovvénea: [w(fi) + w(f;)] — [w(ki) +
w(ks) + w(ks)] < w(ks). Kau eneidrf ot ks umopody va éyouv Siagopetixd Pdon

©Anuitelog Boudolprs - Ehaylotonolnon exgpdocny ”anoxietotxol 47

7



Evétnia 4.4. TENIKEYYH OEQPIAY EAAXIETOIIOIHYHY EK®PAYEQN ESCT

xenowonowdue to tdve deto Twy fapdy tov k3 dpradn: [w(f;) + w(f;)] — [w(ki) +
w(ks) +w(ks)] < MAX (w(ks))
3

To Afuua 10 umopet va yenousonowndel yia tnv edpeon evég axplBéotepou v
oplou v 7o Bdpog wag Tuyalag Aoyuhc ouvdpTnong o GYECT UE AUTH TOU TEOXUTTEL
amé TNV €QapUOYTH TV avarTLYUdTeY Shannon, fetixod xou apvntixod Davio. Ouul-
Coupe 6L éva mave Gplo yua To ESCT Bdpoc urag ouvdptnone unopel vo Ppebel we:
w(f) < MAX (w(fo) +w(f1),w(fo) + w(f2), w(f1) +w(f2))). To nopandve Afuuo

Loy Vet Yo xdle duvatd Ledyog unoouvapthioeny wag ouvdptnone (fo, f1), (fo, f2), (f1, f2)

%o SNAGVEL OTL 1) Sapopd Tou TpayUaTxol Bdpoug pag Aoy ouvdptnong f and
v extiunon nov mpoxintel we w(f;) + w(f;) xou fi # f5,4,5 = 0,1,2 elvon névta
ppoyuévr. Edv n extiunon tou Bdpouc elvan: w(fo) + w(fi), w(fo) +w(f2), w(f1) +
w(f2), 61 10 Ppdyua mpoxintel and tov Hivaxa 4.5 xau elvar: w(g), w(y), w(z)
aviloTolyd.

Yo endueva Dewpruata 1 Dewpla ehaytotonoinong ESCT exgpdocwy yevixeleton
Yo ouvapThoel n UETABANTOV ewoddou. And to Oewpruata auTd TApdYETAL ©S
ovurépaocyua 1 uebodohoyia yio Ty ehaytotonoliney Aoywdy cuvaptioewy ue aptiud
UETABANTAOY €L6680U TO TOAY 6.

Ocdenua 10 Kdbe eddyioty ESCT éxppacy yia uta Aoyixij ouvdetnon f rov eéa-
prdtar and n uetafintéc eioddou unopel va napaylel evdvoviac (mpayuatonotdvrag
dbootoua XOR) omoradirote Aoy ouvdptnon n — 1 uetafAntdy (éotw g) ue tic
vroowvaptiioeis fo, f1 tnc f. H eddyiotn uopel Oa elvar: Q = Fp(z, f§ @ g) @
Fyz, ff ® g) ® Fr(z,9) xae p = 1,3, = 2,47 = 5,6,fF = fi, fi,i = 0,1. O
ouvduvaouol twv (p,q,r, [, [1) mpoxirntouy and tov Hivaxa 4.5.

Anddeln.

Kdbe eAdyiotny ESCT uoppr tye ouvdptnone f (ac tnv ovoudoovue E) umopel va
Yeaptel o ula and ti¢ xavovixonoinuéves uoppéc tou Oewpruatoc 7. Araxpivovtat
ot axoAovbec TepLTTATELS:

o Bav n ESCT éxgpaon E eivar oty mpdtn popel tov Ocwpruatos 7, téte uia
and t¢ vroouvaptioerc e | elvar otalfep 0 1§ 1 (éotw fi). Kdbe eAdyioty
ESCT éxpeaocn yia tyv f Ga mapayfel ané ti¢c eAdyiotec ESCT exppdoei twy
ovvaptiioewy fo® g, fr © g, emtAéyovrac g =0 7§ 1. ' napddetyua av fo =1
xat eniAéyoviag g = 0, tdte:

f=e(fi@0)0#(fo®0)®0 = (=1 fo=fi)
:f‘fl@xfl =2z ® f1 = F5(z, f1)
(oUupwva ue tov livaxa 4.5).

o Fotw ot n BESCT éxgpaon E elvar oty deltepn uopps tou Ocwpriuatoc 7.
Téte xdfe eAdyiotn ESCT éxppoacn yia tyyv | Oa napaylel and tic eAdytotes
ESCT exgpdoeic twy unoouvapthioedy tn¢ xat Ga avtiotolyel ota avantiyuata
Shannon, Davio 1j o€ xdrow ané avtd mov mapovoidotyxay oto Ocdpnua 5.
Katd ovvéneia xdbe erdyiotny ESCT éxppaon yia tnyv f O napaylel and tic
erdytotesc ESCT exgpdoeic twv ouvaptioewy: fo® g, f1 @ g 15 foDg, frDg
emAéyovrac g = fo 17 f1 10 7 1. Hpopavic ot eAdyiotec ESCT exppdocic twv
fo @ g, f1 ® g napdyovrar ue tetpiuuévo teéno (Oedpnua 5) and tic eAdyiotes
ESCT exgppdoeic twy ovvaptiioewy fo® g, f1 ©g. Ta napdderyua eniAéyovrag
g = fo xat (p,q,7) = (3,4,6) tdte n eAdyiorn ESCT éxgpaon Ba eivau:
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F5(x, fo® fo) ® Fa(z, f1 ® fo) ® fo = xfa® fo mov avtiotoryel oto avéntuyua
fetixé Davio.

o ‘Fotw 6t n ESCT éxgppaon E eivar otny toity nopei tou Ocwpruatoc 7. Téte
xd0e étota eAdyiory uopyrf ba elvar: f = fp(x,y) ®© Fy(x,2) ® Fr(x,g) drov
p=13.q=24r=56xuf=yegf=z60f = fof)fi =
fi, fi. Hpopavde Sev yvwpilovue tic ouvaptiioeic y,z, g aAdd yvwpilovue
ti¢ unoovvapthoeic fo, f1. I'vwpilovue, enione, 6Tt ot ouvaptioeic y, 2,9 dev
elaptdvrar and tn uetafintix. Ia va tic foodue Snuiovpyolue ta abpolouata
XOR dlwy twv Suvatdy ouvvapthioewy g ue Ti¢ umoouvapthoels fo, f1 dote
Vo TAPAYOUUE TLS XATAAADAES Y, 2 OLVAPTHOELS Xt TIC avTIOTOLYEC EAdYLOTES
ESCT exppdoeic tovs. Ot eddytotes ESCT exgpdoeic yia ti¢ avtiotpopes
fo, f1 mapdyovrar ue tetpiuuévo tpdno and tic eddyiotes BSCT exppdoeic twv
vroovvaptiioewy. H eddyiotn éxppaon yia tpv [ Oa elvar: Q = Fy(x, f§ @
9) ® Fy(z, fi @ 9) ® Fy(z,9).

To ocuunépacua and 1o nponyoluevo Oedenua elvol 6TL unopolue, oe xdle nepl-
Ttwon, vo evionilovye onowadrrote eAdyrotn ESCT éxgpaot yia pia Aoyixt, cuvdpetnon
av uropolue va Peloxovue tig eldytoteg ESCT exgpdocic 1oy afporoudtoy XOR
TV UTOGUVARTRoE®Y TS fo, f1 Ue omowdhmote Aoy cuvdpTtnoy g.

[Mpéner va onuewwlel g ta moplopata tou Osweruoatog 10 enextelvovtal i
onowdfnote Lelbyog UTOGUVIPTACELY Uag Aoyixfic cuvdptnong (xaL byt ubvo Yo Tig
fos f1).

To enduevo Gedpnua anotedel dueon andppota Tou Oewpfuatog 10 xa Behtidvel
TO TOPLOUATA TOU, YENOUWOTOLOYTAS OUKS XAl TNy Teltrn utocuvdptnomn fo Yyl TNV
rapaywyn ESCT exgpdoswy.

Ocdenua 11 Mia eddyioty ESCT éxppaon yia uta Aoyuxij ouvdptnon f rou eap-
tdtal and n uetafAntéc etoédou ue Bdpoc 1o roAd W unopel va napaytel evivovrag
(moayuatonoidvras dfpotoua XOR) Aoyixéc ovvaptiioeic n—1 uyetafAntdy ue Bdeoc
TO TOAU L%J ue tic vroouvaptioets e f.

Arddeln.

Kdbe eAdyiotn ESCT uoppr tne ouvdptnons [ (ac tny ovoudoovue E) unopel va
Yeagtel o€ ula amd tic xavovixomoinuéves uoppéc tou Oewpiuatos 7. Ataxpivovrat
ol axoAovlec TEPITTHOELC:

o Fayv n ESCT éxgpaon E elvar otny mpdtn 1j Ty Seltepn xavovixornoinuévn
uoppri Tou Oewpruatoc 7, Tote elval npopavéc 6T uropolue va dnuiovpyfoovue
erdytotec ESCT exgpdoeic yia tpv | xatevbelay and tic eAdytotec ESCT
EXPOATELS TWY UTOOUVAPTHOEDY TG,

— Xtpv mpdty nepintwon (medty xavovixomoinuévy uopyt), to Bdeoc tye f
elvat (oo ue autd xdrotac un otalepiic uroouvdptnolc tnc. EmnAéov n
ESCT éxppaon ba eivar tne uopgic: f = Fy(z, fi), énov f; elvar xdmoia
un otabeer utoouvdetnon ¢ f. Katd ouvéneia 6Aec ot eddyiotec ESCT
exppdoeic ™ f napdyoviar and tic eAdyiotec BSCT exppdoeic ¢ f;.

— Xty Sedtepn nepintwon (Seltepn xavovixomoinuévy poper), n E unopel
rdvia va ypagtel we: f = Fi(z, fo) ® Fulz, f1) 7 f = Fs(z, f2) @
Fs(z, f1) 7 f = Fs(z, fo) ® Falz, f2). (vndpyouv xar dAlec Suvatéc
ESCT exgpdoeic oty Sedtepn xavovixomoinuévy uoppr, arld exeiveg
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elvar m-1008Uvauec Twv TpLdy mpoavapeptEvtwy xat xatd ouvéneia €youy
toy (810 aptOud dewv). Eivar mpopavéc ot to fdpoc tne [ elvar (oo ue:
w(fo)+w(f1), w(f2)+w(f1), w(f2)+w(fo) avtioroya. Heddyiotn ESCT
Exgpacn ¢ [ mepiéyer dAouc toug oUvletous dpous amd Svo amd TiC
vroovvaptioeic ¢ ((fo, f1), (f1, f2), (fo, f2) avtiotoiya) ue éva emniéoy
xUttapo Maitra nov SpAdvetar and Ty xavovixornoinuévy uoppl mov xen-
owonotnxe.

Edav n E elvar oty tplty xavovixonoinuévy uoper tov Ocwpruatos 7, tote
umopel mdvta va ypaptel otnv enduevy uopyr: f = Fi3(x,y) ® Fu(z,z) &
Fs(z,g). Hpogavic tay,z, g elvar erdytotec ESCT exppdoeic xar: w(f) =
w(y) +w(z) +w(g). Xwplc fAdLn tnc yevixdtyrac unopobue va Gewplioovue
o w(y) > w(z) > w(g). Ioyver: w(f) = w(y) +w(z) + w(g) > 3 *
w(g) & w(y) < |%]. Xrp nepintwon avtif uropodue va Boodue tpv E edv
Snutovpyrioovue ta abpolouata XOR tnc ouvdptnons mou avTimpocwreUel 1
ESCT éxgpacn y ue tic unoovvaptioeic fa,fo (f2 = y® 2,0 = y @ g,
dnwe paivetar oto Oedpnua 7). H erdyiorn ESCT éxgpaon E Oa elvau:
[ =Fs(z, fo®g)®Fs(z, f1Bg)BFs(x,g). Avtiotoryn Stadixaocia axorovbolue
xar 6tay n z 1 n g €yovy 10 Utxpdtepo Bdpog.

YuunepaouaTixd:

Edv pio unoouvéptnor e ouvdptnong ewoddou (f) elvon otabept (1 4 0) té1e
unopovue va Peodue o eddyiotn ESCT éxgpaon v f xatevbelav and tic
eldyroteg ESCT exgpdoeic Twv un otabepdy unocuvapthoeny tng.

Edv urdpyer wa ehdyiotn ESCT éxgpaon tng f otn dedtepn xavovixomomuévn
wopyt) tou Oewpriuatog 7, t6te auth unopel va Bpebel xoatevbelay and tig
ehdyproteg ESCT exgpdoeig 0o ex twv unoocuvapthoedy . Lo va Ppolue
omoladnnote Tétow €xgpao meénel va eéyEouue dha ta Suvatd (edyn Twv
vroouvaptioeny (fo, f1), (f1, f2), (fo, f2) xau va eléyEouue Tic exppdoelc Tov
napdyovtol yioo ehaytotétnto. Kotd ouvénewr to Bdpog tne f elva: w(f) =

MIN(w(fo) +w(f1),w(f1) +w(f2), w(fo) + w(f2)).

Edv undpyel ehdyrotn ESCT éxgpaon tneg f otnv teitn xavovixononuévn wopo
Tou Oswphuatog 7, téte Hu mpérel va dnulovpyroovue Ta apbpolouata XOR
3V0 ex TV unocuvapThoewy g f ue xdbe Suvatr hoyur| ouvdetnon 1 onola
Oa mpémer va €yer Bdpog to TOAY {@j H napandve dwdixaoia Hu npénet va

exteheotel yo xdfe Suvatéd Lebyog unoouvapthoewy ((fo, f1), (f1, f2), (fo, f2))-
Yty meplntworn auth to Bdpog tng f elvan:

w(f) = MINyg(w(fo ®g)+w(fi ®g)+wg),
w(f2 @ g) +w(fr ©g)+w(g), (4.13)
w(fo ® g) +w(fe®g)+w(g))

6mou g elvon wor Aoyuxr) ouvdptnor Ue Tov Blo aplbud UeTUBANTOY ue Tig
w(

vroouvoaptioes e f xat w(g) < LTf)J
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Mapddetypa 40 Eotw Aoyuxsi ouvdptnon 4 uetafintdy eioddov: f = [1234] ue
ESCT pdpoc 3. Ou vnoouvaptijoeic tne éyouy Bdon: w(fo) = w(fi) = w(fe) =
2. Ydupwva ue 1o Ocdonua 11 n (nroduevy ouvdetnon 3 uetafAintédy eioddou g
mov Ba pac 8doet v eAdyiotn ESCT éxgpacn yia tnpv [ Oa meéner va €yet Bdpog
to moAU: 3/3 = 1. Katd ouvéneia eAéyyovue dAec tic Suvatéc g mou eaptdviar
and 3 uetafintéc etoddov xar ue PBdpoc 1 (SnAady amnoterobvrar and évay oivheto
6po). Anuwovpyolue dndady tic ouvaptioeic fo ® g, fr @ g, fo ® g, 9 xau eAéyyovue
rotog ouvdvaouds Toug, olupwva ue tn oxéon 4.13, Siver to Bdpoc tn¢ ouvdptnong.
Avdueoa oe autéc undpye n ovvdptnon: g = (136) = [22]. Ioyver: w(g) = 1, w(f1®
g) = w([10]) = Luw(fz & g) = w((06]) = 1. Apa toyser: w(f) = w(fi &g)+w(fo®
g) +w(g) = 3 xar n eAdytotn ESCT éxpeaon tne f elvar: f = (6146) & (2433)
(1464) = [3030] @ [0004] @ [2200] xa: napdyetar and Tic EAGYLOTEC EXPPAOEIC TWY
hegogyg

Yuumepaouatixd unopolue va Beovue 1o ESCT Bdpog onowedhmote Aoyuxrg
ouvdpETNHoNS Uovadixrc e£68ou tou e€aptdtal and n UETABANTES £L0630UL av Yvepilovue
() umopolue va Bpodue) To Bdpog onowaadinote hoyxric cuvdptnons n—1 yetafintdy
ewo6dou.  H mapatipnon auth unodewviel avadpouxt] yeron tou Oewperuatog 11
Yoo Ty elaytotonolnon g tuyalag ouvdptnone (xar Twv ouvapthocwy Tou Ba
TpoxbPouy xatd TV egopuoy Tou BewpRuatog).

4.4.1 Ocewpntxy IloAurthoxdtnTa

Eivat edxoho va mpofBiédouue v molumhoxdtnta tng avadpouxrc Slodxasiog mou
npotelvetar and to Oedpnua 10. T va Peebel to Bdpog ulog ouvdptnone f ue
n UeTaBAnTtéc elo6dou mpénel va dnuovpynfoly ta afpolouata XOR twv unocuva-
pthoewy g [ ue omowadrimote cuvdptnon ue n — 1 yetaPintéc eoodou. H xlpua
unohoyLoTixy toAvmhoxdtnta g pebodoroyiag ogelhetar 6to yeyovég autéd. Eilvar
YV©o16 6Tl 0 apliiuds TV SuVATGY AOYLXGY GUVIRTAGE®Y Ue N UETABATTES Labdou
elvon: 22", H Saduxasia elvon avadpouwt) xou Yo x88e ouvdpTnon ue i ueTafAntéc
eL0630u ypeidletan va unohoyioBoly 22 afpolouata XOR xar udhota 3 gopée (ula
popd Yl xdfe ula and tic enduevee ouvapthoes: fi @ g, fi @ g,9). H Sadixaocia
oTauatd otic 2 uetafintéc elwoddou agol exel to ESCT Bdpog elvon mévta 1. Kotd
OUVETELY 1) UTOAOYLLOUE YY) TOAUTAOXGTNTA YLOL ULX GLVAQRTYOY) UE N UETABANTES ELGOSOU
elvow: _ g _ t

Hgg—l(?, 22y =3n. 9(3iZ51(2) — gn . 92" =3) = 0322 ") = 0(22" ).

LTV TRAYLATIXOTNTA, XAl YPNOLULOTOLOVTIS TI BEATLOTOTOW|OELS TOU OewphuaTtog
11, npotelvetal 6T auyxexpuévn dtatpn avadpouwdd Stadixacio Ue TohuTAoxdTnTA
wixebTepr ané Ty mponyoduevn ago dev yeerdlovion 22 afpolopata XOR o xdfe
eninedo ok ubvo exelva ue tic ouvapthoels tou €xouy Bdpoc to tohd [W/3], 6nov
W elvan to Bdpog tng ouvdetnong ewbddou f.

4.4.2 Egapuoyy yia ouvaptioels U€ypel 6 netafAntég eto6dou

Ynuetdveton 6TL 1 dradixaota Tou Oewpruatog 11 tpocpépetar yia mpax T uAonolno
Y cuvapThoelg Ue To Tohy 6 uetafintéc etoédou. H nodunhoxdtnta Tou npoSAfuatog
YL GUVOPTHOELS UE TEPLOGOTERES and 7 UETABANTES ELGOBOU xAVEL TNV TEUXTLXT| UAO-
Toinon anayopeuTixy.

‘Aueo andppota Tou Oewpfiuatog 11 elvar ta napaxdton Afuuata tou neplypdpouy
N Swaduxasia v Ty ebpeot ehaylotwy ESCT exgpdoewy yio Aoyixéc cuvapthoelg
ue uéypl 6 petaPintéc ewaddou.
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Iépropa 8 Mix eAdyioty ESCT éxppaon yia uia Aoyixij ouvdptnon f ue 1o moAd S
uetafintéc etoédov umopel va mapayfel Snuiovpydvrac ta abpolouata XOR Aoyixdy
ovvaptioewy ue Bdpoc To moAU 1 ue tic umoouvaptioeic )¢ f.

Anddeln.

Eivar dueon ouvéreia tov Oewpijuatoc 11, apol to Bdpoc uiac Aoyixijc ouvdptnons
5 uetafAntdy etoddov eivar to moAd 6 (agol to Bdpoc uiac Aoyixic ouvdetnong
4 uerafAntdy elvar to moAv 3 [Pap77a]). Yiupwva ue to Ocdonua 11, fa mpénet
va feodue exelves tne ovvaptioeis 4 uetafAntdy etoédov mouv €yovy Bdpoc To mOAU
w = 6/3 = 2. Yrpv mpayuatxdtyra ypewdletar va Peolue, uévo, exelvec Tic g
mov €yovy Bdpoc w — 1 = 1. Auté uac eyyvdtar 61t to Bdpoc mov fa umopolue va
evtonioovue elvar to moAU 5. Katd ovvéneia uia eAdytotny ESCT éxgpaon Oa urnopel
va evtomiotel xat yia ouvaptiocic ue Bdpeog 6, didtt 5 dnuiovpyia twv abpotoudTwy
XOR tov Oewprjuatoc 11 o uac elaopdiile 6t Oa Bpovue ota olyovpa 6Tt uta
ouvdptnon éyet Pdpoc uixpdtepo tov 6 (xar dedouévov 6t to uéyioto Pdpoc mou
urnopel va €yer pia térota ouvdptnon elvar 6). Xty nepintwon auth n eddyioty
éxppaon yia v f Ga Snuiovpyel anevbelac (Seltepn xavovixomoinuévy popel tou
Ocweruatoc 7) and tic eAdytotec ESCT exgpdoeic twv unoouvaptiocwy e ue
Pdpn 3.

o

Ilépropa 9 Mia eAdyioty ESCT éxppaon yia uta Aoyucdj ouvdptnon f ue 1o moAd 6
uetafAntéc etoédouv unopel va mapayfel dnutovpydvrac ta abpolouata XOR Aoy ixdy
ouvapTrioewy ue fBdpoc To oAU 3 ue Ti¢ vroouvaptioels ¢ f.

Anddeln.

Eivat dueon andppota tou Ocwpruatos 11, agol to Bdpoc utag Aoyixijc ouvdptnons 6
uetafAntéy unopel va eivar to oAU 12 (apod to fdpoc uiac ouvdptnone 5 uetafAntdy
unopel va eivar to moAu 6). Xenoworotdvrag avriotoyn uefodoroyia ue tny and-
Seiln oto mponyoluevo ndpioua, arodeixvietar 6te anaitolyvtar abpolouata XOR ue
ovvaptiioes Bdpouc To ToAU 3.

o

Xenowonowdvrag avadpouxd ta Hoplouata 8, 9 xar 1o Oedenuo 11 urnopolyue
va Bpolue eNdylotn Adon yio uia tuyata ouvdptnon 6 uetointdv eoédou. Autd
yivetal dnulovpydvTag To 3€vTpo-yevviTela xaL ehayloTonoldvTag xdbe ocuvdptnoy-
x6ufo tou dévtpou autov. T xdbe cuvdptnon-xéuPo tou dévtpou f, edv undpyet
xdmola utoouvdptroy otafept| TéTe Bploxouue aneubelag erdyioteg ESCT exgpdoeig
e [ and g erdyioteg ESCT exgpdoeic piag un otalepric urnocuvdptnonc tng
(Oedpnua 8). Ltnv avtifet nepintwon Ha undpyouv ubvo eldyrotec ESCT exgpdoeig
otn deltepn B Ty Teltn wopyn Tou Bewpruatog 7. Ou exgpdoeg tne deltepng
nopig elvan evxoho va Beefolv agol tapdyovtar aneubelag and tig eldyroteg ESCT
EXPEACELS TWV TELOY UTOCUVAETHoEWY, Lall ue T m-toodvvaués toug. 'Etol apyxd
dnutoupyolvTaL oL expedoels TNg SeVTEENS Lop®Nic xal eTAEYoVTaL TEAXA exelvec Tov
€youv Tov ehdyLoto aptbud bpwv. Autd uog dlver xar plor apyx extiunon v To
Bdeoc tng ouvdptnone. Ilpénel, dume, va eheyybel av undpyouv ehdyioteg ESCT
exgpdoels oty Teltn wopph Tou Oewpfuatog 7. Amd bheg Tig exgpdoelc Tng Teltng
uopphc emthéyovtar uévo exelve ue to wxpdtepo apliud dpwv. O aplbude autdg
elvan o To mpaypatixd Bdpog tng ouvdpTtnomng xar unopel va ouunintel (¥ byt) ue
v extiunomn yuw to Bdpog mov €youue and TS EXPpdoels TNg deltepng LopPhic. LNy
Tpd TN tepintwon Ba undpyouv ehdyiotec ESCT exgpdocig tne ouvdptnong f t6oo ot
deltepn 660 xat oty Teity Hwopt| Tou Oewpfiuatog 7, evé atn devtepr Hu undpyouy
uovVo oTNY TELTY Lopy).
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[12345678] [1111eeee] [0325b896]
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2 _\Illlllllllmmvlpﬂ IIIIIIIII I_
m I Weight estimation: W=min{W[12345678]+W[1111leeee], |
e ) W([12345678]+W[0325b896], |
e} ) W[111leeee]+W[0325b896])=min{5+1, 5+4, 4+1}=5. |
< Step 18: |
o] 1 ) S o . .
I Since the estimated weight is 5 we merge with functions of |
1 ) weight at most 1 |
x ) (complex terms) at step 19. |
1 Step 19: |
M 1 For every possible function g, with w(g)=1(complex term). | p————————— e <
e ———— ~ ) New weight estimation WL=W(f, xor g)+W(f, xor g)+W(g) | | Step 14: 1
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[o 1 3+2}=5. | A minimal expression is obtained byf , f, pair ) Step 15:
=3 Step 11- | Nee s S L S R ep 15: |
B ) ep 1L — | For every possible complex term K. |
| For every possible complex term K. | New weight estimation |
New weight estimation ] [123456781111eeee] | _
S b W X0 W xOrK) - W(K | WEW(EXOMK)PW(EXOrKIFW(K) |
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) WEW(Exork)+W(EXorK)+W(K) | | WEW(xorK)W(EXorK)+W(K) |
- | Wo=W(xorK)+W(f,xork)+W(K) | —_— 8 <<n03_2<< <<H<< W} |
3 1 W=min{W,, W,, W_, W} | 14 | 1 Wo, W,
e 172 T | Step 16: |
W ) Step 12: | \ W=4. |
/M | A minimal W=5. btained b | | A minimal expression is obtained by |
B | A minimal expression is obtained by | f,, f, pair by merging with complex |
f,, f pair W31, |
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Evéotna 4.5. AKPIBHY EAAXIYTOIIOIHYH I'TA ¥XYNAPTHXYEIY ME ESCT BAPOX TO IIOAY 7

Bdpoc tne g1. H extiunon auti elvar 5 (ypnowonoidvrac to avdrtuyua apvntixs
Davio). Xvo friua 11 duwc eAéyyetar av vndpyouy erdytotec uoppéc otny tpity
uoppy Tov Oewpruatoc 7. Aedouévouv oti n extiunon tou Bdpouc eivar 5 Ha mpéne
va eAeyyfoly exeivec ot ouvaptioeic K ue Bdpoc to noAd |5/3| = 1. Metd tov
éeyyo (olupwva ue tn diadixacia mou urodeixvier to Qedpnua 11) mapatnpeital
ot to mpayuatixo Bdpoc tne ouvdptnons elvar 5, ondte undpyovy eAdyiotes ESCT
exppdoelc 600 oty deltepn 600 xar oty TEiTYH MoPY] Tou Oewpruatoc 7. Mia
eddytotn ESCT éxgpaon tne g1 elvar (24336)®(62466)D(13646) P (14333) B (24663).

Yro Brua 13 n daduxacia ovveyiletar vroroyilovtac to Bdpoc the ouvdeTnong
[1111eeee]. Oa tnv ovoudoovue ga. Encidif n ouvdptnon auth éyet yia urocuvdptnon
orabepn (tnv [ffff] xa lon ue 1) to Bdpoc tnc Ga elvar (oo ue autd twy vroou-
vaptioedy e [1111], [eeee]. Mia erdyioty uopwri tne ga mapdyetar aneubelac and
™y eAdytotn uopwl tne unoouvdptnoric ¢ [eeee] = (1166) xar Oa eivar (Oedonua
8 xar Hivaxac 4.5): (11665).

To Briuata 14 —16 eivar napduora ue ta 10 —12. Oa ovoudoovue tnv avtioctoiyn
ouvdptnon [03256896] we g3. Yrdpyet, duwce, uta uixpl dragpopd. To extiuduevo
Pdpoc (Bdoet tnc Seltepnc uopylic toug Oewpruatoc 7) eivar 5. ‘Ouwc oto frua
15 1o mpayuatixé Bdpoc tnc g3 amodeixvietar ot elvar 4. Apa otnv mepinTwon
avtij Sev undpyer eddytotny ESCT éxgpaon oty Seltepn uopei tou Ocwpruatog
7. Hapéda avtd urdpyouy eAdyiotec ESCT exgpdoeic otny tpity uoppy. Ia va
Snuovpyfioovue ula and avtéc Ga mpéner va emAééovue tn ouvdptnon g = [0008]
(éxet Bdpoc 1), drnwe mpofAéner to Oedonua 11. Xty ouvéyeta Ga Snuiovpyifoovue
tic ovvaptioec fi @ g = [032d] xar fo & g = [bbbb] xar Ga Peolue tic eAdyiotec
ESCT exgpdoeic tous axorovfdvras tn Stadixaocia mov opilet to Ocdpnua 11. Mia
eAdyiotn ESCT éxppaon tne f1dg elvar: (2153)&(6234) (Bdpoc 2) xaw uia eAdyioty
ESCT éxppacn tne fa ® g eivar: (1266) (Bdeoc 1). H avtiotoiyn eddytotny ESCT
éxpeaon tne gz elvar: (21536) & (62346) & (12663) & (14334).

Yra tedevtala Pruata tne Sadixaciac (17 — 20) Beioxovue to Bdpoc tne ou-
vdptnone eroédov. Ta Bruata autd eivar mapduoia ue ta mponyolueva. Telixd to
Bdeo¢ tne ouvdptnons etoddouv eivar 5 xar uia eAdytotny ESCT éxppacn yia autiy
elvar: (215366) @ (623466) ® (126636) @ (143346) & (116654).

4.5 Axp3vic EAayrtotonoinom yia ouvaptioeig ue ESCT Bdpog
TO TOAU 7

Ta Oeswphuata 10, 11 pag divouv ylo yevirh uehodohoylo yio TV edpeor ehdyLoTtng
ESCT éxgpaong alrd anodeixviovTal aVETAEXT YL CUVIPTHCELS UE TEPLOGOTEPES UTO
6 uetafAntéc eLoddov. And v dAAn mheupd, to Oswpruata 8, 9 uog dlvouv xdroleg
amd Tig eAdytoteg AioELS Ulag GUVERTNONG, avedapThTwS Tou aptiuol Twv UeTABANTOY
el6630u. Yndpyouv, 6UwS, TEPLITOOELS TOU SEV UTORPOUY VA UG TROCPEROUY EAAYLOTY)
AMion 1A Sev umopovv va pag 8Goouy 6Aeg Tig ehdyLoteg Aboelg. Mo tétola teplntwon
napovoidletol 6To napddetyua 42.

IMapdderypa 42 Eotw n loywrj ouvdptnon b uetafintdy etoddouv: g = [19¢dOacc].
Kdfe doog, otic exppdoeic ESCT tou napadelyuatoc fa exppdletar yonowuonotdvrag
téoo Ty avanapdotacn MT oo xat v avanapdotacy Cell. To Bdeoc tne g elvat
loo ue b xav yia erddyiory ESCT éxgpaoy tne g eivar: [00220022] & [09000000] &
[00000a00] @ [000000ee] @ [10ef0000] = (13636) ® (25344) @ (16343) @ (11633) @
(11254).

©Anuitelog Boudolprs - Ehaylotonolnon exgpdocny ”anoxietotxol 47

84



Evéotna 4.5. AKPIBHY EAAXIYTOIIOIHYH I'TA ¥XYNAPTHXYEIY ME ESCT BAPOX TO IIOAY 7

H napandve éxppacy, duws, dev unopel va dnutovpynbel and ty uebodoroyia mou
npotelvetar and to Oedpnua 8 agol autd mapdyel Uovo UEPIXES and TIC EAdYIOTES
ESCT exgpdoeic yia ovvaptijoeic 5 uetafAntdy eroédov. Ilapdro mou to yeyovig
auté dev pavtalel onuavtixs, yivetal onuavtixs otay neoonalfioovue va edayioto-
rotfjoovue uta ouvdptnon 6 uetafAntdy eioddov, typv: f = [a75842a6be95486a] (7 g
elvat vroouvdptnon e f).

Mua eddyiotny ESCT éxppaon tyc f elvar: [0000000000220022]6[0000000009000000] 6
[7777888877778888]®[0808080808080808]&[00000¢0000000000]&[000000e£00000000]®
[10e,f000000000000] =(136364)®(253344)® (146656 ) D (614666)D(163434) D (116334)®
(112544). H éxppaon avty mapdyetar and uta éxgpacn e fo xar and uia éxgpacy
¢ fa = g ouvvevdvovtac dvo xowvolc otvletoue dpouc (100220022] xar [00090000])
dote va dnuovpynboiv ot dpor [0000000000220022], [0000000009000000] e ESCT
Exppaons tne f. H epapuoyr tov Bewpruatoc 8 uac diver tnpy ESCT éxppaon
[00220022] & [09000000] & [f807£807] & [4fb0b04f]=(13636) & (25334) & (22356) B
(24255) yia tpv fo mou anateitar. Ilapdla autd, yenouuomoLdvTac TO TAEATEVE
Ocdpnua dev urnopobue va mapdyovue tny xatdAAnin ESCT éxpeaon yia thv g = fa.

X1y evoTnTa auTh ETEXTELVOVTAL Ta TOPLoUATA TOU OewehluaTog 8 Yio GUVAPTRGELS
ue ESCT Bdpoc 10 moAd 7 xau aveauptitwe Tou aptduot twv YetaBAntdy eloddou
toug. Ta xawolpyia Bewphuata TOU aVaTTOGGOVTOL YIS TROGYEROLY TN SUVATOHTNTA
va Peloxouue 6heg Tic ehdyrtoteg ESCT exgpdoeig yio ouvapthoeig ue Pdpog to Tohd
5 na TouldyLoTov wa eAdylotn ESCT éxgpaon yia ouvaptioeig ue Bdpog to mord 7.
MnogoUye €161 Vo AVTLUETOTIGOVUE TEPLTTOOELS, OTWS aUTY TOu Tapadelyuatog 42.

Y1ig anodelelg Twv Oewenudtoyv 10, 11 eldaue ot dtav 1 eldyrotn ESCT éxgpaom
utag hoywrg ouvdptnong f elvar oty mpdtn 1) TN deltepn woper Tou Oewphuatog
7, 167e umopel va mapayfel aneubelag and tig ehdyioteg ESCT exgpdoeig twv uno-
ouvapthoe®y tg. H "rpofinuatixd” neplntwon elvar 6tav xdnow ehdytotny ESCT
exgpaon e f elvan oty telty wopyy Tou Oewphuatog 7. YNy neplntwon auth Sev
unopovue va Bpolue ue edxoro tpémo v ehdyrotn ESCT éxgpaon tng f and tig
ehdytoteg ESCT exgpdoeic Tov unocuvaptioedy Tng.

‘Eoto 6t ma eddyiotn ESCT éxgpaon @ e ouvdptnong ewoddou f mapdyetal
and tic ESCT exgpdoeic K;, K Twv unocuvapthoedy tng f;, f; avilotouya. Kdvouue
T1¢ Bieg Bewphoetc ue autég Tou Oewphuatoc 10. Ioyler: w(y) > w(z) > w(g) (v, 2,9
ot ouvapthoels e Tpltng wop@hc tou Oenmpriuatoc 7). Axdua:

wU)Zw@%HM@+w@)Z3“M@¢MMw§lgg (4.14)

Ané 1o Oetdpnua Twyler fi = K; =y®g", f; = K; =2®g",9" = g,9. Hehdyot
ESCT éxgpoaon @ elvou:

Q= Fp(x,y") © Fylz,27) © Fr(x,97) =

4.15

oo, i ® 6%) @ Fyla, f; ® g°) @ F (2, 9°) (4.15)
Kiefi—yog (4.16)

Kj:fj:zGBg* (4.17)

H éxgpaorn @, mpogavee, napdyetal and T ehdytotec ESCT exgpdoeic twv
ouvapthoeny: y = f;®g*, z = f;®g", g*, yiatl SlapopeTtind O umopovoe va Beebel uia
drkn ESCT éxgpaon vy tny f ue uxpdtepo aplbud dowv. Anéd tig oyéoec 4.16, 4.17
TEOXUTTEL TO auunépaoua 6Tl undpyouy exgpdoelc K;, Kj 1oy utocuvapthoeny fi, f;
Tou €youv xowolg 1f/xat avtletpogous aivletoug bpoug (1 ouvdptnon g). Emmiéov
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ov exgpdoeg K, K; dev elvon anapaimyto va elval ehdyrotes (Uunopodv va elvar w-
toodlvauec). loylel:

fi=y® g = w(f;) < wly) +w(g”) and w(f;) < w(z) + w(g").

‘Etou

w(f) + wlf;) = wly) +w(2) +w(g?) +w(g) = w(f) +wlg) < w(f) = w(f) +
w(f) —w(g) (since w(g*) = w(g)).

Ov napandve egioboeig pall ue ™y e&lowon 4.14 odnyoldv 670 TopaxdTe cuUTE-
paoUL:

w(fi) +w(fy) —wlg) < w(f) <w(fi) +w(fy) (4.18)

Enonuatveta 611 ellowon 4.14 woydel yia exeivo 1o {edyog UTOGLVAETACEDY TOU
odnyel oty eldyLotn ESCT éxgpaon otn poppn 3 yio 1 cuvdptnon eleddou, dpo
xan 1 elowon 4.18.

Yrov Mivaxa 4.7 epgavilovror 6hec oL duvatée nepintdoes w(f), w(y), w(z), w(g),
w(f;), w(fj) mov Pacilovron otny eZlowon 4.18 xat v Bdpog g ouvdptnong ele6dou
w(f) < 7. Etov mivaxa avté w(y) + w(g) elvor o aplBudc Ty ovvlietny Gpwv Tov
n ESCT éxgpaor K; g unoouvdptnong f; meémet va €xer yio va Snutoveynbel 1 Q.
Avtiotowya, w(z) + w(g) elvon o aplbudc oy olvletwy 6pwv oy npénel vo €xeL m
ESCT éxgeaon K; tng unoouvdptnong f; yw va dnuovpyniel n Q. Ou exgpdoeig
AUTEC UTOPOYY, EVOEYOUEVWLS, Vo elval EAGYLOTES Yia TLg UTooUVARTHOELS fi, f;-

BaowWlduevor otnyv mponyotuevny avdiuor uropolue va SLUTUTOCOUUE TA ENOUEVA
fewpuata.

Ocdpnua 12 Eotw [ uia Aoyt ouvdetnon ue w(f) < 6 xat fo, f1, f2 ot vroou-
vaptioeic tnc. ‘Oec ot eddyiotec ESCT exppdoeic tne f umopoly va Beebolv and
Ti¢ eAdytotec ESCT exppdoeic twy fo, f1, f2-
Arddeln.
Fotw Q wa eddytotn ESCT éxgpaon tne f. '‘Odec ot eddytotes ESCT exgpdoeis
v fo, f1, f2 Gewpolvtar yvwotéc. Edv n Q) elvar oty modty 1j Ty Seltepn uopypi
Tou Ocwprjuatos 7 téte n avdlvon axorovbel auti tov Oewpriuatoc 8.

Ay n Q) elvar oty tplty uoper tou Oewpijuatoc 7 téte mpénetl va anodetyfel ot
unopel va napaybel and tic eAdyiorec ESCT exppdocic tov fo, f1, fa.

Yougwva ue tpyv eélowon 4.14: w(g) < 1, apob w(f) < 5. Xiupwva ue tov
Hivaxa 4.7 vndpyovy 2 mepintdoeig:

1. w(f) = w(fs) +w(fj). Zpy repintwon aut n eAdytoty éxgpaon Q tn¢
ouvdptnone eloddov [ mapdyetar and uta ESCT éxppeaon ue w(f;) +1 (1-
wequivalent) oUvletouc dpove yia Ty fi xar ue w(fj) oUvletoug Gpous yia
v f; 7 and wa ESCT éxgpaon ue w(f;) ovvietoug dpoug yia tnv fi xar ue
w(f;)+1 (1-wequivalent) ovvetous dpoug yia tyv f;. Iia va Snuiovpyrioovue
v Exppaon Q and ti¢ eAdytotec ESCT exgppdoeic twv f;, fj mpénet va Poebel
n xatdAAnAn ouvdptnon g n omola elvar autlj yia t)v omola toyler: w(g*) +
w(fi ® ¢°) +w(f; © g*) = w(f). H ovvdptnon g* elvar, otnpy ovola, évag
atvletoc dpocuéoa otic erdyiotec ESCT exppdoceic twy f; 1 fj vroouvapti-
oewy, avtiotoya. Xtny mepintwon auty Oa undeyouy xat eddyiotec ESCT
exppdoeic () oty Seltepn uopyl Tou Oewpruatoc 7.

2. w(f) =w(fs) +w(f;) — 1. Ty nepintwon avtyj n eAdytotn ESCT éxppaoy
Q) ¢ ouvdptnone eiodédov f mapdyetar and Tic eAdyiotec ESCT exgppdoeic
Ty fi, fj. Ou vndpyet évac xowvéc i avtiotpogoc ovvletoc dpoc avdueoa otic
ehdyiotec ESCT exgpdoeic K;, K; twv vnoouvaptioewy f;, f;.
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e bAec i mponyoUuevec nepintdoets, emmidoy ESCT exppdoeic napdyovtar o
m-toodUvauec (mequivalent expressions).
o

Etlvar npogavég 6tL 6heg oL ehdytoteg ESCT exgpdoeis v ) ouvdptnon eloddou
f umopoiv va Beebolv uéow tou Oswpruatog 12.

Ocedpenua 13 Eotw [ uia Aoyuwef ovvdetnon ue 5 < w(f) < 8 xar fo, f1, f2 ot
vroovvaptioets tc. TovAdyiotov uia eddyiotn ESCT éxppacn tne [ umopel va
Beebel and tic eddyiotec ESCT exgpdoeic twv fo, f1, fa.
Anddeln.
Bortw Q wa erayiotny ESCT éxpoaon tne f. '‘Odec ot eAdytotec ESCT exqppdocic
Ty fo, f1, fo Gewpolvrar yvwotéc. Yiugwva ue tov Hivaxa 4.7, yia éAec ti¢ nept-
rrdoeic ye w(f) > 5, extdc tne 22, unopovue va feodue dhec tic eddytotec ESCT
exppdoeic v fo, f1, fo agol to Bdpoc touc elvar utxpdtepo and 6 (Oedpnua 12).
Xty nepintwon 22 pla and ¢ vroovvaptioeic (éotw n fi) éyet Bdpoc (oo ue 6,
ondte ev umopodue va Eyovue diec tic eddytotec ESCT exgpdoec tne. AAAd,
oUupwva ue toy (8o mivaxa, n eAdyiotn éxgpacn tnc [ mnapdyetar ouvevdvoyTaS
évav (B0 1 avriotpogpo abvleto dpo (g*) uetald edayiotwy ESCT exppdoewy twy
fi, fi- T va Boodue tnv eddyiotn éxgppaon tne [ noénet va dnutovpyioovue xdbe
Suvartij ouvdptnon g* @ fi xaw " ® f; (g% elvar évac dpoc uéoa ot eddyiotec ESCT
EXPPAOELS THS fj). Avtéc o1 ovvaptiioeic g* mou mapdyouy Ti¢ eAdytotec ESCT
exgpdoeic elvar exelvec mov weavorowly tyy eélowon: w(g*) +w(f; ® ¢°) + w(f; ®
g°) =w(f).

I'ia 6Aec ¢ undloinec mepintdoels mpémer va amodetyfel OtL edv n Exppaony
Q elvar oty tPiTH UOEY] Tou Oewpluatoc 7, TéTe umopel va mapaybel and Tic
erdytotec ESCT exgpdoeic tov fo, f1, fo.

Yougwva ye tyy eélowon 4.14: w(g) < 2, agod w(f) < 7. Edv w(g) =1 tdte p
avdivon axodovlel auti tou Oewpruatoc 12.

Edvw(g) = 2 tdte, olupwva ue tov Hivaxa 4.7, vrdpyouv 3 mibavéc neptntdoeic:

1. w(f) = w(fi) + w(fy). g neplnrwon avty n eddyioty ESCT éxgpacn Q
)¢ ouvdptnone eloddou f mapdyetar and ula ESCT éxppaon ue w(f;) + 2
auvbetoug dpous yia Ty fi (2-wicoddvaun éxppacn) xar ue w(f;) ovvlerovg
doovc yia v fi f and ula ESCT éxppaon ue w(f;) ovvletoug dpouvg yia tny
fi xar ue w(f;) + 2 ovvletouc dpovc yia v fj (2-wiooddvaun éxgpaon) 4
and ula ESCT éxgppacn ue w(fi)+1 ovvletoug dpouc yia tny fi (1-wiooddvaun

Exppaon) xar ue w(f;)+1 ovvletouc dpouc yia Ty fj (1-wiocodvvaun éxpeacn).

Ytic mpdtec dUo mepintdoets umopolue va Snuovpyfcovue Ty @ Snws oty
repintwon 1 tov Oeswpriuatoc 12 evronilovrac exelvous toug 2 oUvletovs dpouc
mou ouvioToUy T ouvdetnon g xat Beloxoviar uéoa ot eddytotec ESCT
expedoeic Ty fj, fi avtiotoya. Xtyv tolty nepintwon ypetdlovrar 1-wicodU-
VOUES eExpodoets xat yia Ty f; xow yia Ty [, mapedro mov udvo ot eAdyiote
ESCT exppdoeic toug elvar Stabéoiues. I'ia to Adyo autd Sev umopolue va
Snutovpyiioovue Tty eddyioty Exppacn QQ otny ity Uopel Tou Ocwpluatos
7. Iapdra avtd, enedr w(f) = w(f;) + w(f;) Oa Peodue, tovAdyiotoy, uia
erdyiotn ESCT éxppaon yia tn ouvdptnon etoédouv f oty Seltepn uoppr tou
Ocwpruatoc 7.

2. w(f) =w(fi) +w(f;) — 1. Ty nepintwon avth, n éxgpaon Q Snuoveyeltat
and uia ESCT éxppaon ue w(f;) + 1 ovvletouc dpovc yia tny fi xaw ue w(f;)
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otvletouc dpouc yia v f;j K and wa ESCT éxgpaon ue w(f;) ovvletoug
doovs yia v fi xaw ue w(f;) + 1 odvlerous deous yia Ty fj, olupwva ue
tov Hivaxa 4.7. H avddvon axoroubel auti twv nepintdoewy 1 of Theorem
12.

3. w(f) =w(fi)+w(f;)+2. Yy neplntwon avt n eddytoty ESCT éxppaon Q
¢ ouvdpTnone etoédou [ rapdyetar and tic eddytotec ESCT exgpdoeic twv
vroowvaptioewy f;, ;. Oa urdpyouv 6Uo xowvol 1 avtiotpopor civhetor dpot
avdueoa otic eAdytotec ESCT exgpdocic tov fi, f;.

e 6Aec ti¢ mponyouuevec nepintdoets, emniéoy ESCT exgpdoei¢ napdyovtar o
m-toodivauec exppdoeic (mequivalent expressions).
o

H nepintwon 1 tou Oeweruatog 13 dnhdver 1L dev unopotue va Ppolue Gheg Tig
ehdyotec ESCT exgpdoeic v po suvdptnon f ue 5 < w(f) < 8.

Hopddetypa 43 Eotw xar ndAt 1 ovvdptnon g tou mapadelyuatoc 42. 'Eotw ot
yvwpilovue ta Bdpn twv utoouvaptiioedy tn¢ uall ue tic eAdyiotec ESCT exgpdoeic
toug. To Bdpoc tne g eivar 5 xar n eAdyiotn ESCT éxppaon mov GéAovue va Boodue
avtiotoryel oty néunty nepintwon tou Hivaxa 4.7 yia w(f) =5.

Mia eddyiorn ESCT éxppacn yia tpy unoouvdptnon g1 e g elvar: [10ef] &
[0900] & [0022] xat yia tnv uroouvdptnon go eivai: [0a00] & [00cc]. I'a va On-
utovpyfoovue uta ESCT éxgpacn yia tnv g mou meptéyel tous ovvletous dpoug
[00220022], [09000000] rpéret va Spuovpyifjoovue tn ouvdetnoy [0022] @ go = [Oaee]
(modtn nepintwon tov Ocwpruatoc 12). Mia eddyiotn ESCT éxpeaon yia tn ouvd-
ptnon auvth elvar: [0a00]@®[00ee]. Kdugwva ue to Ocdpnua 12 uia eAdytoty éxppaoy
vt tpv g elvae: [00220022] & [09000000] & [00000a00] & [000000e€e] & [10e£0000].

‘Eyovtac tnyv napandve éxppeacy yia tny g = fa xar tpv éxgppacy [00220022] @
[09000000] & [f807£807] @ [4fb0b04f] yia tnv fo umopodue va Spuiovpyifoovue uta
eddyiotn ESCT éxgppaon yia tpy f, dnwc eldaue oto napdderyua 42: [0000000000220022]¢
[0000000009000000]®[7777888877778888]H[0808080808080808]&[00000a0000000000] B
[000000e€00000000] & [10e,f000000000000] (repintwon 31 tou Ilivaxa 4.7).

Anotéheopa 1 Oewplog mou avantiylnxe otny evotnta autr frav 1 dnutouveyia
Tou aiyoplfuouv EWTMIN.

4.6 Elaylotonoinom yenoLLonotdVTog XAVOVES CUY YD VELGTS

Ta Oewpfuata ESCT ehayrtotonoinong nou avantiynxay €ng Tdpa avagépovTal oe
OUVAPTACELS. JLUYXEXPLUEVA EQaEU6LoVTaL TEVe GTO BEVTRO YEVVATRLY TNE GUVAETNONG
£L6630u %L TEOoTAHOUY VA EXUETAAAEUTONY GUYHEXPLUEVA YoRAXTNELOTIX, OTWS OL
otabepéc unocuVapTHGELS.

‘Ouwng, urdpyer xar dAAY Tpoaéyyion mou unopel va axohoulnbel yia vo uetwbel
o apiuds Ty olvietwy dpuy uéoa oe wa ESCT éxgpaon 1 onola aviinpocwnelet
0 ouvdpTNnoT ew6dou. Mnopoly, Snhadh, va uehetnbolv ov oyéoelc xoL 1 Lop®H
Ty olvletwy Gpwy xat oL tpémoL xaL oL mpolnobécelc Gote m olUvletol bpol va
ouyywvevovial o€ | 6mou | < m.

Yty evéotnta auth Oo npooeyyloovue to npdPinua tng ESCT ehayiotonoinong
XENOWOTOLOVTAUS XavOVeS auyywveuong. Ot xavévee autol Ha napousiasctoly o1y
ouVEYELN, TapahelnovTag TNy avakutxr Toug anddellr. Auth elvol evxolo va yivel
xenowonoldvrag ta axdhouba dedouéva:
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o Kdfe ESCT éxgpaon npénel va elvor o€ ula amd Tig TEELS XUVOVIXOTONMUEVES
Hoppes Tou Bewpruatog 7.

o T tic exgpdoeic ESOP woylel 1 enduevn oyéonaf @ zg=zf' @z & f =
f',9 = ¢ 1 ornola elvan npogavic. Elvar eixolo vo anodeiybel, eZaviintixd yio
x8Be ouvduaoud p,q,p’, ¢ xo yenowonowdvtac xou tov Iivaxa 4.5, 6L otny
neplntwon twv ESCT exgpdocwv 1 nopandve oyéorn uetaoynuoatiletor wg:

Folz, f)® Fy(x,9) = Fy(z, f) @ Fy(x.g) & f=f"9=4¢" (4.19)

, 0mou Fy, fr waw Fy, for elvan xdttopa Maitra mou avixouy otny (i xAdon xou
I __ ¢l £ gk ] 7
f - f 7f 79 - g 79 .

Ov avadutixée anodelelg axorouvfoldyv to embuevo wotiBo. 'Otav Bélouue va
Bpovue Ttoug xavéveg ouyydveuong m oe | théte ehéyyouue dlouc Toug duvatolg
oLYBLACUOUSC TOV XAVOVLXOTIONUEVKDY Lop@hY oTLS onoleg unopel va Pploxetar xdbe
bpog péoa atoug m xat atoug [. ' mapdderyua dtav Bélouye va Ppolue Toug xavdveg
ouyydvevone 3 bpwv ot 2 T6Te UTdpyouy ol e&hg tepintdoes. Ou tpelg dpot va elvon
otnv 11 xavovixomounuévy nopey xoi oL 3%o oty 11 xavovixoromuévn wopeh. 'Akky
nepintwon elval ou Tpewg 6pot va elvat atny 11 xavovixonolnuévy uopgr, xat ot 3Uo
oTNV 21 xavovixorouévy wop@r. ‘AAAn meplntwon elvar ov Tpelg pol va elvar oty
21 xovovixonolnuévr uoegr xaL ol d0o otny 1n xoavovixonounuévy uoppr. ARAY
meplnTwon elval ou Tpewg 6pot va elval TNV 21 XAVOVIXOTOLNUEVT] Lop@Y) XaL oL dUo
OTNY 21 XAVOVIXOTOUNUEVT wopgt. 'ANAN neplntwor elvor oL Tpelg 6pot va elvor 6Tny
31 xavovionotnuévn wopet| xat oL 8%o oty 11 xavovixorounuévn woper. H teheutala
meplntwor elval ou Tpewg 6pot va elval TNV 31 XAVOVIXOTOLUEVT] Lop@Y| XdL oL dUo
oty 21 xavovixorolnuévn popgy. Befolwe dev elvon dheg ol napandve mepinthoelg
opbéc (xdmoreg unopel va unyv epgavilovion oty npayuaTx6TnTa) EVe and dhheg dev
TPOXURTEL XATOLO YEhollo oUUTEPAOUA (AUTES TIC AVOPEPOUIE WS TETPIUMEVEC).

Y10 [Mapddeiyua 44 napovoidletal 1 anddelln yio Toug xovoveg 2 — 1. H anddelly
Y Toug undhoineg xavoves axolovlel Ty Bia Swadixacia.

YnuedveETOL GTL oL ETOUEVOL XAVOVES UTopolY Vo yenoleonotnfoldy ol ue tny
avtiotpogn gopd, dnhady| Lag entTeénouy va dnuLtoupYioouue 1-wioodlvaues exppdoeLs.
Enlong a&iler va onueiwdel 6tv emewdr xahdntouye, xatd v anédeln, dheg Tig
dUVATEC MEQLITWOELS OL ToEAXdTw oyéoelg elval axpBels. Anhadh av €youue ua
ESCT éxgpaon pue m 6poug, Yy wa tuyatla ocuvdptnon, téte e@apuéloviag Toug
xavévee m — (m — 1), (m — 1) — (m —2),...,2 — 1 olyovpa Ha Bpolue erdyLot
ESCT éxgpaon yia ) cuvdptnor ete63ou.

Yy endpevn avéiuor dbo xittapa Maitra Fj,, Fy (8tog delxtne anhd tovicuévoe)
Do Oewpolvton 6TL avixouy atny Bla xAdon xuttdpwy Maitra. Emmiéov Oswpolye
611 P* onuaive eite P elte P.

‘Eoto wa ESCT éxgpaocn tng ouvdptnone f. 'Eotw enlone ét talivouolue
Tig YeTafBANTéG €L6680u NG f ambd TNV o oNUAVTIXY TR0 TN ALYOTERPO ONUAVTLXY.
H avdluon mou axoloulel avagépetar oty mpdTr Mo onuaviky UeTaAnTrh YL
v onola umdpyouv Toukdytotov dVo xittapa Maitra diagopetixic xhdong oToug
6poug g ESCT éxgpaong. INa g uetafintéc otig onoleg ta xdttapa Maitra twv
bpwv g ESCT éxgpaong avixouv oty (Sua xAdor, epapudlovue 1o Afuua 2 xou 1)
avahuon ouveyiler oty emduevy uetaBAnTr. OL avahuTixol GuVSLACUOL TWY JELXTAY
p,q, 7,0, ¢, elval edxoho va Beehody péow tou Oewphuatoc 7 xat tou Mivaxa 4.2.
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4.6.1 Ado 6pol ot évay (2 — 1)

Ed¢6 eZetdloupe e nepuntdoei mou dvo oivbetol bpot (Fy(z, Q1), Fy(z, Q2)) ouy-
yovevoval oe évay (Fy(z, P1)) (Fy, Fy, Fy elvar xdttopo Maitra olbugwva ye tov
Iivaxa 2.2). O tepuntdoerg autés €xouv tapouotactel xau otny epyacio [AS94]. O
TEPLITOOELS TOU TPOCQPEPOLY UM TETEUUEVA anoTehéouata elvat:

L. Fp(xJQl) ®Fq(x>Q2) = Fp(xapl) = P = QT:Q; =0« QQ =01 H
Teplntworn auth dnAdvel 6TL 0 6pog Q2 elvar 0 A 1. Xtnv oucta 1 oyéon auty
aviinpoownelel To Oedpnua 6 xat to Ibploua 5.

_ _)x — NO)* ' /

2. Fp(z,Q1) @ Fr(z,Q2) = Fy(z,P1l) = P = Q] = Q5. H nepintwon auth vog
dnhdvel 6TL v va evewboly 300 obvletol 6pol mpérel vo undpyel To TOAD €va
%xOTTAPO TOU Vo avixel oe StaopeTixny xAdon Maitra. Ou oOvheTol 6pot extédc
TOU TRATAVL %xUTTApou Tpénel va elvan (BLoL 1 aviloTpogol.

Hoapdderypa 44 Xto napdderyua auté napovordletar n anédeiln yia v napaywyy

twy xavovey 2 — 1. Ot 8do dpot tne apyuxiic ESCT éxppaons eivar Fy(x, Q1), Fy(x, Q2)

evéd 0 dpoc tne teduxsic ESCT éxgpaonc elvar: Fy(x, Pr). Awaxpivouue tic enduevec
TEPINTWOELS:

o Ot ddo dpot ¢ apyixiic ESCT éxpeaone elvat atyy mpdty xavovixonotnuévy
UOPPI} XAl 0 GPOC TOU ATOTEAEOUATOC ElVaL OTNY TOWTY XAVOVIXOTOLNUEVT LOOPT].
Xwplc BAdSn tne yevixdTnTac €yovue TIC TRpAXATW TEQITTOOELS:

— Fy(z,Q1 ® Q2) = Fy(x,P1). Xty rneplntwon avty toyder (fAéne xat
Afupa 1, Hivaxa 4.5): Fy(z,Q1 ® Q2) = Fp(z,P1) & Fy(z,Qh) ®
Fpi(z,Q2) = Fp(z,P1) = Q1 @ Q2 = P1. Katd ovvéreia o xavivac
QUTOC uag Aet OtL n avdAvon uag mpémel va ouveyLotel uia UeTaBAnTY
napaxdte (teToluuéyny neplntwon).

— Fy(x,Q19Q2) = Fy(z, P1), dnouv Fy, Fy eivar xUtrapa Maitra Stagopetixiic
xAdong. Xiugpwva ue tyyv eélowon 4.19 n naparndvew repintwon dev elval
Suvatyj (Sev elvar 0pli).

o O d0o dpot ¢ apyixiic ESCT éxgppaonc elvar oty deltepn xavovixonoinuévy
ORI Xl 0 6POC TOU AMOTEAECUATOC E(VAL OTNY TEWTI XAVOVIXOTOLNUEV LOPPT.
Xoplc BAdfn tnc yevixdTnNTaC €YOUUE TIC TAPAXATL TEQLTTOOELS:

— Fy(z,Q1)@F(z,Q2) = Fy(z, P1). Yiupwva uye tyy eélowon 4.19 ioyver:
P = Q1,05 = 0 & Q2 = 0,1. H repintwon avty elvar n mpdty
TEQ(MTWON TOU XAVOVA TOU TEOOPEREL UN) TETPLUMEVA anoTEAEouATA.

— Fy(z,Q1) ® Fr(z,Q2) = Fy(x, P1), drnov Fy, Fy, F, elvar xtUttapa Maitra
Stapopetixiic xAdons. Niupwva ue tnv eélowon 4.19 toyder: Py = Q] =
Q5. H repintwon auty elvat n Seltepn nepintwon tov xavéva nov mpoo-
pEpet un TeTpluUéva anoteAéouarTa.

Mapdderypa 45 Eotw n Aoyuxrj ovvdpetnon: [ = [bf ff4000]. Ioyder: w(f) = 1.
Mia ESCT éxgpaocy avtic tyc ouvdptnone elvat (oe avanapdotaoy cell): (24456) @
(24415). H mo onuavuxy yetafints (Guuilovue éti otny avanapdotaoy cell to
deibtepo xUtTapO Elval TO MO ONUAVTIXG XAt TO APLOTEPOTERO TO ALYOTEQO ONUAVTIXG)
xat atoug 8Uo dpouc Exer xUttapo ti¢ (Siac xAdon (xUttapa 5 xai 6). Katd ouvéreia
epapudlovue to Afuua 2 xar n éxgeaon yiverar: (24456) & (24415) =(((2445) &
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(2441))5) =. Iapatneodue 6t ot dpor (2445) xar (2441) éyouvv oTny mo onuavtixi
Touc uetafAnT xUttapa StapopeTixic xAdon evéd ot undlotmol dpou elvar (Sior. Apa
uropoluE va epapudoovue tov xavéva 2 — 1, mepintwon 2. loydet Aowndy olupwva
ue tov xavéva, to Ocdonua 7 xar tov Mivaxa 4.2: (2445) & (2441) = (2444) (vo
tedevtaio xdttapo aArdler xAdon). 'Etor ov $o dpor ovyywveloviar oe évay xau

ioyve: (24456) @ (24415) = (24445).

4.6.2 Tpeelg 6pol ot dbo (3 +— 2)

E36 eZetdloupe Tic nepintdoets mou tpets ovvietol bpol (Fy(z, Q1), Fu(z, Q2), Fe(x, Q3))
ouyyoveboviol oe dbo bpoug (Fo(x, P1), Fs(z, P2)) (Fy, Fu, Fe, Fy, Fs elvay x0ttapa
Maitra olugwva ye tov Ilivaxa 2.2). Enuewdvetor étu 7 neplntwon tpewg dpol va
oUYYWVELTOUY o€ €vay elval TauTOaTUN Ue TN SLadoyLxt| eQapUoY ) ToU xavéva 3 — 2
X0l 0TY) GUVEYELX TOU xavova 2 — 1. Ou TEpLITMOOELS TOU TPOGYEPOUY UY] TETPLUMEVA
aroteléouata, xau elvat Eeymplotéc and Tic NOn avagepleloeg tepintdoelc Tou xavéva

2 +— 1, axolouBoiv:

1. Fp(z,Q1) ® Fy(z,Q2) & Fr(2,Q3) = Fp(x,P1) & Fy(z,P2) = P, = Q7 &
Q3, P = Q5 ® Q3. O xavévag autdc avapépel 6TL Yo vo ouyywveuloly Tpelg
6poL mou €Youy ot ua UETABANTA %V TTURA TOU AVAXOLY GTLG TEELS dLUPOPETLXES
xAdoeg xuTTdpwY, Ba meénel ou dpol Q1, Q3 xau Q2, Q3 va cuyywvebovTal oe
€Vl OUUPWVAL UE TOV Xavova 2 — 1.

2. Fp’(xa Ql@Q2)®FT/(x7 Q3) = Fp(xa Pl)@Fq(ZL’, PQ) = P = QT@QQ@Q& Py =
Q3. O xavévag autdg avagegel TL YLa Vo auyynveuloly Tpelg 6pot Tou €youy
o€ [ LETABANTH x0TTopa ToU avixouy ot 8U0 SLapopeTinéc xAAoELS XUTTApWY,
Oa mpéner ou Tpewg bpol 1, Q2, Q3 Vo cuyywveutovy oe €vav egapuélovtag
avadpouxd (éyovtag mhéov o peTaPANT Ay6tepy) Toug xavéveg 3 — 2 %ol
21

HMapddetypa 46 Eotw n Aoy ovvdetnon: f = [1011101010111010]. Ioyver:
w(f) = 2. M ESCT éxppaon auvtiic tne ouvdptnone elvar (oe avanapdotaoy
cell): (234456) @ (234315) @ (236345). H mo onuavtoa uetafAnty xar otove tpelc
bpouc Eyet xUttapo tnc (dtac xAdon (xUttapa 5 xat 6). Katd ouvéneia epapudlovue
to Afuua 2 xau 5 éxppaocn yivetar: (224456) @ (234315) @ (236345) =(((23445) @
(23431) & (23634))6) =. Xpnowornoidvrac touc xavévee 2 — 1 mapatneoiue ot
toydet: (23445)@(22431) = (23466) xar (23431)@(23634) = (23334). Katd ovvéneta
UTOPOUME va ypnowonotjoouue Tov xavéva 3 w— 2, mepintwon 1. Ioyder Aotmdy:
(234456) @ (234315) @ (236345) =(234666) B (233346).

4.6.3 Téooepls 6poL ot Ttpels (4 +— 3)

Ed6 eZetdloupe Tic meptntdoelc mou téoaepls aivleTol dpol

(Fy(z,Q1), Fy(z,Q2), Fe(z,Q3), Fr(z,Q4)) ouyywvedovtal oe Tpels poug

(Fo(z, Pr), Fs(z, P2), Fy(z, P3)) (Fy, Fy, Fe, Fy, Fy, Fs, Fy elvaw x0ttopa Maitra oly-
pwva pe tov Hivaxa 2.2). Tnuetdvetor 6T 1) Teplntnon T€006epls 6poL Vo GUYYOVEUTOUY
oe évav elval Tautéonun Ue TN Swdoyxn epapuoyh Tou xavéva 4 — 3, 3 +— 2 xou
071 CUVEYELX TOU Xavova 2 — 1. Ou TepnT®OES ToU TEOGHEPOLY U] TETPLUUEVY
anotehéouata xat elvat Eeywplotég and Tig Ko avagepbeloeg nepntdoeig Tou xavéva
2 1 xat 3 — 2 axohovfoiv:
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1.

Mapddetypa 47 ‘Eotw n Aoy ouvdptnon: f = [ef f £100010001011ef f fefef10001010].

Fp(z,Q1 © Q2) © Fr(2,Q3 @ Q1) = Fy(x,P1) © Fy(z, P20 P3) = P =
QTP Q2D Q3D Qu, Po® Pz = Q5D Q4. O xavévag autds uag anoxahinTel
6T 6Tay oL téooeplg Gpol £xouv avd d%o xUttapa Maitra tng g xAdong,
6t YL va ouyywveuloly oe Tpelc Gpoug mpémel oL Gpol (1, Q2, (3, Q4 va
ouyywvevovtal oe évav (Swdoyxh egoupuoyh Tov xavévey 4 — 3, 3 — 2,
21— 1), éyovtag 6ume pio ueTaANTH Avydtepn.

. Fp’(xan @QQ) EBFT"(£7Q3®Q4) = Fp(wapl) @Fq(map2> @FT(II},Pg) =

PioP=Q10Q2, P3O P = Q3D Q4. IHoapallayn tou mponyoluevou xavéva,
QUTOS 0 XAVOVAS LIS ATOXAAUTTEL OTL AV OL TEGOEPLS 6pOoL €Youy avd dbo xUTTapa
Maitra tng (Swag xhdong, t6te Yo va cuyywveuolv oe Tpelg dpoug TpéneL oL
ESCT exgpdoeic Q1 @ Q2 xar Q3 D Q4 va unopoly vo UETACYNUATLOTOVY GE
dhhec mou fa €youy évay dlo olvleto bpo (tic exppdoeic Py @ Py xaw Py & Py
avtiotoya). H mopandve uetatpony| umopel vo yivel ypnowsomoidviag toug
woUvoveg 2 — 2,

. Fp’(wan @QQ EBQ?)) EBFT’(manl) = Fp(x7pl EBPQ) @Fq($7p3) = Pl 7

Py = Q] ®Q2® Q3 Qs,P3 = Q). O xovdvog autdg poag amoxahinTe
6TL av oL TRELS 6poL €Youy XUTTORA, OE Ul METUPANTY, TN (Blag xAdong xat o
tehevutatog €yet, oty Bla petafinty, xitTapo SwapopeTinc xhdorng, TOTE Yo va
oYY ®VELDOVY € TEelg TpETEL oL bpol 1, (2, @3, Q4 va auyywvebovial oe dVo,
€yovtog mhéov wa UETABANTH Aiybtepn o oyéor ue TNV apy x| TeplnTworn TV
bpwv Fy(z,Q1), Fp(z,Q2), Fy(x,Q3), Frr(x,Q4). H nopandve ocuyydveuor
unopel va mpayuatonoinfel ue tn Pforlela Twv xavévwy 4 — 3 xon 3 — 2.

CFy(z,Q1) © Fy(z,Q2) ® Fru(z,Q3 ® Q1) = Fyp(x,P1) ® Fy(z, P> ® P3) =

P=Qi0Q3®Q4, P& P3 = Q50 Q3D Q4. O xavévog autdg LoC ATOXAAITTEL
6Tl 6tay oe P UETABANTY umdpyouy xUTTURN XaL aRd TS TEELS JLAPOPETLXES
xAdoeig, Tote TEénel ol Gpol Y1, (Y3, Q1 Vo ouyywvelovTal G £vay xoL oL Hpol
Q2,Q3, Q1 va cuyywvevovior oe d0o. O ouyymveloels auTéc UROpoUY va
yivouv ue ) Borfelo TV xavévey 3 — 2 xou 2 — 1.

CFy(x,Q1 @ Q2) © Fy(x,Q3) © Fr(z,Q4) = Fy(z,P1) © Fy(x, P, © P3) =

Pr=Q] Q2P Q4,Po®P3 = Q5D Qs. O %xavévoag autodg Yag anoxaAURTEL
6T Otay oe e UeTaBANTYH umdpyouy ®UTTUpR XaL AR6 TG TEELS OLAPOPETLXEG
x\doelg, tote TpEREL oL Teelg bpor Q1, 2, s va cuyywvedovtal ot évay. Autd
unopel va mpayuatonoiniel yenolLonoldVTAS TOUS XAVOVES 3 — 2 xoL 2 +— 1.

. Fp’(man @QQ) @Fq’(waQS) @FT’(x7Q4) = Fp(l',Pl @PQ) 69}(_7(](*%7})3) =

P =Qs®Q4, P ®P3 = Q1@ Q2 Q). Avtiotoyog ye Tov Tponyoluevo
xovova. EB® npénel va ouyywveldovtal ol dpol @1, 2, Q4 oe 8o xor ou bpot
@3, Q4 o€ Evav.

. Fp/(l‘,Ql)@Fq/(ZL‘,Qg)@FTI(ZII,Qg@Q4):Fp(l‘,Pl)@Fq(fl‘,Pg)@FT(l‘,P?))

=P oPB=Qi0Q3®Q4,P,® P =05 Q3P Qs. O xavévac autdc pog
ATOXAAOTTEL OTL OTAY GE Lo UETAPANTYH UTdpy oLy TEELS dLapopeTixés xhdoeLg
and xbttopa Maitra, t6te Yy va undpel oLYYGOVEUGT) TEEREL OL TEELS GPOL
Q1,Q3, Q4 xon oL Teel 6pot (2, Q3, Q4 va evédvovTal o dV0 YpNoLULOTOLBVTIC
TOuC xovévee 3 +— 2.

Ioyvei: w(f) = 3. Mia ESCT éxppacn avutic tnc ouvdptnone elvat (o€ avanapdotaoy
cell): (2344466) & (2346356) & (2333364) @ (1161344). Ilapatnoodue éti otnv mo
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onuavtixy uetafAnti tnc naparndve ESCT éxgpaons vndpyouy xittapa Maitra and
8Uo Stagopetixnéc xAdoeic udvo (and dvo dpor oe xdfe xAdon). Apa ot oyetixéc
repintdoels Tov xavova 4w 3 eivar or 1 xar 2. Iapatnoodue duws ot toyUel
(xenowonotdvrac toug enduevous xavives 2 — 2): (2344466)$(2346356) = (234456)P
(234315) xar (2333364) @ (1161344) = (234315) @ (236313). Apradh o rapandve
ESCT exppdoeic unopoly va uetaoynuatiotoly o dAAec mou €youy évay oUvleto
dpo (8o ((234315)). Katd ovvéneia Ba yonowwonoujoovue tyy nepintwon 2 xat étou
éyovue uta ESCT éxgpaon ue 3 dpoue, tnv: (23344566) @ (2343153) @ (2363134).

4.6.4 Ado 6pol o 8o (2 — 2)

Yy evotnta auth e€etdlovTtal oL TpoToL Ue TOUS 0ToloUg UTOROUUE Vo UETACY U T(-
oouye dvo alvletouc bpouc Fy(x, Q1), Fiy(z, Q2) ot 8o xawvolpyloue Fy(z, Pr), Fs(x, P2)
ot onolot Oa anewxovilovv v Bl ouvdptnon (Fy, Fy, Fo, Fs elvor x0ttapa Maitra
obugova ue tov Mivaxa 2.2). Ot teplttdoelc TOU TPOGPEROUY UN TETPLUUEVOL ATOTE-
Aouoata axohoufoly:

1. Fp/(a:,Ql) ) Fq/(w,Qz) = Fp(x,Pl) (&) Fq($,P2> = P = QT,PQ = Q; ETT]V
Teplntworn auth oL apyLxol xau oL xowvolpyiol 6pot elval cuyyevels. O xavévog
autég Umopel va egapuoctel o onoladrnote nepinTwon.

2. Fp/(:L',Ql) D Fr/(l‘,QQ) = Fp(l‘,P1> D Fq(:z,Pz) = P = QT S Qo, Po = Q;
Yy neplntwon auth to xttapo Fy petaoynuotiletol oe Frr. T va uropel va
eQaEUOCTEL 0 XaVOVIG auTHS TEETEL oL bpoL (U1, (2 va cuyywvedovTal oe €vay
OUUPOYA UE TOUG xavOveg 2 — 1.

IMapdderypa 48 Eotw n loywes ouvdptnon: f = [10001010]. Ioyvet: w(f) = 2.
Mia ESCT éxgpaocy avtic tyc ouvdptnone elvat (e avanapdotaoy cell): (23445) @
(23431). 'Eotw du Oédovue va Beotue av umopel va uetaoynuatiotel oe dAAp
ESCT éxgppaon ue 6vo odvbetous dpovs. Ilapatneolue 6Tt otV Mo OQUAVTIXT TOUS
uetafAnty ot dvo dpot Exovy xittapa Maitra Stagopetixic xAdone. EmimAéoy toyler:
(2344) @ (2343) = (2346). Apa uropodue va epapudoovue onotadirote and tic Svo
nepITTAOOELS TOU Xxavova 2 +— 2. 'Eotw ot epapudlovue tn Sebtepn. Mia dAin ESCT
éxppaon tne (Biac ouvdptnone elvar, Aowndy: (23444) @ (23463) (avuixataotioaue
tov (2343) ue tov (2346)). Mia axdua eivar: (23466) @ (23434) (avuxaraorioaue
tov (2344) ue tov (2346)).

4.7 Evpiotixég Mebodohoyieg

Ta Bewpuata mou avarthyfnxayv 610 cuYXEXEWEVO Xe@dhato aoyoholbvial Ue TO
TpoPAnua tng elpeonc ehaylotwy ESCT exgpdocwy yia mhipws opltouéves Aoyuxég
ouvapthoelg povaduig e€68ou. Ta Bewphuata autd eyyudvtal to BéhtioTo Tng
TopayOueVNS Aomg. Lt SlatplBr auth, Suws, aoyoAnifxoue xaL ue dAAS oNUaVTIXS
mpoPifuata tng ESCT ehayiotonoinong énwe tny avadidtalyn twy UeTaBAntdy eo630u
utag hoyric ouvdptnong ue oxond tny ebpeon uxpdtepou ESCT Bdpoug yia authy 1
v ebpear xah@dv ESCT exgpdoeny yia ateAdg oplouéveg hoyixég ouvapthoelg. Ou
uefodoloyieg mou axoloubolv aoyololvtal Ue o Tapandve {nthuato ahhd dev elvat
axpBelc dnhadnh dev eyyudvtal to BErtioto Tng mopayouevne Abong. T to Adyo
aUTO XAAOVVTOL EUPLOTLXEC.
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4.7.1 Avodidtaly uetafANToOV eLoddou

M Aoyt ouvdptnon n uetafAntdy unopel va exgpactel ye mapamdve and évay
tpénouc (exgpdoeic FPRM, ESOP, ESCT, avarapdotaon MT xth). Apxetéc and
AUTEC TS EXQpdOELS eE0PTHVTOL Ad TOV TPOTO UE TOV 0Ttolo Ba emheyolv oL UeTAPANTES
£L6630u NS ouVAETNoNG, dNAadh and tn didtadn " oNuavTKOTNTAC” TOY UETAPANTOY.
Yuyxexpwéva 1660 1 avoanapdotacny MT (xatd cuvérnewa xar to dévtpo-yevvritpla)
660 xou oL exgpdoelg ESCT eauptdvtor onuavtixd and ) didtaln towv UetaSAntody
elo6dou nov Oa emheyel, ue dueor ouvénewr 1o ESCT Bdpog uag Aoyixric ouvdptnong
vor yetofdAleton avdhoya pe 1 Sudtadn Twv LETABANTOY elgddou nou emhéyetal. Na
onueLdooue 6Tl autd dev Loyvel Yo Tig exgpdoeic ESOP 6nou o autés to ESOP
Bdpog elvar aveldptnto Tng didtadng Twv UeToPAnTdY eLa630u.

Elvar howndv onuaviixd, 6tav Oéhovue va PeAtidoovue Ta anotehéouatd TNng
ESCT ehayiotonolnong ylog Aoyixng ouvdptnong, vo eTAEYouUe xoL Utat Xohr SLétadn
otc Uetafintéc eLoédou tng ouvdptnore (Variable Reordering).

Y1 ouyxexpuuévy Saxtopuxy Swtelr uekethnxe To npdBinua tng evpeong g
Béhtiotng ddtalng Twv UETABANTOY ELG6d0U Utag hoyYxng ouvdptnong, Tng eVpeoTS
dnhad? exelvng g Sudtadng mou uag Stvel 1o xaAiTEpo dUVATO ATOTEAECUN WS TEOG
o ESCT Bdpoc.

H npotewduevn pebodoroyia elvor euprotind xou otnptletar oto Ildpioua 6. Xto
TépLouo autd Qalvetal 6Tl N Umapdn wag otabepric utocuvdptnong f; dev auédvel to
Bépoc tne ouvdptnomne oe oyéon ue autéd piag un otabepfic uroouvdptnohc e (f;).
Katd ouvérewa, mepuévouue 6tL o U hoyixr ouvdptnor, 660 neplocdtepeg elvar oL
otabepéc UTOGUVAPTAGELS UECA GTO BEVTRO-YEVVHTELE TS %ol UdALoTA 660 Lo LYMAL
(mo xovtd oty pila) Beloxovtal autée, 160 updtepo Ba elvar to Bdpog trne.

H rapandve ewxaota 0o gavel xalltepa ota endueva nopadelyuata.

Hopdderypa 49 Eotw uia Aoy ovvdetnon uovadixijc elédov xar 4 uetafAntdy

etoddov: f(x1, e, w3, 14) = [1234] = £1022324D 21828324 PDx1Z203T40plusT1 22354 D
Tiwowsiy. H avanapdotaon MT [1234] npoxirter dtay fewprioovue ot n mo onua-

viuxy uetafAnti elvar n x4, n auéows Atydtepo onuavtixy n x3, xat ot o Atydtepo

ONUAVTIXES 0L T, X1 UE ALYOTEPO onuavTix) Ty TeAeutaia. Av otny napandve ocipd

Tonpuavtixétnrac” avialidéovue tic uetaBAntéc x4 xat x1 téTe ) avanapdotaon MT

yiverar [0178]. Ta 8évtpa-yevvijtptec yia tic 8o napandve diatdéeic uetafAntdy tne

(dtag ovvdpTnons napovotdloviar oty Eixéva 4.5.

[1234]
11 2 [3] B8] 4] [7] [2] [6] [4]

[0178]

NN AN
(w w e 0o e

Ewéva 4.3: Aévtpa-yevvitplec v tic dtatdelg petafintady [1234] xon [0178].

Hapatnpodue 6t n mpdry didtaln uetafintdy [1234] Sev éyer otalbepéc vnoou-
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vaptiioeic uéypt tic 2 uetafintéc (otpy edayiotonoinon ESCT yia ouvaptijoeic
uovadixiic eE6dov orauatdue ndvra otic 2 uetafintéc) evd n dAAn dudtaln Eyet dvo
otabepéc unoouvaptijoeic oto eninedo twv 2 uetafintdy. To yeyovic avtd arrdle
T0 fdpoc ¢ ouvdptnone avdueoa otic SUo StagopeTixnés dtatdieic uetafAntdy. H
mpdty éxet Pdpoc 3 (eAdyiotny ESCT éxppaon: (2433) @ (6246) @ (1364)) evé p
SeUtepn éyet Pdpoc 2 (eAdyioty ESCT éxppaon: (2334) @ (1453)).

Hopdderypa 50 Eotw uia Aoyixi] ovvdetnon uovadixic eéédou xar 5 uetafAntdy
coddov. EmAéyovrac uia Sidtaln uetafintdy, n avarapdotacny MT eivar: f =
[87ff7800]. EmiAéyovrac Siapopetixyi didraln uerafintdv n avanapdoracy MT
elvar: f = [963cccec]. Ta Sévrpa-yevvijtplec mov avtiotolyoly oTic SLapopeTinéc
Siatdberc yetafAntdy paivovrar oty Euxéva 4.4.

[87FF7800]

[87FF] [7800] @
PN RN

871 [FFl [78 [78] [0o] [78
(8] [7][F] [71[8][F] [7] [8][F] [718][F]
[963CCCCC]
[963C] [cceq) [5AF0]
[96]/[?I’\CI[AA] }]30\]/[%0] [5m [AA]
[9]/[l]\ [4](}':] Aﬁk] [ClIClo1[CI(C] [O] [5][A][F] [F][O/]E] [AI[A][0]

Ewdéva 4.4:  Aévtpo-yevvhtples vl tic Satdlelc upetofhntdyv [87f f7800] ol
[963ccecc].

Hapatneobue 6t n medty dudtaly uetafintdy Eyel uia otalbepr) vroouvdptnon
1 oto mpdto erinedo anoovvleonc. IHepiuévovue Aoindy n mpdty Sidtaln va €ye
uxedtepo ESCT Bdpoc. Hpdyuat: to Bdpoc yia v mpdty Sudtaly uetafintdy
elvar 1 (eAdyroty ESCT éxgppaon: (14545)) evdd yia vy Seltepn eivar 3 (eAdytoty
ESCT éxppaon: (16634) @ (15566) & (16563)).

H pebodoloyia mou avartilaye yia v emhoy xaific didtalng uetafintdy (dote
va divel xahé ESCT Bdpog), dedouévng wag hoyuic ouvdptnong, elvan va eléyyeton
x80e mhavr Sudtadn tov yetafAntdy tne. T xdbe tétola didtaln dnuLovpyeitol To
dévTpo-yevvrtela xat ue Bdon tov aptbud xat v Béon twv otabepdy unocuvapThHoEDY
e mopdyetar 1o xépdog (GAIN). 'Oco udmhétepo 10 %€pdoc, 1600 no uxpd Bdpog
elvar mbavéd va €yel 1 ouyxexpuévy Sudtaln uetafintedv. Mdlwota 1 mapandve
uebodoroyia Behtidlnxe npolnoloyilovtag Ta mpayUatixd Bden YL GUVAPTAGELS TOU
€youv 10 ToAU Téooeplg UeTAPBANTES elobddou. To wépdog yia autée elvan peyadiTtepo
660 uxpdtepo o Bdpoc. 'Etol 1 Swadicasio tng arocivieong unopel va otauatd oto
eninedo TV 4 ueTaBANTOV eL6680U GOTE Vo EYOouUE axOua TLo axpl3T| anoTEAEoUATA.

4.7.2 ESCT Elaylotonoinom atehds 0ptoUEV®Y AOYIX®DY CUVARTHOEW Y

'Onwe avagéplnxe xal otny avilotolyn evotnta yia TLg exgedoelc ESOP, oe nolkéc
TPAYUATIHEG TEPLRTOOELS AOYIXGY XUXABUATWY, OL GUVIPTHGELS TOU TA TEPLYPAPOLY
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dev opllovtal yia xdmotoug cuVdLacUoUc ToVv eleddwy tous. Ou eloodol autol dev
UTOPOUY VO EUQAVLGTOUY 0TLS TpayUatixés ouvlrxeg Aettoupylag Tou hoywol xu-
HADUATOC.

Yty Evétnra 3.2 meprypdgnxe uebodoloyia yua tnyv evprotery ESOP elayioto-
Tolnon aTEAOS oploEvey hoyxdy cuvapThoewy. H pebodoroyia auth enextetvetan
oty evétnTa auth) Gote va eviorilovion oyedov erdytotec ESCT exgpdoeic yia
ATEADC OPLOUEVES AOYIXES GUVIPTHOELS.

Or Baouxée SLapopéc xaL To XUPLOTERA YARAXTNELOTIXY TS TRPOTELVOUEYTS Uebodo-
hovlag, o oyéon ue authy g evétnrag 3.2, ouvodilovtal oTa ToRAXTE:

e 310 01480 ng anocivlieong 6Tayv pia utocuvdpetnon elvor atabepr 0 ahAd xat
1 té61e 1 anoovvleor oTayaTd.

e Y10 0tdd0 TNg anocvvlieorg 6TAY Ul UTOGUYARTNOT), 6T0 JEVIPO YEVVATOL,
€yeL ehaylotédpouc mou avixouy oto off set xon 6to de set xau xabdhou ehayL-
0T6POUC TOU VAL AViX0LY 6TO on set T6Te oL ehaylotdpoL Tou de set uetapépovtal
oo off set xon 1 utocuvdptnon auth Dewpeltar otabepr xoL lon ue t0 0. 'OTav 7
UTOGLYAETN O €Yl EAAYLOTORPOUS TOU aviXouY UbVo 6To on set xat oTo de set,
T6TE oL eEAayLoTopoL Tou de set uetaépovTal 6To on set XAl 1) UTOGUVAETNOT)
Bewpeltar otabep) xau lon pue 1. 'Onwg xou oty nepintwon e ESOP ehayi-
otonolnong, 1 napadoyn auty anhonolel onuavtixd TN Sladixascio.

e O avtiotpogéc exgpdocnwy Tou arattovvial ot oyéor ue v ESOP nepintwon
TEAYUATOTOLOUVTAL AVTLOTREPOVTAS €Vay UOVo oUvbeTo 6po.

o Ye xdfe 0Tddlo g ovvleong N mapayduevy €xppact TEénel va ehéyyeTaL OTL
enadnfeder 11 ouvdpTnon OnKS axpeBKg xal oty teplntwon tng ESOP elayt-
oTomolnorng.

e Y10 otddlo ng oUVleong, oe xdbe x6uUPBo Tou dévtpou yevvhTeld, avahoYd UE
10 m6oEC and TIC uTocuvapTRoels elval otafepéc xau (oeg pe 0 7 1 €yovue Tic
TOEAXATE TEPLTTMOELS:

— Av xoud vnoouvdptnon dev elvar Undév ¥ éva, T6TE oL EXPEACELS YId TT|
ouvdpTnon mapdyovtal and Tta avartiyuata Shannon, Davio xou exelva
ToU OeENUATOS 3 CUYYWVEVOVTAS TOUS XOLVOUS XdL Toug avtibetoug bpoug
(Oedpnua 5). Ovexppdoeig mou dwatnpolvtal elvol aUTES UE TO ULXPOTEROD
aptiud Gpwv xar exetveg mou enaknbedouy 0 cuvdptnon.

— Av pla axpBde vroouvdptnon elvar otabepr| (0 h 1) t61e oL exgpdoeig
Yo TN oLVEETNHOY TapdyovTor and Toug TopaxdTe TUToUS (TpoToTOLNUE VY
avanTdyuata):

* v fo =0 té1e:

- f=r
- f=afo
: f:fl@jan

cf= (@0t f2) & (2 & f1)
'f:(xn+?2)®?1
- [=Tnfr® (0 © fy)
* Edv f1 =0 to7e:
- [ =Tnfo
[ =Tnf2
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- f=lv®zafe
'f:xnf2@(xn@f0)
'f:(fn+?2)®?0

[ =@+ f2) ® (40 © fo)

* Edv fo = 0 téte:
- f=fo
“f=h

=T fo® anf1
'f:(xn'i‘f[))@l’n?l
= (0 + fo) © (Tn + f1)
'fzfnfo@(fn‘i'fl)

* By fo =1 t6te:

f:fn"”fl
'f:fn"f'fZ
- f=zf2® f1

' fZ(IEn-Fiz)@(jﬁn@fl)
: f:(wn'i‘fQ)@fl

: f:fn?2@<xn @Tl)
* BEav f1 =1 tére:

=zt fo

) f:$n+?2

- f=zaf2® fo

S f= xn?2@ (zn @ fo)
- f= (T +?2) EB?O
=@+ f2) & (20 @ fo)
* By fo =1 t61e:
- f =1zn @ fo, f:xn@fl
[ =TnfoDanh
- f = (za + fo) @ fy
- f = (20 + fo) ® (@n + 1)
- f anfo@ (Tn + f1)
Ov exgpdoei mou dwatnpolvtal elval autég Ue To Uxpdtepo apliud dpwyv
xoL exelveg mou enadnfedouy tn cuvdptnon.

— Av 3%0 axptc urtocuvapThoels elval UNdEy 1) €va TOTE oL EXPEACELS YL
™) ouLVdpTnon Tapdyovial and Toug TapuxdTw TUTouS (Tpomomouuéva o-
VORTOY AT )

x* Edv fo=0, fo=016te: f=f1, f=z,f1-

Eav f1 =0, fo =0 téte: f = fo, f =Znfo.

Eév fo=1, fa=116te: f=Tn+ f1, f =20 ® f1.

x* Bav f1 =1, fo=116te: f=2,+ fo, f =2, D fo.

Eav fo=0, fo=116t: f=a,f1, f =2, D f1.

Edv fo=1, fo=0r16te: f=Z,+ f1, [ = f1.

Edv f1 =0, fo=116te: f =Tnfo, f =xn D fo.

* Eav f1 =1, fo =016t f =2, + fo, [ = fo.

*
*

*

* ¥

~
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Ov exgppdoeic mou dwatnpolvtal elval autég Ue To Uxpdtepo apliud dpwv
xoL exelveg mou enadnfedouy tn cuvdptnon.
— Ye replnTworn mou ula uroouvdptnor etval otabepr) 0 xon diAn ulo elvat

otabept| 1 t61e €yovue Tic axdhovlec nepintdHoeis:

x* BEav fo =0, fi =1, fo =0 1t6te: f =z,

x* Eav fo =0, fi=1, fo=1161e: f =x,.

* Edv fozl, f1:0, fQZOTé‘CE

* By fo=1, f1 =0, fo =1 t61¢
Ov exgpdioeic mou Sratnpolvtal elval autés ue To Uxpdtepo aplbud dpwyv
xau exelveg Tou enaknfedouy T ouVaETNHOT.

8 8l

f=
f=

-
n-

H nopoamdve pebodohoyla vhomoteltar and Toug ahyoplfuoug ESCT-DC xar Quick ESCT-

DC rnov napoveidlovtar 6To xe@diolo 6.
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Hivaxag 4.7: Bépn vy tyv tplty pwopel tou Oewpfiuatoc 7 vy w(f) < 7.

| Case [| w(f) [| wly) [ w(z) [ wlg) [| wlfs) [ w(fy)
1 3 | 1 | 1 | 1
i |2 |1 |1

O 0 ~J O U =W N

e e e i i
O U W N~ O
[«

[\] w W
[N} DO —
[\V] — —

O DN =
= O O

PHEEERENEEREY
EN|

w w M~ ot

[\ w [\l —_

[\] — — —

w =
ot oo
OOt W ks O Wk Ol O U W N Wk kW OCR OHW N Wk W kNN W

W N Wk Wk =N WWRNNWER RN WERDNWWRFRDNDNDN WWRFNDNN NN

w
(=]
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Kegpdiawo 5

Yuvapthoels Iloaov EC6dmy

Computer Science is no more about
computers than astronomy s about telescopes.
Author: Edsger W. Dijkstra

TPAYUATIXES EQUPUOYES OUMS, TOAD GUYVE ATAVTOVIAL GUVAETAGELS TOAAGDY

e€68wv. Autd onuaivel 6Tl Eva Aoyid xUXALUA, €YovTag N eloédoug, unopet
va €yel xou mopandve and ula e€6doug (Yevwd m) ou onoles e€aptdvran and Tig
nopandve uetaPintéc ewoddov. Kdbe tétowa €€odog mepiypdpeton and uia Aoyud
ouvdpTnom wovadixrc e£630u, eV 0AOXANE0 TO XUXAGUN TERLYRAQETOL And Uta AoYLXY
ouvdpTnon ToMGY (m) eZ6dwv.

To mpéPinua g elayrotonoinong (1660 TV exppdocwyv ESOP 660 xau twv
exppdoeny ESCT) uwag hoyuehic ouvdptnons nohhédy e€6dwv (multi-output Boolean
Function) elval ehagpd Slapopetind oe oyéorn Ue T0 TpdPAnua tne eayLtoTonolnong
uag Aoyixfic ouvdptnone pwovaduic e€6dou (single-output Boolean Function).

M hoyuxt| ouvdptnon tolhdy e€63wy unopel va Bewpnblel wg éva 6ivoho hoyudy
ouvapThcewy povadxrc e€68ou. M ehdytotn éxgpaon (ESOP 4 ESCT) yiag hoyuic
ouYAETNONS TOAMGY eEO3WY TEENEL Vo TepLEYel ToV eAdyloto duvatd aplbud Gpwv
houfdvovtag unddny dheg Tig e€680ug Tautoypova. Autd onualvel 6TL avduesa GTLS
expdoels TV E63wY TG oUVEPTNOTS Utopoly va potpdlovtar 6pol (Vo yenouuo-
mowlvton and xowvol). Autd, npogavée, Sev unovoel xat’ avdyxn 6tu Y eAdyLoTn
éxgpaor (ESOP % ESCT) wag Aoyixfic ouvdptnong toléy e£6dwy napdyetor and
T eAdyroteg exgpdoec (ESOP % ESCT) tne xébe e€6dou Zeywpiotd. To yeyovic
autd Ba gavel xahiTepa 6T0 ETOUEVO TTURAdELYUA.

Zw TEONYOVUEVA XEQPIAoLA UEAETAONX Y cuvapThoels wovadixhc e€6dou. e

Hopdderypa 51 ‘Eotw uta Aoyt ouvdptnon [ 5 etoddwy, 3 eéédwy:
fO = z1wox3mans ® 122037475
F=U%rN 2 =1 fl=nwaws
J? = (@1 + @2 + @3 + d4 + T5) B 1102
Ot ESCT exgpdoeic twv mapandve e6dwy eivar eAdytotes yia xdbe élodo Ee-
xwetotd. Enouévoc n nodty ééodoc éyer ESCT Bdpoc 2, n dedtepn 1 xar n toity 2.
Yuvodixd Aowndy Ha unopovoaue va urobféoovue 6t To Bdpoc Tnc ouvdpTnon ToLdY
elédwy [ elvar 5. Xtpyv mpayuatidtyta ouws elvar 4. Avté ovufaiver Sidtt ot
rapandve ééodot Umopoldy va yoapToly GTwe TapaxdTe:
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fO = w1xox3wams © T1T20384Ts
F=0FN ) = Fh = nwarseaws © v120038405 © T1227375
f? = (a1 + T2 + T3 + T4 + T5) D T122
Hapatnpovue 6t otic xawvolpyiec ESCT exgpdocisc twy eéddwy tn¢ [ undpyouy
xowol dpot. O dpot autol uropoly va uolpaotoly avdueoa otic ££6dou¢ dote
0 owoAixde apifucc dpwv mou Ba amaitnbolv yia tnv vAomoinon tne f va elvau
axoua utxpotepos. Ioayuatixd o 6poc T1x2x3x4T4 UoledlETAl AVAUECH XAL OTIC
3 eéddouc omdte Ha ypnoworoinbel uovo uia popd evd xar 6 Gpo¢ T1X2X3T4Ts
uotpdletar avdueoa otny medtn xat 1R Sevtepn €fodo. H mibavy viomoinon tnc
[ oe xutrapixr Sour Maitra otyv medty (dtav ypnowonoijoovue tic eddyiotes
exppdoeis v eE6dwy) xat Ty Seltepn mepintwon (drav uotpdloviar dpot) paivera
otny Eucéva 5.1.

To ocuvurnépacua mou Byaiver and v enduevy avdiuor elvar 6ty ig ESOP
exppdoels dapopeTinég €€odol unopoly va polpdlovtal (Sloug bpoug avduecoa oe
ESOP exgpdoeic toug. T ESCT exgpdoeig duwg unopobyv va popdloviol xat
avtietpogoug dpouc.

OB

3
~++ 3
faR)
L/
AR

- 1 > %’@”’@‘{9 >

> O [P D>

0 Mepimrwan mou Sev poipaZovtar opol f2 0 hil'p/\'mwcrn'rrou poipaovTal opol 2

avapeoa aTig e§0doug avapeoa ong efodoug
Ewéva  5.1: Yionolnon Muvdptnong moAGV €63V pe  xou yowelg

EMAVALY PTOLULOTOINGY XOLVEY GROV.

5.1 ®opuaAiopds YL TNY EAAYLGTOTOINGCY) CUVAPTACERY TOANGDY

eCOOWY

Ou pefodoroyieg ehayiotonolnone cuVIPTHGEWY TOAGOY e€68wV Tou avanTdyOnxay
ota mhalolor TG ouyxexpuuévne dbaxtopxric StateBhc otneilovtal oty WEa g
"yapaxtnplotixfic” ouvdptnone (characteristic function). H apywed uwag ouvdptnon
(oo f:{0,1}" — {0,1}") nohkév e€6dwv uetaoynuatiletor 6T yapaxTnEleTiXA
e (éotw g) mou elvar pio xouvolpywa ouvdptnon n' > n uetaPAnTdy eLo6dou Mo
uovaduhc e€6dou. Xtn cuvéyeia ehayrtotonotobue Ty g. And g ehdyLoteg () oyeddy
ehdytotec) ESOP/ESCT exgpdocic e yopaxtnetotixic ouvdptnong Uropolue va
dnuoupyfioovue Tig ehdytotes (1 oyedov erdytoteg) ESOP/ESCT exgpdoeic e f.

Y1n ouvéyela tpotelvouue dU0 SlapopeTixég TpooeY YIoELS OL OTOlES Y ENOLULOTOLOVY
OLapopeTXES YapaxTNELoTIXéS ouvapThoels. Kau ol 800 0dnyolv otnv xataoxeut
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eNdytotwv (1 oxeddv ehdyiotwv) ESOP/ESCT exgpdoewv. O npoceyyloeic autée
TEPLY pApOuY:

1. Tov tpémo xataoxevc TG YALAATNELOTIXAC oLVAETNONS ard T cuvdpeTnoT
£L66d0U TOAAY €€6dwV.

2. Tov xoatdhinho alydplbuo ehayiotonolnorg.

3. Tov 1610 xATAGKEVNS TWV AIGEDY TNG APYXNS oUVARTNOTNS TOAGY eEO3KY
and Tig AIGELG TNG YARAATNELOTLXTGC.

4. Ty xatdAANAT ®UTTAELXT ARYLTEXTOVIXY) YLO TNV ATELXOVIOT TV AIGELY TNS
XAPAXTNELOTIXNS GUVAETNONG (BOTE VO UTOROUUE VA TURAYOUUE AUTOUATA TLG
Aboelg NG apyhc aUVAETNOTNS TOAGDY €E63LV.

Enuetdvetal 6TL oL endueves TpoaeYYloelS Loyvouy 1660 Yo expedoeic ESOP éco
xou v exgedoeg ESCT. Yuyxexpwéva v tig exgpdoeg ESOP yenowonowoiyue
xuploe ) dettepn mpooéyyion agol éyel anodelybel [Lte06, Sas99] 6t napdyet eAd-
xtotec MVESOP exgpdoes.

Y10 téhog Tou xe@aAalov auToY TEOTELVOUUE XAl Uia TRLTN SLUQORETIXT TPOGEYYLOT,
070 TEOBANUA TNS EAAYLOTOTONONG GUVAPTAGE®Y TOAAOY e£6dwv. YNy neplntwon
auTh dev YpeNoLUOTOLOUUE TN AOYLXYH TNG YULUXTNELOTXTS OUVAETNONG ahhd TEOoo-
nobolue vo Ppodue xowd tufuata (xowvois 1§ avtioTpopous Gpouc) avauesd oTLS
exPpdoels Ty e€60wV TNg oLVAETNONE TOAGY €E63LV.

5.1.1 1y Ilpocéyyiom

‘BEoto f(z1,...,2,) = {f°, ..., ™1} wa hoyuxs suvdptnon tolhdy e€6dwv (fY, ..., ™t

elvar ot Sapopetixol €ZodoL e f) xaw 1 duadixdy petahntdy eloddov. H yapaxtn-
pLoTe] e ouvdptnon elvan o Aoy ouvdptnon povaduic eZ6dou ue n+ [log(m)]
duadixéc uetafAntéc etobédou mou oplletal wg:

J@s o Ty Y, Ytogmy)) = S0 = 5 (y29)

Ovyetafintéc 21, . .., Ty anoteholy TIC UETOBANTES ELOGDOU TNC apYLXC CUVAETY-
ong TOAGOY €63V f. Ou UeTUBANTES Y1, - - -, Y[iog(m) ATOTENOUY ETLTAEOV UETABANTES
eL6630u oL omoleg pag xabopllouv v €€odo f.

H nopandve cuvdptnon elvar uto oy} hoywer ouvdptnom uovadixnic e£68ou tou
eCoptdtat and duadixés hoyixée uetafAntég eloddou. Kotd cuvémewa unopolue va
YETOLWOTOAGOUUE YL TNV EAayloToTolNoY Tng onotadfinote pebodohoyia napaywytg
ehaylotwv ESCT exgpdocwy nou avantiybnxe ota nponyolueva xepdaw (ny Oek-
U 9).

Ané ¢ ehdyioteg ESCT exgpdoeig g g unopodue mold e0xolo va TapdyouUE
g ehdyroteg ESCT exgpdoeig v tnv xdfe é€odo tng f Oétovtag tig petafhntég
Y1, - -+ Ylog(m)] OTNV aviioTolyn TWwh oUUQeVa UE TOV 0ploUd TNg g

Mapddetypa 52 ‘Eotw uta Aoywr ouvdptnon f(x1, ..., xa) = [1234],[5678], [1£10],
4 eto6dwy, 3 eébdwy (aneixovilovrar ue ty forbfera MT avanapaoctdoswy). H yapa-
xtnetotixlj tne ouvdetnon éyet tyy enduevy MT avanapdotaoy: g(x1, ..., T4, Y1,Y2) =
[00001£1056781234]. Mia ESCT éxpeaon tnc yapaxtnototixic ouvdptnone elvat
(oe avarapdotaoy cell):

g = (113443) @ (253333) @ (266643) ® (134363) & (213663) & (232436) @ (234336).

Ta dUo tedevtala xUtrapa Maitra tn¢ mapandve Adonc avtiotolyoly oTic uetaf-
AnTéc y1,y2 NS yapaxtnototixic ouvdptnone (PAére opioud). Iia va Beolue tnv
Adon yia v medty ééodo
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(f°): fO 91 =0,42=0
Oétovue Tic mapandvew Twéc ota mpoavapeplévta xUttapa Maitra:
(43) = zyoy1 = 20001 =0,

(33)

(43)

(63) =z2y1 =201 =2, (6mov z elvar n apyixyj eioodoc, Snlady to
(63) = 2y

(36)

(63)=zy1=z01=12

anotéleoua tov dpou, uéypt ta Sdo tedeutala cells olugwva ue tov Hivaxa 2.2).
Katd ovvéneta yia va xataoxevdoovue uia ESCT éxppacy yia tnv medty é€odo
(11234]) yenowonowiue ta 4 mpdra xUtrapa Maitra twy 200, 4ou, Sou, 6ov xar Tou
ouvletou dpov. H ESCT éxppacn yia tyv [1234] elvar: (2533) & (1343) @ (2136) &
(2324) @ (2343).

Katd avtiotolyia yropolue va xataoxevdoouUE Ti¢ EXPPAOELS xat TwWY UToAolmwy
eébdwy T apyixc ouvdETHOIS.

H nopandve yapaxtnelotixry cuvdpetnorn unopel va aneixoviotel otny xuttapeixn
apyrtextovin) Tne Eudvag 5.2:

Complex
Terms 0 0 0
(Maitra
Cascad€fs)
>—» Ru P Riz felressemcvucescracsuscenes » Rim
X1
H H H
H H H
H : H
i) H H '
3 : : ;
g : . H
3 : : ;
AR 1 v
?i“ Rn1 P Rn2 seencsescascassnscanccnss ! Rom
n T T T
K1 K2 Km
h 4 h J A J
m R+t B Rn+1)2 pefamemmmcnmcsmcsecnmaanna S| R(n+1)m
1%}
5
g
e} \ 4 Y \
Rn+k1 Pl Rn+k)2 peom===mm=mmcmmc e e - R(n+lom
A
Yk \ \ \
[ L2 —Lm——
- — <
Y
XOR Collector row Y F(x)

Ewdéva 5.2: Kuttapud doud v v anewxdvion g yopaxtnetotixic cuvdetnons (1n
TPOGEYYLOT).

H rapamdve apyitextovind €yel €va uxpd uelovéxtnuo. OE€Toviag XatdAAnAn
Tt 0T UETABANTES Y1, - - -, Yllog(m)] LTOPOUUE VO EYOUUE LOVO Ui E€0B0 o€ xdnol
dedouévn yeovur oTiyun.

Mo va Eemepdoouue TOV TARATAVG: TEELOPLOUS UTOPOUUE VA ENEXTELVOUUE TNV
TopAmdvew apyLttexTovixr o€ authy g Ewdvag 5.3.
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Complex Term 0

(Maitra Term) z

= - R » R - # Rim
X1 . .
» . [
» . v
. . v
» . []
' H v
» . L]
) H 1
H H i
» . L]
H H H
» ’ v
v v v
> » R » R - » R
Xn
J \
5 5 - 5
0
<
0
> Hu Hepb0— — — — — — — Him 5 L1
0 1st
f output
> - Lo,
H H ——F———— —Hm™ 5
0 i 2 /_ ﬂ{ 2nd
output
, T
> Hia 3 — _——_——— Him 5 F—»
o k-th
-~ { output
Complex Terms

Ewéva 5.3: Avaveouévn xuttapixr] Sour Yo TNV aneéwon NG YopaxTnelo s
ouvdptnone (1n npooéyyion).

H xouwvodpya auth apyrtextovixt| Sev tpochétel emmiéov othies. Me tny xalvoie-
Y10 ARYLTEXTOVLXY) UTOROVUE Vo Topdyoule GAeC Tig e€680U¢ NS GUVARTNONS ELo6S0U
TAVTOY POV

I va xaBoptoovpe ta xittapa Maitra H;j tng mapandvey apyltextovixhc apxel
va TopatneRoouue 6Tl Unopolue vo Topdyouue xdmola cuyxexplévn é€odo (é€odoc
J) amhd Bétovtag cuyxexpluévy tyur oTic PeTaPAnté eloddou Y1, ..., Yliog(m)] TS
YopaxtnploTixfic Guvdptnone. Lny teplntwon auth 1 é€odog e othiine L; (Ewéva
5.3) O etvon 0, 1, K, K;. Katd ouvénela éyouue 10ug Tapoxdte: anhole Xavoves:

o Edv n éZodog L; (otnv Ewdva 5.3) elvan {on ue 0 4 1 (dnh otabepy)) téte
TEOYAVKS 1) 6TANY ¢ eV yenoudonoeital v T ouyxexpuuévn éZodo. Katd
ouvvénewr tibetaw: H;; = 6. Edv emniéov L; = 1 161 1 €€0d0g tng Ypouuic
J meénel va avtiotpagel, ondte ahhdlouue Ty apyxy eloodo and 0 oe 1 xou
avtiotpopa.

e Edv 1 é€0doc L; (otny Ewéva 5.3) elvan ton pe K, K; 6te H;j = 5, Gote 1
€20d0¢ TNg oTHANE auThS Vo cUVBLIGTEL pE aUTES TwV UTOAOITKY YL va Tapay Bel
n avtiotolyn é€0d0g TNg apy g Uag cuvdeTNong ToAGY e€6dwy. Edv eminiéov
L; = K; t6te 1 éZ0doc tne Ypopuhc j mpénel va aviiotpagel ondte alhdlouue
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Vv apyxy) eloodo ané 0 oe 1 xou aviiotpoga.

Ané v mponyoluevn avdiuor galvetor 6Tt Stapopetixéc €Zodol umopolv va
uotpdlovton (droug 1 avtiotpogoug oUvletoug Gpoug avdueoa o ESCT exgpdoeig
TOUG.

TMapddetypa 53 ‘Eotw n doyixij ouvdptnon f(x1,...,x4) = {0, 1, f2} = {[12], [34], [23]},

3 etoddwy, 3 €éédwyv. H yapaxtnototixij tne ouvdptnon éyer tyv enduevy MVMT
avanapdotaon: g = [00342312]. Mia eAdyiotn ESCT éxgppaon tne yapaxtnototixiic
ouvdptnone elvar: (12334) @ (11343) & (62236) @ (21563) H éxgpaon yia tnv mpdty
é¢0d0 (f° = [12]) Oa rapaybei Hérovrac (y1,y2) = (0,0) xar eivar: (622) @ (215).
Avtiototya yia 1) deUtepn é8odo (f1 = [34]) éyovue yia (yl,y2) = (0,1) xa
éxppaon: (123) @ (622) evd yia tpv tedevtala é¢odo n éxppaon eivar: (113) @ (215).

H xuttopuai apyttextovixyy Maitra mou Ho anewxoviotel 1 nopandve cuvdetnon
napovoidletol oty Ewédva 5.4.

HwoltHr- |+ |O-

:
:
&

-o>| : |—>| t |—>| 5 |—>| 5 |—>| Z |—[12]>
v v v v v

-o-| 5 |—>| 6 |—>| 5 |—>| 6 |—>| 5 |—[34]’
v v v v v

-o-| 6 |—>| 5 |—>| 6 |—>| 5 |—>| 5 |—[23]>

Ewdéva 5.4: Apyrtextovixd v 0 yapaxtnewotixd ouvdptnon [00342312] (1n
TEOGEYYLOT).

5.1.2 27 Ilpoocéyyiom

‘Boto f(r1,...,2n) = {f°, ..., ™1} wa hoyueh ouvdptnen todhéy e€63wv (f0,..., fm 1

elvar ot éZodoL ¢ ouvdptnong). H yopaxtneiotind tne cuvdptnon g elvor povadixic
e€6dou xau e€aptdtal and n + 1 uetafintéc ewwddou ex twv omolwy N ula elva
moAO-Tiuy.  Ou umdhowneg petaAntég elvar duaduxés xal aroterody Tig UeTaSANTéG
elo6d0u N apywenic ouvdptnone f. H avarapdotacn MVMT tng yopaxtnpliotixic
ouvdpTnong dnuovpyeital cluguwva ue tov Opioud 12 and tig avanapactdoeg MT
v e€63wV TNg ouvdptnong f.

Ity ehaytotonolnoy ylog cuvdptnong 6nwe 1 g urnopel, elxoha, vo exextabel
ormotadinote uebodoroyia napaywyhc ehayiotwv ESCT exgpdocwy nou avantiylnxe
ot nponyolueva xepdlawa (ty Oedpnua 8).H enéxtaon avth npénet va houfdvel
unddn Tne 6TL N anocUvieon Teénel va oot 6To eninedo TG TOAY-TUUNG UETABANTHS
utag xon €éva literal moAd-tiune petaPintric Oewpelton 6Tl €yel mdvta Bdpog 1. Ou
EXPEAGELS TOU TORAYOVTIOL Yol THY YALAXTNELOTIXY GUVAETNOT AmoTEAOVYTOL Ad mv-
terms (Sedouévng tne nohb-tiune petafhntic). T xdbe tétolo mv-term to TuAua Tou
Tou anotehel To 2v-term yenowwonoleital Yl TNV Tapaywyh Twv e€63wv Tng apywic
uag ouvdptnong. H apyuxt| otabepy| eloodog tou xdle 2v-term Siapépel avdhoya ue
10 bit mou avtioTolyel 6T ouyxexplévn é€0d0o oTo mv-var. Me dhha Adyia yia TNy
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Topay oy g xdbe e€6dou yenowwonowodvtar dha o 2v-terms adAd 1 apyLxy Toug
eloodoc dwagpeper. H napandve Siaduxacio o anocagnvietel 610 enduevo napddetyua.

Toapddetypa 54 ‘Eotw n loyixs ouvdptnon f = (z1,...,24) = {f° f1 f?} =
{[12], [34], [23]}, 3 etoddwy, 3 elddwy. H yapaxtneiotixij tnc ouvdptnon éyet tny
enduevy MVMT avanapdotaon: g = [00360251]. Mia eAdyiotn Aoy tre, oe
avarapdotaon cell yia mu-terms, eivar: ({3}436) @ ({6}336) @ ({2}343) & ({6}233).
To mpdto mu-term éyet 2v-term: (436) = yx1d2 (y elvar n apyixij eloodoc tou
ouvletou dpou) xar mu-var 3. 'Etor lowndv o dpoc (436) ba yonoworownbel yia tn
Snuiovpyia Awy twy eE68wy, duwc n apyxl) eloodoc (y) ba elvar, oe xdle nepintwon,
Stagopetixtf. Iia tic e&édouc fO, f1 n apyuxif elocodoc tou maparndve dpou elvar 1
(yeati ta bits 0,1 th¢ muv-var 3 elvar 1). Tia v é50do f? 5 apyuxi eloodoc tou
mapandvew deou elvar 0 (yiati to bit 2 tpc mu-var 3 elvar 0). Epunvelovrac xai ta
uréAotra mu-terms Ue Tov [0lo T0T0 EYOUNE Ta TAEAXATW ATOTEAEOUATA:

o 1Y (436) ue apyuerf eloodo 1, (336) ue apyixif eicodo 0, (343) ue apyixs
eloodo 0, (233) ue apywxif eloodo 0.

o f1:(436) ue apyuxr eloodo 1, (336) e apyuxif eicodo 1, (343) ue apyixs
eloodo 1, (233) ue apywxif eloodo 1.

o f2:(436) ue apyuxii eloodo 0, (336) ue apyixi eloodo 1, (343) ue apyixs
eloodo 0, (233) ue apywxij eloodo 1.

H rapandve yopaxtnpiotixt| anewxoviletal otny apyttextovixt) e Ewévag 5.5.

Constant inputs - Select output

Complex Term + ¢ ¢
N

> - R - Ri2 = -- » Rim
X1
[l : [
Pl 1 H
[ 1 [
! i !
1
1] 1 1]
Maitra Cells ' H H
v 1} v
[ : [
v 1} v
v v v
A
> Rn1 P Rn2 . eese | Rom
xn XOR
Collector

-

o

row
Y T/
______ N
U J g

F)

Y
M
NP
ES

F
[

Ewéva 5.5: Kuttapud doud v v anewxévion g yopaxtnetotixic cuvdetnons (2n
TPOGEYYLOT).

To ueovéxtnua e mapandvew tpocéyyloTg elval 6TL dev UTOPOUUE VO TARdYOLUE
TAUTOY pOVA TaVL amd i €£030 TNG apyhc oUVAETNOTS ELTEB0L.
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5.1.3 3m mpoocéyyLom

H npooéyyion auth dev otreiletal otn Aoyl TnNg YApaxTneloTnhc cuvdptnong.
"Eotw 300 éZodoL fi, fj ¢ ouvdpTNoNg eLaddou ToAGY e€6dwy f. ‘Eotw enlong 6T
éxovue ESOP/ESCT exgpdoeic (eMdyotec fun) Qi = P @ ... ® P, Q; = P @
.. @ Py, 0V e€630v f1 f7 avtiotoya. Xwplc BAESN T YevubTnTag, enthéyouue
bpoug (P, ..., Py) and n Q; xow m épous (Pj1, ..., Pjy) ané m Qj ue l > m. 'Eotw
ottoyer Pn®... OO Ph®... ®Pjy, = Ki1®... 0K, yel >r. Tote otn el
Exppaot TN f UTopoUUE VA YeNOULOTOLRGOVUE U6VO Toug 6poug Py, ..., Pjy, xaw Toug
Ki,...,K,, agol ot 6poL Py, ..., Py napdyovtol wg to dbporoua ”anoxhetotinol #”
TV Tpoavagephéviwy dpwv. H tehind) éxgpoaon e f otny neplntwon auth éyet m+r
bpoug eved M apyw Ba elye [ +m bpoug. Apa 1 xawvolpyia Exgppacy éyel hydtepoug
6pOUC XL Gpa EMLTUYYAVETUL EAXYLOTOTOINGT).

Tehxd oty npooéyyion auth avalntodvtar Lebyn ex@pdocny SLaQopeTX@Y -
E6dmv tng ouvdptnong ewoddou. And xdle éxgpoaon tou lelyoug emhéyeTtal ouy-
xexpuévos oplBuds bpwv xar ou Gpol autol elayloTonootvial (YpNoLLOTOLOVTAC
onolodfnote ahybpliuo ehaytotonolnone wovadixfic e€680u). Av toyler 1 ouvihun
TOU TEPLYPAPNXE TpONYOUUEVLS, TOTE emhhbe elaylotonolnon xou to uéyeboc tng
EXPEACNS TNG GUYALETNOTS TOAAGY eEHdLY ueldinxe.

H npocéyyion auth yenowonoufnxe ue v newpopatixy uhoroinon twv ahyoplh-
uwv mou neptypdgovtal oty Evotnta 4.6 xat Tov avitiotoiyo alydpibuo Min2 nou
xenowonotel Toug akybplbuoug autols og Sduactio ehayiotonolinong.
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Kegpdhato 6

Y onowieerg xou Iletpapatind
Arotelécuata

First learn computer science and all the
theory. Next develop a programming style.
Then forget all that and just hack.
Author: George Carrette

NS ouYxeEXEWEVNS SdaxTtopuc SwatelBric. Emnhéoy dlvovtaL xau netpauotixnd

anoteréopata extéheons Toug. Oualydpfuol autol ouyxplvovtar (6ou autd
elvan duvatdy) xan ue dAhoug mou €youv avantuybel yio ehayiotonoinon exppdoewy
ESCT xav ESOP. Ta anotehéopata autd xatadetxviovy Thy aveTepdTnTA TV AhYo-
elbuwv autdv oe oyéorn Ue Toug NdN undpyovtes aTn oyeTixt| dlehvy BuBAloypagpla.

Ov adyébpeifuot mou napouatdlovtal, 6To TAALGLA TNS GUYXEXPLUEVNS SLaTplBc, YLo
exgpdoeic ESOP mipwg oplouévey Aoyxdy cuvapthoewy Tohhdv eE63nv elval ot
Find_Exact xat QuiXOR. O alyépifuoc Find_Exact elval axpi3fc yio ouvapthioelg
ue Bdpog 1o moAl 7. A aiydpfuoc QuiXOR elvar euptotinde. o atedds opLouéveg
hoYxéc ouvapThoewy TOAGY e£68wv nagovoidlovtar ot aiyoplbuor DCMIN xau
QuickDCMin. Kot ot 800 teheutatol elvar suptotiol alydplbuot.

Y1 ouvéyela napouctdlovtol oL ahyopLiuol Tou agopoly dnutoupyia expedoewy
ESCT. Kdnowt and toug ahyoptBuoug autole elval axpBelc, dnhady mapdyouy ehd-
yroteg ESCT exgpdoeic yia ouvaptioeis ue teproploud 6to Bdpog 1 otov apliud towv
elo6dwy Toug. Ou alybplbuot avtol etvar o Minl, EMinl, XMin5, XMin6.

Ye mpax s eninedo, GUKS, Ol GUVARTHOGELS TOU GUVIVTOVTAL £Y0UV TEQLOGOTERES
and 6 uetafintéc eloédou (yia ouvapthoels pue Ayotepeg and 7 uetafSintéc eLobdou
unopotyue va Bpolue erdyrotec ESCT exgpdoeic yenowonowdvrag to Ildpioua 9) 4
Bépoc peyahitepo tou 7 (Yo ouvapthoelc Ue Papog UixpdTtepo Tou 8 UTOopOUUE Vol
Bpolue ehdyloteg exgppdoelc yenowonowdvias 1o Oedpnua 13). Xtic nepuntdoelg
autée yeetalouaote euplotinés uebodohoyieg xat alyoplbuoug ol onoleg unopolv va
Tapdyouv oyedov ehdyroteg ESCT exgpdoeig, éyovtag uxpdtepoug mepLoplollols o
oyéomn ue Tig avtlotolyes axplPelc.

Ov unéhowmor (Min2, VRORDER, EW7MIN, MIN2-EW7MIN, QuickESCT-DC)
elvan evplotixotl, dnhady evtonilouy oyedoy ehdyroteg AioeLS AAAS ATOLTOUY UXPOTERO
Xeovo extéheong oe oyéon ue Toug avtiotolyoug axpetc. Ilpénel enlong va onuelwbet
6Tl oL mepLoadTepoL amd Toug axplPels alyopibuoug éyouv emextabel dote va elvar

: ) ™y evéTTa auTh Tapouotdloviot oL alybebuot Tou vhomolrBnxay ot Thalolo
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euptoTixol 6tav 1 eloodoc Eegelyel and g auvbhixes xatd Tic onoleg autol unopoly
va evtonioouy axpBelc Aoelc. M emimiéov onuelwon yia tov Min2. O akydelfuog
autdg, O6mwg Bo mepiypogel xau oTn cuvéyew, elval emavainnTinds.  OuolaoTixd
"repayilel” ua ouvdptnon oe uxpdtepa tuRuata (olvola and 6pouc) o epapublet
o aUTd %dmolov dAAo alyOELBUo EAUYLGTOTOINGTC YL VAL EAAYLGTOTOLAGEL TO T
XOL XATA GUVETEL XL TN oLYdEeTno eleédou. Ot adydelbuol mou ypnolwonololvtal
elvar oo Minl xoe EWTMIN. Anuioueynfnxe xau uto éxdoon tou Min2 nov ehayioto-
notel Ta Topandve Tuuata (EmAEYovTas To TohG 4 6poug e TUAKA) YPNOLLOTOLOVTAS
) fewpla Twv xavévey cuyyodvevons (Evétnta 4.6) ahhd axdua nopapéver oe melpa-
HaTXS 6TAdLO.

O Jeudoxddixac Twv napandve ahyopibuwy ESCT ehaylotonolnone (apol autol
elvar 0 xlplog otdyoc e dwatpBhc) dlvetan oto mapdpTnua.

6.1 Alyépibuog QuiXOR

O ahyoépbuoc Find_Exact uhonotel tn uebodoroyla nou nopoveidletal ota Oewpruoata
1, 2 v Ty mapay oy eAdylotwyv ESOP exgpdocwy yia Aoyxéc cuvapthoel ToAGY
e€6dwv ue Bdpoc wxpdtepo tou 8. O akyobpebuog autds yenowronoleiton and Tov
QuiXOR nou napouvodletar 6Tn GUVEYELL.

O ahydppoc QuiXOR elvar emavainmiinds. ZextvOvtag and xdnolo apytxd
xdhvpua bpov, o QuiXOR yenowonowel to Find Exact w¢ ahydpifuo uetaoynuo-
Twoyoy xol yelwong dpwv. Il cuyxexpwéva oe xdbe Briua tou QuickDCMIN,
emAéyovtal To Tohl 7 6ol (euvifing 5) oL onolor tpogodotolvtar 6tov Find Exact. O
ahybeiuoc Find_Exact toug ehayLotonotel xatl to anotéheoua tonobeteltal xou ntdAL
070 apywod wdivupa. Ilagdhinia ye Toug TUPUTAVEL UETAGYNUATIOUOUS TEAYUATO-
motelton xou dtaduxactior avéntnong (annealing) yio Ty anoguyYr TOTXGY AXPOTATOV.

Yrov Ilivaxa 6.1. napovoidlovtal anoteréopata extéheons Tou aryopifuouv QuiXOR
yio yia debvelc ouvapthoeic-uetponpoypdupata (MCNC Benchmark Functions)[Sae91].
O nopandve alybptbuoc ouyxpivetar ye toug EXMIN2 [Sas93], MINT [KDS95]
xav Exorcism-4 [MPO01]. Ou alyépfipol autol anoterody v toug xahltepoug 6T
Bphoypapia yio ESOP ehayiotonolinon hoywdy cuvapthoewy.

Ané tov mponyoluevo nivaxa napatneodue 6Tl o alybplfuoc QuiXOR elvat, ot
YewoTERT TERInTWOT, TO Blo xahdg ue Toug umbroltoug alyoplBuoug tng Sdielvoic
Bhoypaplag. Ye apxetéc mepuntdoelg elvar xakdtepog (6nwe my otn cuvdptnon
exdp).

6.2 Alyépibpog QuickDCMIN

O akyépuog DCMIN vhornotel 10 uehodohoyla mou TUPOUGLAGTHXE GTNY EVOTNTA
3.2.1 vty mapaywyh (oyeddv) ehaylotwv ESOP exgpdocwy yia atehds oprouéves
hoywéc auvaptioec. O alydpetbuog autde ypnolwonowinxe yio Ty vAoroiney tou
QuickDCMIN nou etlvar TOAS o anoteAeoUaTIXOC.

O aiyéplpoc QuickDCMIN elvat enovaknmTinds. Zextvedviog and xdnolo apyxd
XEIAVUUOL OpwYV, OTN CUYXEXPWEVT TeplnTwon and autd Tou mapdyel o Exorcism-4
[MPO1], o QuickDCMIN ypnowonotet to DCMIN w¢ ahydpibuo uetaoynuoatiopol
xan yelwong épwv. Iho cuyxexpwéva oe xdfe Bua tou QuickDCMIN, emiéyovtan
6hoL oL 6oL )¢ cuvdpTnong tou avixouy oto dc set pall e xdmoloug mou avhxouy
oto on set. H ouvdptnon nou dnulovpyeltar ehayiotonoteiton ue tov DCMIN (o€ xdfe
018310 e oUvleomg xpatdue LOVo ULa Exppaot) xat To anotéAeopa tonoleteltal xou
AL 670 apynd wAhvuUAL.
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Evétna 6.3. AAI'OPIOMOI MIN1, MIN2, EMIN1

TIivaxoac 6.1:
Exorcsism-4.

Arnotehéopata extéleone QuiXor oe oyéon pe MINT, EXMIN2,

Yuvdpe-
mon

EXMin2

ApBude bpwv

MINT

Exorcism4

QuiXOR

EXMin2

ApBudc literals

MINT

Exorcism4

QuiXOR

5xpl

34

32

31

31

186

181

115

113

9sym

53

o1

52

o1

433

427

380

374

bw

22

22

7

65

clip

68

64

64

62

ol7

492

368

358

conl

9

28

28

exop

71

62

366

364

mc

26

26

120

119

misex]1

12

12

48

46

rd53

15

15

14

14

60

69

39

39

rd73

42

36

35

35

221

194

133

133

rd84

59

58

54

330

303

257

240

sao2

29

27

28

27

308

311

230

224

sqrt

17

17

62

61

Xord

18

18

49

20

Ytov Hivoaxa 6.2 napouoidloviol mToloTixd anotehéouata eXTEREGNS TOU ahyoplHuoy

QuickDCMIN vyua Stebveic ouvapthioeic-uetponpoypduuata (MCNC Benchmark Func-
tions). O napandve ahybetbuog cuyxpivetar pe toug MINT [] xou Exorcism-MV2 [J.
Ot rapandve adydpliuor arotehovy 300 and ToUg TLO YYMGETOUS XAl TLo AT0S0TLXOUS
aryoptfuoug yia v ESOP ehayiotonolnon atehids oplouévwy Aoyixdy cuvapTRoEwY.
O apbude Ty eravariheny yia tov QuickDCMIN elvar and 100 £wg 100.000.

Hapatneeitar 6t to anoteréopata tou Quick DCMIN elvar cagpde avdrepa (row-
otxd) and T avilotoya e diehvoic BiBhoypaplac.

6.3 AMlyépibuor Minl, Min2, EMinl

O aiyépuoc Minl Baoiletar anevlelag oto Oedpnua 8 xon ehaylotonolel Aoyixég
OUVURTNOELS, AVUSEOULXA, GUYYMVEDOVTUS XOLVOUS OpOUG AVIUECH OTLS EAAYLOTES
EXPEACELS TV UTOCUVAETAOEGY Tous. Apywd dnuioupyel To dévipo-vevvrtela tng
Aoywihc ouvdptong (1 akkids ETDD - EXOR Ternary Decision Diagram). Kdéfe
OUYARTNOY XL UTOGLYAETNOT) anocuvTibetal yenowonoldvtag ta avantiyuoata Shan-
non, fetixd Davio xa apynuxd Davio (ta avantdyuata tou Bewpuatog 3 e€opoid-
yovtaL yenoldonoudvtas Tie m-oodivaues exgpdoels). Katd tn olvbeon exppdoewy
Yl ot 6UVEETNOY and AUTES TWY UTOGUVAPTAGE®Y XOLVOl GEOL GUYYWVEVOVTAL XL
dlatnpolvtal exelveg mou €youy Tov eEAdyLoTo apliud dpwyv. O cuyxexpluévog alybpld-
uog umopel vo evtonioel eEAdyLoTES EXPRAGELS YL GUVAPTAGELS TWY TOAU & UETABANTGOY
7 ue Bdpog uxpdtepo Tou 5. Xe dlapopeTixé TMEPTTMOELS AstToupyel euploTuxd.
H ouyxexpuwévn vlonoiner unopel va nopauetpononlel wg mpog tnv moldtnTa TOUL
ATROTEAEGUATOS oL TNV T UTNTA TNG EXTEAEGTS UE TOUG TAURUXATH TEOTOUG:

o Av Oa yivetal ouyydveuon xowvdv GpwVy 1 XL GUUTATEOUATIXOV.

o Av Oa eAéyyovtar Gheg oL ex@pdoels TV uTtocuvapThoewy 1) Ha undpyel xdroto
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Evétna 6.3. AAI'OPIOMOI MIN1, MIN2, EMIN1

IMivaxag 6.2: Anotehéopata extéreons QuickDCMIN yie MCNC functions.

MINT | XCSM-MV2 | Init Cover | QuickDCMIN | time (s)

Alu?2 47 - 70 40 1873.22
Alu3 41 - 47 39 23.96
Dk17 30 - 31 24 1.15
Dk27 14 - 14 11 0.01
Apla | 44 i 46 36 287

Exp 59 - 66 47 590.01

Bench - 24 29 22 1.56
Fout - 48 65 52 0.02
P1 - 53 62 44 100.6
P3 - 39 40 29 14.30

dve bplo. O€tovtag £va dvw dplo uetdvovue Thavdg THY TOLOTNTA TOU ATOTE-
AMouatog alld avZdvouue TNy TayVTnTo eXTéAEOTC.

e Ay fa dnuiovpyolue 1 oyt m-Lo0dUvaUES EXPEATELS.

O ahyobpBuoc Min2 Pociletar 6Tov mponyolduevo oL Tov yenollonoel wg évay
ahyo6pLiuo yetaoynuatiouol xor Uelwong Tou aptbuot ey civietwy dpwy uéoa 6Ny
ESCT éxgpaon tne ouvdptnorng eioddou. Iho cuyxexpuuéva Zexivd and uia opyixt
exppaon (Gt ehdyLoTn) xat dnuoveyel ovvoha bpwv ota onola epapudler Tov Minl
©OOTE Vo PEWDGEL ToV aptiud Twv dpwv. H emhoyh tov cuvérey yivetar tuyata. O
ouYxEXPUEVOS alybplbuog otauatd uetd and évav oplouévo aplud enavarfdeny.
I'evixd o Min2 unopet va ypnowonownfel oe ouvapthioelg ye peyalitepo Bdpog ev
ouyxploel ue tov Minl. Iapoyetponoleital e Toug nopaxdte TeoOToUC:

o Apfudg enavarrdewy. ‘Oco ueyaritepog elval o aplBuds tov emavarideny
1660 xUAUTEPO ElVaL TO TEAXO ATOTENECUA AANE xdl UEYAAVTEROC O YpOVOS
exTéNEOTN.

o Apywé xdhvpua. H andédoon tou cuyxexpiuévou akyoplfuou eCaptdtal onuo-
vId and 1o apyxd xdhuvuua. ‘Oco TepLoedTEPOL GPOL LUTEEYOUY GTNY apyLxh
EXPPAUOT) T000 TEPLOGOTERES EMAVAAPELS amonToUvToL Yio To embuuntd anoté-
Aeoua. IIibavd apywd xahbuuota mou yenoluonotolvTal elval:

— Ovehaytotépol tne ouvdptnone (n yelpbdtepn duvatt| exthoyy)
— "Eva apywd xdhugua uetd tn dnuiovpyla Tou SEVTpou-YeEVVATRLIGC.

— To anotéheoua tou exorcism-4 [MPO1].

O aiyoéplfuoc EMinl Baociletar 610 Ocdhenua 9 xoar v e€ehyuévy fewpla tov
ouyYevoy Gpwv. H hettouvpyla tou elvan (i ue tou Minl, duwg avtl va evtonilet
%x0Lv0oUC HEOUC AVAUEGU OE EAAYLOTES EXPEACELS UTOCLUVAPTHOEWY, Tpoorablel va ev-
Tomiloel ouyyevelc ovvletoug Gpoug. T'o To Adyo autd yenowomololvtal Ubvo Ta
avantiyuate Shannon, fetixé Davio xat apvntind Davio (to avartiyuata tou Oew-
euatog 3 dev elvan anapaitnta). To peydho tov mheovéxtnua (6nwe Bo pavel xow ota
TELpAUATIXS anoTEAEoUaTa) elvar 1) MEYEAN TaydTNTA (AOY® TOY oNUAVTLXE AMY6TEP®Y
EXPPAOEMY TOU ToEdYOVTAL Xal EAEYYOVTAL) XoL 1] TOLOTNTA TV AUGE®Y TOU TTapdyEL
(6tav hertoupyel evprotind). T ouvapthoels uéypt 5 uetafintdy 1 ue Bépog To o)
4 dnuovpyel axpBelc Adoelg, SlapopeTind oyedov axplSelc.
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Evétnra 6.4. AAI'OPIOMOY XMIN6

IMivaxag 6.3: Tlototixd anotedéouata extéreons yia MCNC ocuvaptiioeic plog e€630u
v aiyoplfuwy Minl, Min2, EMinl xot Minict.

Function || Inputs | ESOP | Lee | MINICT | Minl | Min2 Min2 | EMinl
(15000) | (50000)

i i i i i i i i

t481 16 13 10 12 10 10 10 10
9sym 9 ol - 45 39 40 34 32
xord ) 5 1 1 1 1 1 1

Yrov Ilivaxa 6.3 divovtow tototixd anoteAéouata extéleonc and Toug alyopiuoug
Minl, Min2, EMinl xo. autolc mou napoucidotnxav oto [Lee97] (Lee) xor oto
[SP98a] (Minict). Ta anoteréouata autd agopolv defveic MCNC ouvaptioeic-
UETPOTPOYPAUMUITA.

Ytov Ilivaxa 6.4 napouvoidlovtol netpauatind anoteréouata xor Yo MCNC ou-
vapthoels ToAGY e£6dwv adld v xdle €€0do Eeywprotd (unevhuuilovue 6Tl ol
aryéebuol Minl, Min2 xaw EMinl elvar oyedloaouévol va ehaytotonololy cuvapTthioelg
utag €680u).

Emniéov vt olyxpion Twv Minl, Min2, vionowifinxe o ahydplfuog tou Lee
(otic ouvapthoeg Tou Ilivaxa 6.3 Slvel xaddtepa anoteréouata oe oyéon UE TOV
Minict) xou éywe obyxpiof Tou ue toug Minl, Min2 oe éva oet and 360 tuyaleg
ouvapTthoelg Ue mhhlog petaBAntody and 5 éwg 12 xau Bdpog uxpdtego and 16. Ta
anoTehéouaTa TNHG ToEATdVEL oUyxelong ex@pdlovial wg To Uéoo Bdpog Twv cuvae-
THOEWLY:

AVG(LEFE) =7.729, AVG(Minl) = 7.472, AVG(Min2) = 7.425.

(O Min2 éyer wg apywd xdhvpyo touvg ehaytotdpous e xdbe cuvdptnong xou
exteheltan yio 1000 emavahhers).

[Mapatneodue 61, yevixd, o EMinl dlvel nohd xalitepa anoteréouata and ToUg
umoAoLTouS ahyoplluous we TEog TNV ToLOTNTA TV anoteheoudTwy. Emniéov elvan
xoL oNUavTLXd o yeryopog. Xtov Ilivaxa 6.5 napousidlovtal ol yedvol extéheong
v adyopifuwy Minl, Min2, EMinl yio pepués and Ti¢ nopandve) GUVARPTHGELS.
H mhatgdpua extéheone elvor évag AMD Athlon XP 1800+ ue 512 MB RAM xau
Aettovpyxd ovotnua Mandrake Linux 10.0.

Y& TOMEC TEPINTHOELS 0TOV Topamdve mivaxa epgaviletar yedvog 0 5. Autéd
UTOBNAGVEL OTL 0 YPOVOS EXTENEGTS HTAY TOGO UXEOS TOU SEV UNOROUGUUE VO TOV
UETPNOOUUE GE deUTEPOAETTA 1) axOUd XoL EXATOOTA Tou Seuteporéntou. Ilpémer
va avagépoupe enlong, 6Tl oty Tepintwor tou Min2, oe moAlég mepuntdoelg, (S
TOLOTNTA ATOTEAEOUATWY UTopel va anoxtnlel ue uxpdtepo aplbud enavarfiewy,
ahhd ue dpaoTixt| Yelwon 610 ypdvo exTtéheong.

6.4 Alyépibuog XMinb

O alybpbuog XMinb Paciletar oto Oedenua 11 xon ta Hoplopata 8 o 9. O
ahyopLiuog autég evtonilel axpBeic ESCT exgpdoeic yio Aoyixéc ouvapTAoeLS po-
vadixric e€680u ue aptbud ueTaBAnTdY eled3ou To ToAY 6. Nty uhonolney| Tou €yel
yenowonownfel xar to Afuua 10 dote va emttayuvlel 1 extéheor) tou. Emniéov
T Bden AV Twv cuvapthoewy Ue 4 ueTafSAnTtéc eloddou €youv mpolnoloyloTel
xou anofnxevlel ye armotéheopa Ny emmhéov avénom TG TAYVTNTAS EXTENEGTC TOU
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Evétnra 6.4. AAI'OPIOMOY XMIN6

IMivaxac 6.4: Tlowotxd anoteréouota extéreons yio MCNC cuvapthioelc TOAGDY
e€68wv, yia Toug AhyoplBuouc Minl, Min2, EMinl xou Lee.

Function || Lee | Minl | Min2 | EMinl || Function || Lee | Minl | Min2 | EMinl
rd53:1 4 4 4 4 bxpl:1 6 6 ) )
rd53:2 1 1 1 1 oxpl:2 12 10 9 9
rd53:3 4 4 4 4 5xpl:3 8 8 7 7
rd73:1 6 6 6 6 5xpl:4 7 6 6 6
rd73:2 1 1 1 1 5xpl:5 4 3 3 3
rd73:3 20 17 12 12 oxpl:6 2 2 2 2
rd84:1 7 7 7 7 5xpl:7 1 1 1 1
rd84:2 1 1 1 1 oxpl:8 1 1 1 1
rd84:3 1 1 1 1 5xpl:9 1 1 1 1
rd84:4 29 28 23 21 5xpl:10 3 3 3 3

Misex1:1 2 2 2 2 Inc:1 5 5 5 b}

Misex1:2 4 4 4 4 Inc:2 6 6 6 6

Misex1:3 5 5 9 ) Inc:3 7 6 6 6

Misex1:4 4 4 4 4 Inc:4 10 9 9 9

Misex1:5 2 2 2 2 Inc:b 5 5 ) )

Misex1:6 4 4 4 4 Inc:6 2 2 2 2

Misex1:7 4 4 4 4 Inc:7 2 2 2 2
Sao2:1 11 10 10 10 Inc:8 4 4 4 4
Saon2:2 18 17 12 12 Inc:9 1 1 1 1
Sa02:3 14 14 12 12 Conl:1 5 5 5 )
Sa02:4 13 12 11 11 Con2:2 4 4 4 4

ahyoplOuou. Xe évav unoloyioty| Intel Celeron 2.6GHz o ypdvoc ehayiotonolnong
uLag omolaedfnote ouvdptnong 6 petaintdy ue Tt Porbera Tou alyoplfuou XMinb
elvar, ot yewdtepn nepinTtwon, 2.5 hentd aAld cuvibwg elvor xdtw and 2,5 deutepd-
Aemta. o wo ouvdptnon 6 uetaBAnTtéy pe Bdpog To mokl 6 o ypdvog extéheong elval
NS TIEEWS TOY YLALOOTGY TOU SEUTECOAETTOU APOV Ol GUYYWVEVOELS TOU ATALTEL TO
Ocdpnua 11 elvan yia ouvaptioelg 5 uetaSAntedy ye Bdpog o moAd 1 mou elvon udvov
777. T wa ouvdptnomn 6 petafintdy ue Bdpog peyalltepo tou 6 xal UxpdTtepo
Tou 10 o ypdvoc extéleonc elvar meplnou 2 Seutepdienta aQOy Ol GUYYWVEVGELS TOU
arartel T0 Oedpnua 11 elval yia ouvaptioeg 5 uyetafintdy ue Bdpog to moOA) 2
mou elvan 202.923. Tw wa ouvdptnon 6 uetafAntody ue Bdpog ueyahitepo tou 9
(umevBuulletor 61 T0 Bdpog uLag auvdptnong 6 uetaBintdy elvan To ToAs 12) o ypbvog
extéleonc elvar 10 mOAU 2,5 Aentd ool oL cuyywveveelg tou anottel To Oedenua
11 elvar yia ouvapthoeg 5 uetaintdy ue Bdpog 1o mohd 3 mou elvar 14.535.498.
Ynuetdvetor 6Tl oTtoug mapandve apluols €yel Anglel unddmy 6T To Bdpoc urag
ouVdpTNoNS f xaw auth TV f, fO, fOT, 6Tou T elvar 1) Lo onuavTue TS UeTaBAnTy,
elvar 10 (dlo (Oewphiuata 5, 6).

H arovsia MCNC ouvaptioewv-uetponpoypauudtnwy yovadixic e€68ou ue 6 ue-
TafAnTé eL06d0U Uag avdyxace va doxwudoouue Tov aryépliuo XMinb ue éva delyua
500.000 tuyailwyv cuvapthoewy 6 uetaintody ewoddou. Emmiéov ouyxplvetal ue Tov
arybpfuo EMinl, tov aiyépfuo mou mopouvoidleton oto [Lee9d7] (Lee) xar toug
akyoptfuouc Find_Exact, Exorcism-4 [MPO1](ot 300 mpdhror mapdyouy ESCT ex-
ppdoec evéd o dvo tekevtalor ESOP o onoleg elvar unostvoro twv ESCT). Ta
ATOTEAECUATA TNG TAPATAV® cUYXpLoTS expedlovial K¢ UEcos 6pog Bdpoug xal ma-
pouctdlovtal otov Iivaxa 6.6.
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Evétna 6.5. AAI'OPIOMOI W7MIN, EW7MIN KAI MIN2-EW7MIN

ITivaxag 6.5: Xpdvol extéheons aryoplfuwy Minl, Min2, EMinl1.

Function Minl Min2 EMinl
#10000
9sym 15 mins | 2 mins | 30 secs
xord 0s 0s 0s
Rd53:1 0.16 s 12 s 0s
Rd53:2 0s 0s 0s
Rd53:3 0.15s 18 s 0s
RdA73:1 1.64 s 44 s 1s
RdA73:2 0s 0s 0s
Rd73:3 7.14 s 58 s 4s
Saon2:1 3.05 s 121 s 0s
Saon2:2 34.22 s 168 s 0s

[Tivaxag 6.6: Mécog 6pog Bapouc yia 500.000 tuyaies ouvaptioeis 6 uetaAnTtdy.
Xmin6 || EMinl Lee Find_Exact | Exorcism-4
ESCT | ESCT | ESCT ESOP ESOP
7.738 7.920 | 9.000 9.570 11.450

Kayta ané ti¢ cuvaptioeig 670 tapandvew obvoho dev elye ESCT Pdpog ueyaritepo
tou 10. Ewddletar 6t 0o YéyLoto Bdpog nou unopgel va £yl Ula auvdpetnon 6 uetafintdy
eLe6d0u elvat To mohy 10.

Emniéov, ye t Porbera tou XMinl ehayiotonoifinxe 1 ouvvdptnon ue MT o-
vanapdotaoy [6bbdbdd6bdd6d66b] v onolo avagépetar oto [MPO1] we 1 mo dvoxoly
ouvdpTnon 6 uetafintdy yia ehayiotonoinon ESOP. To ESCT Bdpoc tng elvar 9 xou
0 Ypovog ehayrotonoinone tng elvar 0.21 Seutepdienta.

6.5 Alyépibuor WTMIN, EWTMIN xow MIN2-EWT7MIN

O ahyopifuoc WTXMIN otnplletar ota Oewpriuata 12 xon 13 xou evtonilel eAdyroteg
ESCT exgpdoeig v ouvapthoelg ue ESCT Bdpog to mohd 7. Aertovpyel avadpouixd
ouYYwveLoVTAS Xowvoig bpoug avdueoa otig ESCT exgpdoeic twv utocuvapthcewmy
070 3¢vTpo YevhTpla TNg ouvdptnong eweddou. Kdbe ouvdptnon xal utocuvdptnoy
aroouvtifetal ypnowonowdvtag ta avantiyuata Shannon, Oetixd Davio xon apvntind
Davio xav ta emmiéov avartdyuata tou fewpruoatog 3, to omola eEopoldvovral
YENOLWOTOLOYTAS T m-LoodUvaues exgpdoets. Katd ) olvleorn exgpdoewy yia
uw ouvdptnom, mou avioTowyel oe €va x6ufo Tou dEvTpou yevvhTpla, xowvol GpoL
avéueoa oe eldytotes ESCT exqedoeic 10V UTOGUVIRTAGEDY TNG GUYYWVEVOVTAL.
Extéc duwg and cuyydveuoT xowvmy 6pmv, Xl avIAOYH UE TIG REQLITOOELS XAl TOUG
ouyduaouols PBapdy mou mpoxtntouy and tov Ilivaxa 4.7, dnuiovpyolvtal xaL ot
ouVaPTHOELS g olUpeva e TN dwduxacia mou umodewviouy Ta Oeswphuata 12 xa
13. Me ) BoRbewa tng ouvdptnong g evronilovtan ou ehdyroteg ESCT exgpdoeig tng
eZetalbUevng ouVAETNONG axOUa XAl OTAY 1) GUYYOVEUGT XOWVEY 6pwV dev eTapXEL.
To uetovéxtnua etvon 6t 1 Sraduxaoio auty elvar o ypovoBdea. e xdfe eninedo
¢ anooVvleang o alydeluog xpatd tic eAdytotec ESCT exgpdoetc.

O ahyéeibuoc WTXMIN viorouifnxe xou Beébnxe 6TL ev elvar anodotixdg dtay
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Evétna 6.5. AAI'OPIOMOI W7MIN, EW7MIN KAI MIN2-EW7MIN

o apiuds Twv peTaBANTOV g cuvdptnong elwoddou elvan yeyahltepog ¥ loog pe 7.
Auté ogelleton atov peydho aplud cuvaptroewy g mou mpénel vo e€eTAGTOUY YL
x40 x6ufo tou dévtpou yevvitpla. O aplBudg autd yeyevBivetar and tny napaywyy
TV M-Lo0dUVAUWY exPpdoewy ot xdle x6uflo Tou dévipou YeEVVATRLY TNS GUVAPTNOTNG
€LG680U.

‘Evag dhhog ahydépibuog xataoxevdotnne (EWTMIN) wc euplotiny) enéxtoon
tou WTXMIN. O akyébpibuog EWTMIN Sagépet and tov WTXMIN oe éva onpetio.
Anurovpyel m-toodVvaueg expedoelg uovo ot exclva ta enineda Tou SEVTEoU YEVVHTELa
6mou UTdpEyEL TOUAGYLETOY ULa auvdpTnon otabeph xau (o ue 1. Autéd duxaroroyeitol
amb To YeEYOVOS 6T, xoL olugwva Ue To Osdenua 7 ,6tav dev undpyouv otadepéc
UTOGUVIPTAGELS UECA GTO BEVTPO YEVVATELA WLaS ouvdptnong, Tote, elval evxolo
va anodetyfel 61, unopel mévta va dnuoupynbel wia eddyrotny ESCT éxgpaocy yia
authv pe xdttopa Maitra tdinou 3,4,6 pévo (Ilivaxag 2.2). Autég o tinog twv
xUTTdpwy Maitra dnulovpyeltol and ta avarntéyuoato Shannon xou Davio xau oyt
and T avartdyuata Tou Otwpiuatoc 3 (m-oodlvaues exgpdoetc).  Axbuo xou
6tav undpyouv otabepéc untocuvapThoE 6TO S3EVTEo YevViTpla aAAd elvan loeg ue
t0 0 té1e %o ndAL umopet va dnuiovpynel TouddyloTtoy pia Abor ue xitTapa Maitra
tonou 3,4,6. 'Oung 6tav undpyel xdnow cuvdptnon otabepr| xau ton ue 1 té1e Oa
dnutoupynloty bépol mou €youv xbttapa Maitra tinou 1,2,5 vy v e&etaldyevy
weTafSAnTA mou avtioTolyel 6To x6uPBo Tou Bévipou yevvAtewr.  Autd Ta xdtTapa
Maitra dnutougyolvtar and to avantiyuata Tou Oewpiuatos 3. "Etol dtav oe xdmoro
eninedo tou dévtpou yevvhtpla umdpyel otabepr| cuvdptnon 1 t6te o alydpluog
EWTMIN dnutoupyel xou Tic emmiéov m-10080vaues EXPRACELS.

Emniéov tou ahyoplBuov EWTMIN viorowilnxe enéxtoaot tou aiyopifuou Min2
bote va yenowdonoel wg ahyopluo elayiotonoinone tov EWTMIN (xou 6yl tov
Minl). O evpiotinds ahybéplfuog autdc ovoudletar Min2-EWTMIN xow uropel va
xenowonoinfel xat yio suvapthoeig ot omoleg elval 160 ntoibmioxeg Hdote o EWTMIN
va uny unopel va ddoer anoteréopata. To yopaxtnelotixd Tou enavaAnmTixoy ak-
yopibuou Min2-EW7MIN elvar {8t ye tou Min2 ahhd unogel va nopouetponounfet
TERULTEQW.

o O apBudc Tov bpov mou emthéyovial we elcodog otov EWTMIN elvar nopduetpog
xoL umopet vor ahidéel. Buvibwg elvat 5 14 7.

o O apliuds twv dpwv mou emhéyovior ws eloodog otov EWTMIN unogel va
UELOVETAL XaTd ouyxexpuuéva Pruata xatd ) diudpxeia extéheong Tov Min2-
EWTMIN. To yeyovég autd anooxonel otn yeriyopn Snulovpyio evHg xohov
XAAOUUOTOS TO OTOLO GTY) GUVEYELL, YPNOLLOTOLGOVTAS UXpOTERA GUVOAL GpwY
TOU TPOGPEPOUY XAAVTERY EAAYLGTOTOLNGT), BEATLOVETOL TEQULTER®.

Ovalydpibuot EW7MIN xaw Min2-EWTMIN yenouwonowifnxay yia v ehayLoto-
10ino1 oLYAPTACENY TOAAGY EEOSWY YENOULOTOLOYTAS THY YORAXTNELOTIXY) GUYVARTNOT
xat udhiota Ty npdtn npooéyylon (Evétnra 5.1.1). Metd tnv ehaytotorolnoy tng
YAEAXTNELOTIXAC GuVapTNHoNS, agopédnxay Ta xdttapa Maitra mou aviietolyovoay
0TLC UETABANTES TOU TPOGTEDNMAY Yid Vo X®OXOTOG0LY Tig E€630UC TNE GUVAPTNOTG
ele6dou. Ou napayBeloec eldyrotec ESCT exgpdoeic tne yapaxtnetotixrc eréybnoay
xo agoeélnxay xowol 1 avtiotpogoL bpol Gote ta anoteréouata va Beitiwboly
(Bupiletar otov avayvhotn 6L oe pLo 6UVAETNOT TOAAGY eE68wY, SlagopeTinég €€odot
unopolv va wotpdlovtat xowoic B avtiotpogouc 6pouc atic ESCT exgpdoeic toug).

O akyéebuog EWTMIN e€etdotnxe oe Tuyaleg ouvapthioeig 6 ueTaAntody ete630u
ouyxpwvouevoe pe tov XMin6 (o onolog evronilet ehdyrotec ESCT exgpdoeic yua
tétoec ouvapthoec). Yrhple éva ntocootd 1.5% anotuylac Tou EWTMIN vo Beel
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Evétna 6.5. AAI'OPIOMOI W7MIN, EW7MIN KAI MIN2-EW7MIN

IMivaxag 6.7: Méooc 6pog Bdpoug and toug EWTMIN & EMinl yia 100.000 tuyaieg
ouvapThoelg Ue Bdpog To moAs 20.

# inputs | EW7MIN | EMinl
7 9.76 9.80
8 11.70 11.72
9 13.19 13.20
10 13.92 13.92

[Tivaxag 6.8: Anoteréopata twv Min2-EWT7MIN »ow Minict Yo MCNC ouvaptioes.

Function | # inputs | # outputs || Min2-EW7MIN | Minict
100 10000
iterations

rd53 5 3 7 7 9
rd73 7 3 19 19 25
rd84 8 4 36 30 46
b12 15 9 29 26 27

conl 7 2 8 8 8
f51m 8 8 31 31 30
misex1 8 7 15 11 12
squard 5 8 17 17 17
sa02 10 4 32 30 28

€0t xau Ul ehdyiotn Abor. O Brog alydplbuog cuvexplln, enlong, ue Tov EMinl
ot éva avvoro 100000 tuyalny cuvapthoewy Ue aptud yetaBAntdy and 7 éwg 10 xou
Bden to mohd 20. Ta arotehéoyata napousidlovtal otov [livaxa 6.7.

Axbua o ahy6piuoc Min2-EWTMIN ouyxpivetal we tov ahybpfuo Minict [SP98a,
SP98b] 6e MCNC ouvapthioeic-uetponpoypduuata oGy e£6d3wv. [ to Abyo autd
YETOLUOTOLELTAL 1) YOPAXTNELOTIXT CUVARTNOT OTWS TERLYRAPTXE TponYoUuEves. Ta
anotehécuata napovatdlovtal atov Ilivaxa 6.8.

Mropel va napatnendel étv o alybpibuogc Min2-EWTMIN 3iver mohd xalitepa
anoTeEAECUATA YLo oLVAPTRGELS 6Twg ) RD84, axdua xan ya uixpd aplfud enavarfidewy
(o yebvoc extéleone yio 100 enavarfiec oe évav enelepyaotd) Pentium D elvan
utxpdtepog and éva hentd otic neplocitepec neplnthoels). AAG o Min2-EW7MIN
dlvel ehapps yelpdtepa anoteléouata yia Tig ouvapthoel F51IM xar SAO2, étayv
ouyxplvetal ue tov Minict. Xtig neptntdoelc autéc 1o AnOTEAECUOTA TOU TEAEUTALOU
elvaw oyeddv Bra pe tou ahyoplbuou Exorcism-MV2 [Son92]. Ytnv npayuoatixdtnta
T0 apy 6 xdhuuuo and to onolo Eextvd Ty eAaylaTonolnet) Tou o Minict elvar 1 Aoy
mou mopdyel o Exorcism-MV2. Ilapatneeitar howndy 61 Yo oploUéveg ouvapTthoeLlg
orwg 1 F5IM xav 1 SAO2 nponyuéva epyareio ESOP ehayiotonoinerng, énwg o
Exorcism-MV2 4 o QuiXOR, nheovextolv e oyéon ue toug alyoplBuoug ESCT
ehaylotonoineng, ol onotot epugavilovtal ,A6ye xau uxedtepou ypbvou e&éhing, "o
anhoixol”.
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Evétna 6.6. AAI'OPI®OMOYX VRORDER

6.6 Alyépbuogc VRORDER

Hapdhhnho (%o cuuTANEWUATIXE) UE TOUS Tapandvew alyoplBuoug avartlylnxe xon
o aiybéplipoc VRORDER. O ocuyxexpuévog ahyobplbuog yenoiuonoteltal yioo tny
emhoyh TS xATEAANANG SLETaENe TV UETABANTOY ELGO80U NS GUVAPTNONS, BOTE
T0 Bdpoc mou Bo mpoxtder va elvar oo o duvatédv uixpdtepo (to Bhpoc Peloxeton
ot ouvéyela epapudlovtag évay mpaypatixd alybdeliuo ehayiotonoinone 6nwe o
EMinl). Aedouévne wa ouyxexpuévne ddtadng LetafBAntodv (xow xotd cuvénela
utag ouyxexpluévne avarapdotaone MT) o VRORDER extwd éva xépdoc (GAIN)
avahoyo ue Tov aptbud xa ) Béon Ty oTabepdy UTOCLVUETACEDY UEGH GTO BEVTpOo-
yevhTel e ouyxexpluévne Sdtadne yetafintady. ¢ Beltiotonolnon €yer npoi-
TohoyioTel xon anofnxeubel To Bdpog GAwY TV SLUPoLETIXGY BLaTdlewY UETABANTOY
Y 6heg TG duvatég ouvapthoelg 4 UeTABANTGY el6680U, xaTd cuvEnELd 1) exTiUNOT
Tou %épdoug oTauatd 6To enlnedo Ty 4 yetafintdy. [ ua otabep unoouvdptnon
0 xépBog GEO)QELTO(L 6T elvo 337:{1:550,1:0u,ﬁpicxs'cm,n,o'cote,unoouvdpﬂ]on—4. 0 O()\Y(,)pLeHOC
VRORDER otneiletar otn Aoy tng anootvleong ulag ouvdptnorng Boole otig
UTOGUVARTAGELS TNG Xat anoTelel uTonepintwon TV alyopifuwy Minl, EMinl, érwg
axpPie xar o ahybpiuoc Tou Lee [Lee9d7, GLIT]. Awugépel buwe and tov tehevtalo
1600 ot extiunon tou x66toug (GAIN) 660 xar 610 btL 1 extiunon tou x€pdoug
otopatd oto eninedo twv 4 petafAntdy (evd otov alybpliuo Tou Lee otauatd oto
eninedo g ulag vetafintic).

O akyoéptbuoc VRORDER uvhonouiOnxe xat ypnowonotiinxe wg npo-emelepyd-
oTx6 Briva yior Toug xdpLoug akyoptBuoug elaytotoroinong Minl, XMin6, EMinl.

Me 11 Bonfeid tou unoloylooue to x€pdog yia dheg Tig duvatés datdéels ue-
TafBANTOY TN ouvdptnore [6bbdbdd6bdd6d66b] [MPO1]. Ilupatnehcaue btu Gheg o
dratdels €xouv To (8lo x€pdog o udhiota €xouy xat to dlo Bépog (9).

O ahyépiuoc VRDORDER Soxwdotnxe tepontépw oe éva abvoro 1000 tuyaiwy
ouVaETACEDY Uovadixrc e€680ou xal 6 UeTaBAnTody eloddou Bote va ehéyEovue av
evtonilel exelvec i datdlelg yetaffAntdy mou divouv to xadltepo PBdpog. Autd
Tpayuatonoinxe yenowonowdvtag Tov ahydelbuo XMinb, Beloxovtag étot To Bdpog
OA®V TV SUVATOY SLATAEEDY TV LETAPANTAOY ELGOBOU YLA TIC TUPATAVH GUVIPTHOELS.
Ye 32 ané g 1000 o VRORDER anétuye va evtonicet T xahltepn Suvaty dudtady
UeTABANTOY. AuTé onualvel 6TL yia ULa auvdeTnoT uovadixnic e€6dou xa 6 uetaAnTtdy
elo6dou uTdpyet, otatiotixd, wo thavétnta opdhuatoc 3.2%. L1 cuvéyew yenot-
uomotfoaue Tov XMin6 yia va Bpolue 1o Bdpog yia Tic apyteés dtatdielg UeTaSANTGOY
(autég mou mpoéxuday Tuyala) xabodg xar Tov (o akydeiuo Yy va Beodue to Bépog
v Tig Swtdelg uetafBAntody mou npoteivet o VRORDER. To péoo Bdpog otny mpdhty
Teplntwon elvar 7.74 evdd otn delteprn 7.13. ' Adyoug avyxpiong uhomowilinxe xat
o alybpfuoc nou meprypdgetor oto [Lee9d7, GLIT] xa yenowonovifnxe oto do
ovvoho cuvapthcewy. To uéoo Bdpoc mou édwae eivan 8.33. Tlpogavde Aowndy and
To TapATd Ve anoteréopata gaivetal 6t 1) yeron tou VRORDER elvar micovextuxy.

Téhoc o aiyoplbuoc VRORDER yenowwonowifnxe uwoall ye tov EMinl yit v
ehaytoTonoinon ouvapticewv-petponpoypauudtov MCNC (v tig ouvaptiioeg nok-
MOV e€68wv yenowonothinxe 660 1 uebodohroyla Tng mEdTNG YUEAXTNELOTLXAS COU-
vaptnone tou Kegoaralov 5.1.1 660 xav 10 dpooua twv Bapdv tng xdbe e€680u
Eeywerotd). Ta anotehéoyoata cuvexplnoov ue autd mou moapdyer o EMinl otic
apyxég datdéelg UETABANTOY Twv cuvapthoewy autey. Ta anoteréopata Tapoust-
4lovton otov Ilivaxa 6.9.

[apatneodue 6T, 0TIG TEELOGOTEREG TEPLTTWOELS, 0 cuvduaouos VRORDER-
EMinl 8iver xalitepa anoteréouata oe oyéon ue tov EMinl. Ye woa neplntwon
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Evéotna 6.7. AAI'OPIOMOYX QUICKESCT-DC

Mivaxoc 6.9: Yuvdvaouéc VRORDER ot EMinl.

Apyuy Adtaln MetaPintdhy VRORDER
‘ABpoloua e€630v | Xapaxtneiotint| | ‘Abpotoua 268wy | Xoapaxtrnototixt
5xpl 38 32 23 20
Conl 9 8 6 6
Inc 40 32 38 32
Misex1 25 16 21 17

0 ToRATAVL cuvduacudg Edwoe yewpdTepa anoteréouata. Autd TpoQavds ogelheTat
07OV AmAOIXS TEOTO UE TOV OTOlo UTOAOYLGTNXE TO XEEJOC VLo ULd GUVAPTNOT TOAAGDY
eZ630V.

6.7 Alyépibuog QuickESCT-DC

O aiyépfuoc ESCTDC vhonotet tn uehodohoylo mou mapousldatyxe oty evotnTa
4.7.2 yw v napaynyT (oyeddv) ehaylotwv ESCT exppdoenv yio atehdS 0plouéves
hovyuée ouvapthoelg. Anotehel enéxtaon tou DCMIN dote va napdyet ESCT exgpd-
oeig. O ahydpfuog autédg yenowonoinxe yio Ty ukonolnon touv QuickESCT-DC
Tou elvat TOAY TLo aROTEAECUATLXOC.

O akyépuog Quick ESCT-DC elvan eravadnmtixdg xan €xel Tnv (S grhocoplo ue
tov QuickDCMIN. Zexivdvtag and xdnolo apyixd xdAuuuo 6pwy, 6T1) GUYXEXPLUEVT
neplntoon and autéd mou tapdyet o Exorcism-4 [MPO1] A uio anhomounuévn popet tou
ESCT-DC, o QuickESCT-DC ypnowonotel 1o ESCT-DC w¢ alyépiluo uetaoyn-
uatiopol xou uetworng dpov. Il cuyxexpiuéva o xdfe BAua tou QuickESCT-DC,
emhéyovTal 6hot oL 6poL NG GLUVAETTOTS Tou avhxouy ato de set pall ye xdmoLoug Tou
avhixouv oto on set. H ouvdptnon nou Snuouvpyeltal ehayiotoroeitat ue Tov ESCT-
DC (oe x8be 078d0 tng oUvleone xpatdue UOVO UL EXPEAOT)) XAl TO ATOTENEGUA
Tomofeteltar xou mAAL 6TO apywd xdhuuua.  Enlong yia Tic cuvapthoeg ToAGY
e€6dwv o QuickESCT-DC ypnowonotel tn mpocéyyion 5.1.2 tng yopaxtnelotixihg
ouvdpTnorgC.

H aroteheouatixdtnta tou ahyoplBuov QuickESCT-DC ehéyylnxe o ouvaptroeig
uetponpoypduuate (Benchmark Functions). Apywd ehéyEaue xatd néco 1 yehon
adldpopwy Gpwv otny eloodo tou QuickESCT-DC Beitidvel ta anoteAéouoata o
oyéon ue to va Oewpovoaue 6Tl oL de ehaylaTtépol avixouy elte 6Tov on set elte 610
off set. Aniad¥, oy oucla, uetaoynuatioaue Ti¢ ATEAGS 0pLOUEVES GUVOPTAHGELS
xoL oe TAfpwe oplouéves.  Ou mhipws opLouéves ouvapthoelg ehaytotonothinxay
xenowonoldvtag Tov aryoerbuo Min2 xaw Quick ESCT-DC, evé oL avtiotolyeg atehdg
oplouéveg ehaytatonotinxay yenolwwonowdvrag tov akyopliuo QuickESCT-DC. Ta
anotehéouata mou thpaue tapousidlovtal atov Ilivaxa 6.10.

[Magpatneodue 611 dviwg undpyel Bedtiwon xal o Uepnés TEPIITOOELS, OTWS Ty
Yl T ouvdptnon alu2, Waltepa onuavtind, g té@éng tou 50%. O napovoialbuevol
XeovoL extéheons expedlovTal o€ SeUTEPOETTA.

Emnkéov o ahydplfuoc QuickESCT-DC ocuyxpifnxe xat ue tov alydetbuo mou
nopovotdleton oty epyacta [GLIS]. O ahybpiBuog autde elvar o onuavtindtepog e
debvoic Bihoypaplag yio ehayloTonolnoyn atehds 0plouéveny hoYIXDY GUVAPTAGE®Y
xaL TNV Topay oYY exgedocwy mou woldlouy Wltepa ve i ESCT. O evdiagepduevog
avayvooeTng unopel v Bpel wa tapouctacy tou akyopibuou autol oto Kegalalo ye
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Evéotna 6.8. XYNOWH AATOPIOMON

IMivaxag 6.10: Exploitation of don’t cares for ESCT expressions.

Min2 || Min2 || QuickESCT-DC || QuickESCT-DC || QuickESCT-DC
de=0 || dc=1 de=0 de=1 with dc
Function | Size || Size [| Size | Time | Size | Time [/ Size| Time
alu2 68 [ 160 [ 67 0 96 2.84 40 | 1992.84
alu3 47 | 195 | 48 0 88 0.5 39 [ 71294
apla 55 67 | 45 0 45 2.73 33 | 331.24
b11 35 36 | 26 0 26 0 26 0
bench 30 45 | 27 | 2711 39 | 51198 | 15 | 19.00
dk17 37 [ 44 [ 30 0 30 0 20 [ 63.86
dk27 16 27 [ 14 0 14 0 10 0.34
fout 74 67 | 47 | 1150.00 || 46 [ 1389.88 | 33 | 1316.76
inc 29 33 [ 27 0 26 0 23 | 1030.83
pl 81 | 117 [ 57 0 55 0.42 42 | 2174921
p3 51 57 | 37 0 37 | 322129 | 28 | 124.44

IMivaxag 6.11: Comparison of QuickESCT-DC (for ESCT expressions) with algo-
rithm of Lee, Drechsler, Perkowski.

Function H Lee, Drechsler, Perkowski ‘ QuickESCT-DC ‘

alu2 66 40
alu3 48 39
apla 99 33
b1l 33 26
bench - 15
dk17 36 20
dk27 15 10
fout - 33
inc 36 23
pl - 42
p3 - 28

T mponyouueves epyacies. Ol mapaydueves exgpdocis Stapépouy and tic ESCT oo
OTL EXTOG An6 GUAREXTY " amoXAeLoTIXG 17 UTOPOUY VA EVOWUATOVOUY XAl GUAAEXTY)

hoyuou 1.

To arotehéouata Tng Tapandve olyxplong tapouatdlovtal otov Ilivaxa 6.11.
[Tagdho mou 1 TEOTELVOUEVES EXPRAGELS GTNV TapaAndve epyaotia elvar yevixdtepeg,
o akyobpfuoc QuickESCT-DC elvar xahitepog e OAeC T GUVAPTHOELS UETPOTPO-

YEAUUATA.

Ta tapandvew anotehéouata xatadelxviouy Ty noldtnta Tou alyoptfuou Quick ESCT-

DC.

6.8 Xi0vodmn alyoplbuwy

Yto Kegdharo autd mapousidotnxay akyodpiuol téo0o yio Ty ehayiotonolnon ESOP
660 xau vy Ty ehayrtotonoinon ESCT exgpdoswy. Xtov Iivaxa 6.12 tagovsidlovta,

OUVOTTIXS, Ta BACIXOTERA YUPAXTNPLOTLXA TOUG.
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Evéotna 6.8. XYNOWH AATOPIOMON

YuumEpAoUATIXE:

Do axp3 ESOP ehayiotonoinon v emhoyn elval wovédpouog, o alyderbuog
Find_Exact.

I evptotiey ESOP ehayiotonolnon tAfeeg 0plouéveny GUVIRTHGE®Y, 1) XATEA-
Anhn emhoyn elvan o akydplbuoc QuiXOR agot divel okl xahd anotehéouata
o€ xaholg yebvoug.

[ evprotue ESOP ehayiotonolnon atehdc oplouévmy cuvapThoeny, 1) xoTtdh-
Anhn emhoyr elvon o ahydelliuog QuickDCMIN.

I axpPr ESCT ehayiotonoinon npoteivovtar ot adydelbuor Minl, EMinl,
XMin6. Ané autolc v xakitepn anddoon yia cuvapThoels ueypet 6 uetaBAnteg
Vv €xeL o XMinb. I'a ouvapthoeg uéyet Bdpoug 4, n xatdiinin emhoyn elval
o EMinl agot cuvdudlel moldtnta anoteleoudtny ol toyitnTd.

I evprotue ESCT ehayiotonoinon thifipws 0pLouévemy GUVIRTHCEWY UTIRYOUY
nohhég emhoyéc. Ta mo nolotnd anoteréopata ta napdyeL o ahydetbuoc Min2-
EWTMIN. ‘Alkn taydtatn emhoyy elvar o akydplfuog EMinl.

I euplotind) ESCT ehaylotonolnon ateAdS 0pLoUuévwy GUVIRTHCEDY O XUTEA-
Anhog ahyodplfuog elvan o QuickESCT-DC.

o va Behtiwboty ta anoteléouata Twv noapandve ahyoplbuwy, unopel va
yenowornowmbel o VRORDER yw tnv elpeon xatdhining Sudtadng Twv ue-
TABANTOY TS oLVAETNOTS ELGOSOU.
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Evéotna 6.8. XYNOWH AATOPIOMON

IMivaxag 6.12: Xapaxtnerotnd Alyopifuwyv Find_Exact, QuiXOR, QuickDCMin,
Minl, Min2, EMin1, XMin6, EW7MIN, Min2-EW7MIN, VRORDER, QuickESCT-

DC.
ONOMA ESOP/ESCT AKPIBHX MULTI-OUT | DONT CARE
Find_Exact ESOP NAIL vy NAIL yeneo. OXI
w(f) <7 TPOGEYYLON
Tapaypdpou 5.1.2
QuiXOR ESOP OXI NAIL yeneo. OXI
TROGEYYLOT
Tapaypdpou 5.1.2
QuickDCMin ESOP OXI NAIL yeneo. NAI
TROGEYYLOT
Topaypdpou 5.1.2
Minl ESCT NAL vy w(f) <4 OXI OX1
hn<b
Min2 ESCT OXI NAI, yeno. OXI
TPOGEYYLOT
napaypdpou 5.1.1
EMinl ESCT NAIL vy w(f) <4 NAI OXI
fn<5d TPOGEYYLOT
napaypdpou 5.1.1
XMin6 ESCT NAL vy n <6 OXI OXI
EWT7MIN ESCT OXI OXI OXI
Min2-EW7MIN ESCT OXI NAI, yeno. OXI
TROGEYYLOT
Tapaypdpou 5.1.1
xaL apalpeoT
emmhéov
UETABANTAOY
XA GPLY
QuickESCT-DC ESCT OXI NAIL yeno. NAI
TROGEYYLOT
Tapaypdpou 5.1.2
VRORDER ESCT OXI NAI OXI
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Kegpdhawo 7

KBavtixég enextdoetg

If builders built houses the way programmers
built programs, the first woodpecker to come

along would destroy civilization.

Author: Gerald Weinberg

v evotnta auth Ba acyoinbolue ue toug *Pavtixolc UTOAOYLOTES XOL UE
™y #Baviue) enéxtaon xdnowwy and toug ahyoplfuoug mou avantiiaue €og
Topa oTa Thalowa Tng ddaxtopixtc dlatelfric.

MéypL thpa, Oha ta uRoAOYLOTIXE cUGTHUATA elvar XAAGLXE XAl YPNOULOTOLOVY
N dltiun Aoy, Yndpyouv 6uws TEpLOpLoUol ¢ TROg TNV An6d006T) TOU UTOPOUUE
va emttdyouue, meploptopol mou ol (Btol ou guaxol vouor uog emBdilovy. O mo
abhoyog ané autolg elval 1 memepacuévy ToyvTnTa Tou Blou Tou gwtdg.  Ta
e€opTAUOTA EVOS XAAGIXOU UTOAOYLOTLXOU GUGTAUATOS AVTAAAAGGOUY TAnpopopia
uetagl Toug Ue TN Uop@t Uetapopds evépyelag. H taydtnta e napamdve aviaikayhc
elvar (otnv xahdtepn mepintwon) lon ue v taydnTa tou gwtés. 'Etol v va
dtavubel ulo anéotacy 30 exatooTdY, 6TO eV, amonteltan ypdvog 1 vavodeutepd-
Aento. Ltov Bto ypdvo n mAnpogopla uetadidetol 20 exatooTd ot £vay UETAAALXO
aywys. Elvar, Aowndy, avandgeuxto 6T oty npoondfeid pag vo auvgicouvue Ty
TAYOTNTA EVOS XAAGLXOV UTOAOYLOTIX0U GUOTAHUNTOS Oo TEENEL VO UELOOOUUE TLG
ATOOTIOELS TV EEURTNUATOY, PTAVOVTAUC EVIEYOUEVKS O LTtoaTOUXd enlneda. "Otay
OueS Yivel x4t 18100 TOTE Ol XATACTACELS TV eCupTNUdT®Y Ha xufepvidvton and tny
apyt e anpoadioprotiag Tou Heisenberg.

Emniéov 7 Bia 1 teyvohoyia xataoxeurc 10V OMOXANOOUEVOY XUXAGUITOY Hag
emPBAAAEL TEPLOPLOUOUSC W TPOS TO TABdVL TN anddoarg 1 onola umopel vo emtteuydel.
Kdébe ohoxinpwuévo xixhwuo anofdiiel evépyela ue tn yoppt Bepudtntag. Hevépyera
auth) Oo meénel va amoyaxpUveton and To xhxhwud. Oung 1 XavoTnTA UG Vol
ATOUOXEUVOUME TNV Topandve Heoudtnta avidvetar pe wxpdtepo pubud oe oyéon
ue 1o pubud mou avidvetar 1 dnulovpyia TG 660 To UEYEDOS TWV OAOXANPOUEV®Y
xuxAoUdTeV uewdvetal [DCMO4].

H Wéa tng xataoxeunc xoL ypriong unokoyLoTixdy cuotnudtwy mov Ha yenoiuo-
TOLOUY QULVOUEVA %ol VOUOUG TNS xPavTuchc unyavixic elvar Théov eup€mg Sladedouevn
xo Thifog epeuvnTindy npoonabeldy otpégetal tpog authy TNy xatelbuvor. H apyu
WEA Yoo TNY avdnTudy TV xPaviixey unohoylotdy avixe. otov Richard P. Feyn-
man (Bpafelo Nobel ®uowic, 1965). And Sudgopa dpbpa mou éyouvv dnuoocteutel
UEypL oNuEpd, TEOXVUTTEL avauploBhTnTa 6Tl évag xBavtixés unoloyloTrhc unopel va
eXTEAEGEL UTOAOYLOUOUG TOAD TLO YPTYOR XL ATOTEAECUATIXG antd T UTOAOYLOTLXY
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Evétnia 7.1. BAXIKEY ENNOIEY KBANTIKON YIIOAOTI'IEMON

ovoThuata mov Bacilovtal ota puuxponhextpovixd xuxiouota. O bpog xBdvto (quan-
tum, uwer nocdTTa - mpogpyeTol and TN AEEN quantus mou oTa AaTivixd onualvel
T660) ovapEpeTal o€ dlaxpltés Hovades mou yapaxnellouy GUYXEXPLUEVES PUOLXES
TOGOTNTES, OTKS 1) EVERYELN EVOS ATOUOL UANG GE XaTAoTAOT NeeUids.

Elvar yveo16 611 1o UTOAOYLOTUIXE GUGTAUAUTA TOU YENOLLOTOL00Y XBavTixég TUAES
gyouv Wraitepeg Wiotntec. O xBavtixol unoloyloTés emtpénouy TNy anodotixd
uhoTolnoT TWV Lo TOAITAOXGY QUOLXEY GUOTNUATLY TOU UTOROVUE VO PAVTUGTOVUE.
Emutpénouvy, enlong, tny anodotixy| mtapayovionolnon ueydhwy axepalwy, ue dueoeg
eQapUoYEC 0Ty xpuntoypagla. Axéua, o xBaviixol utohoylotég emttaydvouy or-
uavTied T dradixaotia avayvéelong tpotiney oe Tuyala dedouéva.

H upeydhn éxpnin oto nedlo twv xPavixdy vnohoyiotdy ehafe ydeo to 1994,
6tav o Peter Shor dnuooieuoe éva xPavtind ahydplbuo [Shod7], o onolog unopoloe
og TOANUWYLULXS YpoVo va Micel To TEOBANUA TNE TARAYOVTOTOinaTS evoS axepalou.
Y1oug ®haooxovg uToloYLeTég, N molurhoxdTnTa TNg enthuong Tou mpoBAfuaTOg
TN¢ mapayovtonoineng evég axepalouv ot dUo mpdToug apliuols auidvetal exfetind
avaroya ue To TAfog Ty Ynglwv. H napayovrtonoiner evég aplbuoic o dlo npdtoug
apliuoie elval Waltepa onuavxy Y Ty xpurtoypagla xal edixdTepd YLl TOV
akyéebuo RSA, évay alydelbuo xpuntoypdgnong mou yenoulonoteitol eupéng.

Metd tn dnuootevon Tou akyopibuou Tou Shor, tapouaidotnxe xal o akydpLiuog
tou Lov Grover [Gro96] vy avalhtnon oe un Sounuéves Bdoeig dedouévwy. Av xon
1 hbomn tou Grover dev mETUYALVEL TA EVIUTWOWIXA ATOTEAEGUATA TOU TETUYALVEL O
ahyo6pLiuog tou Shor oe oyéon ue Toug xAaGoLX0UE UTONOYLGTES, elvar anodedelyuéva
To anodotixog and 1o BEATIOTO ahyopliuo TV XAUGOXGOY LTONOYLOTOV YLo TO
OUYXEXPLUEVO TEOBATUA.

Y ouyxexpuévn epyacta wog evilogépel xuplog o alybelbuog tou Grover o
ornolog anotehel xat ) Bdon v tov xPaviind alydpliuo nou avartioue.

7.1 Boaoweég Evvoleg %xBavVILXGBY UTOAOYLOUGY

e éva xhaoxd umohoyloTxd avetnua, 1 Pacier wovdda tAnpogoplag elval to bit.
"Eva bit unopet va ndpet 8o dwagopetinés Tyuéc: 0 % 1.

Yrouc xBaviixoic unohoyiotéc (xat 6Toug aviioToLyous xBavtixolc uToloyLlopovs)
1 Paowt| wovéda minpogoplag elval to qubit. To qubit éyel (6nwe xow o xhaowxbd
bit) 8lo Paoixéc xataotdoes tou ouuPorilovtat pe [0 > xau |1 >. Ou xotaotdoelc
autég avtioTolyoly ot xataotdoec 0 xou 1 tou xhaowol bit. 'Eva qubit éuec
unopel va Bploxetal xal tautdypova otic 300 autég xataoTdoels. Auth elval xal 1)
Oepeluddng dtapopd Tou qubit ue to bit.

Fevixdtepa €va xBoavtind olotnua mou anewxoviletal and éva qubit umopel va
Beloxetar oe dnepes Swapopetinés xataoctdoels (tapdho mou ov fucixéc xataoTtdoels
elvar u6vo 8%0). Llugova ye e apyés g xBavtounyavixic, N xatdotoot evoc
©Bovtixod Quoxol GuUETAUNTOS U0 XUTUCTACEWY TAPLGTAVETAL UE €val Stdvuoua
oe éva Wialtepo dlavuouotind ydeo mou ovoudletar yweog Hilbert xou elvon évag
utyadixodg Swavuouatinds ydeoc. H xatdotaon evéc »Paviixold cuethuatog mepl-
Yedpetar and éva ddvucpa xatdotaonc e wopyhc: |R >= al0 > +b|1 >. Ou
ouvteAeotég a, b opllouy mhdty mbavotnTag xal 1o TeTpdYwvo Tou xdle cuvieheoTh
divel Tnv mbavoTnTa To qubit mou anewovilel To napandve xBoavtind cloTrnua va elvar
oty xatdotaon |0 > xa |1 > aviiotouya. Hpogavée mpénel va toyter: a? + b? = 1.

[ToAréc gopég elvan evxolo va anewxovicouue ta qubits ue popph mvdxwy. 'Etol

xal dpa: |R >= al0 >

T0 napandve qubit Bo yeagrel: |0 >= { (1) ] 1 >= [ (1)
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1
7 e ’ ’ 7 ’
XeNom TwV mvdxwy dieuxohivel Wiaitepa Toug utohoyiouolc xau Ha yenoysononbel
EXTEVOC.
Ta nopandve cuvolilovtal 6tov enduevo opLoud.

1
+b]1 >=a [ 0 ] ,+b { 0 ] = [ Z ] Fevixd, 6nwe xon Oo Solue xoL 61N GUVEYELY, 1)

Oplowés 33 'Eotw ot Gewpovue ot {10 >, |1 >} elvar n opboxavovixij Bdon tou
Sibidotatov ydpou Hilbert. ‘Eva qubit (|g >) elvar éva xavovixorouuévo didvuoua
oto ydpo Hilbert 8vo Siaordoewy.
1 0 a
|q>—a|0>+b|1>—a[0},+b[ . } = { b}
orov |al® +1b]* = 1.

Ané ta nopamdve elvar tpogavég 6TL éva xPavtixd cboTnua dev elvol vietepul-
viotixd. Anhad dev unopodue pe BeBondtnTa (0TI TEPLOCOTEPES TEPLTTOOELS) VL
TpoPrédovue oe mowa mpaypatixh xatdotact Beloxetor to olotnua. To xBaviid
ovotnua Do xatarniel oe pa and Tig Paoixés Tou XUTACTACELS OTAV EMLYELRIGOVUE
Vol METPROOUUE TNV xotdotaoy Tou (6tav dnhady| Ba tpoonabfcovue va enéufovue oe
autd).

Yuvoilovtag Tta mponyolueva, éva xBavind clotnua mou exgedletal and éva
qubit umopel va Bploxetal Tautdypova xar ot dYo Pacixéc tou xoataotdoeg. H
mbavétnta va Beloxetor oty xatdotaoy |0 > (Snhadh tav Ha xdvovue tn pétpnom va
0 Bpotue oty xatdotaon |0 >) elva a?. Avtiotouya n mbavétnta va Peloxetar oty
xatdotaon |1 > (dnhadh étav Ba xdvouue ) puétenomn va 1o Ppolue 0TNY XATAGTAGY
|1 >) etvon b2 "O7av a?,b? # 0 167e T0 *(Pavind pac clotnua Aue 61t Bploxeto
oe xatdotaon vnépheone (superposition state). 'Otav 1o odotnua dev Bploxetal oe
xatdotoot unépbeorc tédte unopovue ue andiuty BeBardtnta v tpofiéouue oe o
and tg dYo Pacixéc Tou xatactdoels PploxeTal.

Ev yéver oL suvteheatée a, b elvar pryaduxol aplfuol yia 1o Aéyo autéd éva Sudvuoua
xotdotaong anetxovileton o ua opatpa Bloch. Av Oewpricovue éva qubit tng yoperic:
IR >= e[cos 8]0 > +e?sin §[1 >] = a0 > +b|1 > té1e 1 anecévioh TOU e WL
ogaipa Bloch (éyel axtiva lon pe 1) gaivetar otny ewdva 7.1. Stny anexbdwon auth
e elvar pa yevxh Slupopd wdone n onola dev elvan mapatnpfiowun xat cuvhfug Ty
oY VOOUUE.

IToAréc opéc OUWS, YL AOYOUS ATAOTNTAC, YPNOULOTOLOVUE SLOLAGTATY) ATELXOVLOT,
omwe oty ewdva 7.2, Ly meplntwon auth ol cuviereotés a,b Bewpolvial wg
npayuotixol aptuol. ‘Alhwote apxetol and Touc xBavixolc teheotés (xPaviinég
noheg) Sev evepyolv xabbéhou ot ywvia gpdorng @, ondte urnopolue, ouviing, va Ty
oY VOOULIE.

BeBatwg ta mapandve uropoly va yevixeuholy yia xBavtixd cuothiuata 1 Baoixdy
XATACTACEWY. TNy teplnTwon auth 1 xotdotacT evég Tétolou cuothuatos Ho oplletat
g |R >= a1|Th > +az2|Ty > ++an|T, > 6mov oL xatactdoe [T; > ywi=1,...,n
opllouv opdouovadiaio cVotnua xou elvon ave&dptnteg uetall toug. Emmkéov Oa
wyler af +a3+ ...+ a2 =1. O yépoc Hilbert mou anatteitor yia va arelxovioTel
évar TéTolo aVoTnua elval 2n dwotdoewy. 'Omwg ol 6Ta XAAGLXE UTOAOYLOTIXE
ovoTAUATA, €ToL xal €86, unopolue va oploouue xBavTixolc xataywentéc oL onolot
unopolv va anotehovvtar and n qubits. 'Evag xfoavtinde xataywenthc (6nwe xou évag
xhaoxde) pnopel va anewxovioel 2" Slagopetinois aptBuolc. "‘Ouwe évac xPavtixois
xataywentic mou Beloxetar oe unépbeor unopel va anewxovicel 6houg aUTOUE TOUG
apLOuovg TaUTOY POV
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o>

z

R>
e
y
X P
I

1>

Ewéva 7.1: H xatdotaon evéc tuyaiou qubit |[R > arewxonlbuevn oe oe wa ogalpa
Bloch. 6 elvon 1 yovia ye tov d€ova x xat ¢ 1 yovia e tpoBoric tou |R > 610
eninedo xy e tov dZova x. To |L > elvar to qubit: (|0 > +[1 >)/21/2.

1>

IR>

b |0>

Ewdva 7.2 Awdotatn anewxdvior evog qubit.
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Avtiotouya ye tnv unépbeor, undpyer xau éva dAho evdiapépov (aLvouevo, To
pavéuevo e xPavitucic deunhoxrc (entanglement). To gavéuevo autd unopel va
eugaviotel o éva oboTnUo Tou amoTeheltan and mepioadtepa and 1 qubits. Ado
qubits mou Bploxovtar oe xBavtixy| diepunioxt ennpedlovy dueca 1o Eva TNy ®Paviixd
xatdotocn tou dhhou. To napandve Ho gavel xakdtepa pe To enduevo mapddelyua.

Hopdderypa 55 "Botw évac xfavtixdc xataywentiic mov anoteAeitar and dvo qubits.

Ileopavdc undpyouy Téooeplc PACIXES xQTAOTAOELS YiA TOV TAPATAVL XATAYWENTI:
|00 >,|01 >,|10 >,[11 >. O xatactdoecic autéc aviiotoLyody oe xdbe duvatd
owvbvaoud twy Paotxdy xatactdocwy Ty SUo qubils Tou xataywentr. ‘Eotw 6Tt o
XATAYWPENTIHC AUTOC ExEl TO TAEAXATE OLdVUOUX XATEOTATHS! g[OO > —}—?\11 >.
Avté onuaiver 6t o mapandve xataywpentic unopel va foloxetar oTIC xATAOTAOELS
|00 >, |11 > e (ba mbavétpra 50%. Xrtpv mepintwon auti ta dvo qubits tou
xataywenty elvat oe xatdotaon xPavtixic Steunioxic, S0t dev umopolue va ueTel-
OOUUE TNV XATAOTAON TOU EVOC, YWPIC Vo ETNEERTOUUE Xt TNV XQTAOTAO TOU dAAoL.
IHpdyuarte, av uetpfoovue to mpdto qubit, téte Ga to Peolue ue (on mbavérnra elte
oty xatdotaon |0 > elte otpy xatdotaon |1 >. ‘Ouwc otny mpdry nepintwon
xat to SeUtepo qubit Ga Peebel, olyovea, otny xatdotacy |0 > evd otpv dedtepn
nepintwon otny xatdotaon |1 >. Anlady oto clotnud uac n xatdotaon tov evéc
qubit ernpedle dueoa Ty xatdoTacy Tou dAAov.

‘Evag xBavide teheothc (§ xBavtnd nohn) elvar onoloodhnote pabnuatinie
ueTaOYNUaTIoNGS Unopel va aoxniel oe éva xBavtixd ovotnua (tou aroteleltar and
qubits xat evdeyouévas and xBavtxolc xataywentés) xo vo uetatpédet, lowg, Ty
xotdotact) tou. Aniadrh ou xBavtixéc mhheg elval teheatéc tou ydpou Hilbert xau
auTO TOU (dVOUV Elval VoL TEQLOTEEPOLY TO BLAvucUa xatdotacng evog xBavtixol
ovothuatog oo oto ydeo Hilbert. Touc xBaviixoic tehectéc Toug neplypdpouye
ue ™) Borfeia mvdxwv nXn 6mov n elvon o aplBudc TV eLeédwY xaL TV 63wV Tou
TeheoTH).

Baowée mpolnobéoeig v va elvon éva teheotiic tou ydpou Hilbert »fovtind
Tk, elvor vo un peTufdAAel To uhxog SLavioUaTOS XATAGTAGNS XAl Vo TNeel T
xeovur oupuetpla TV xPaviin®dy cuoTnUdTeY. Ou TekeoTég UE aUTES TIC WLOTNTES
ovoudlovtal opbouovadiaiol xal neptypdgpovtal and opbouovadialoug nivaxeg. H
xeovuwr oupuetpla onualver 6tu av ye ula xBavtind toAn G Touv AVTLTPOCWTEVEL TOV
teheoth) G alhdEovue NV xotdotaon evog xBaviixol xotaywenth and |qr1 > ot
lgr2 >, T61€ Mpénel vo dpdoovue oTNY XATdOTAOY |gre > UE TNV Blo mUAY Yio va
TEPOUYE TNV XaTdoTAsT |qR1 >:

Glgr1 >= |qre >

(7.1)
Glgre >= lqr1 >

To napandve BEBota yeyovog unodniodvel 6TL 6heg oL xBavtixés nileg meénet va
elvar avtiotpéduueg. Enlong autd pag delyver 6tL onowadfnote aviioteéduun moAy
unopel va yiver xol xPavtinde teheoThc.

Ov mo yvwotée xPavtixéc nvheg elvon:

o I »Bavtud mohn adpavelag (ulo eloodoc-€€0dog). Elvar, ovoaotind, n avii-
otpédrun nOAN adpavelag mou napovsidotnxe e dhho xepdialo. Tlepiypdgpetal

/ ’ . . _ 10
arnd tov wivaxo: U =1 = [ 01 ]
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o H »Bavtud toAn avtiotpophc (ulo eloodoc-é€080c). Elvar, ovolaotind, n avt-
oTpédLun TOAN AVTLETROYPNC TOU TAEOVGLAGTNXE 08 dhho xepdhato. Tlepiypdpetol

1
and tov mivaxa: U = (1)0 ]

o H xBoavtxd nikn Walsh-Hadamard (ula eloodog-é€0doc). H mo ”"Sudonun”
and g xPaviég tikes. Apdhvtag oe éva olotnua tov Peloxetar ot Baoud
xatdotaon 0, 10 pépvel ot xatdoTacT UTEpheong Ue GAES TIS SUVAUTES XATUGTAOELS
va Umopotv va tapouclactoly teonibava. Ilepiypdgetar and tov nivaxoa: U =

1 1
— L
=1 [ 1 -1 }
o H xBavtuer nihn petaténions gdong (o eloodoc-¢€odoc). H nihn auth ahhdlet

™ yovia gdong ¢ evog qubit. Ilepiypdgeton and tov nivaxa: U = [ 06122“9 ]
o HPBavtuer nidn CNOT (800 eloodol-éZodot). Elvar, ovolaotind, n aviiotpédrun
mohn CNOT mov noapoucidotnxe oc dhho xegdhato. Ilepiypdgetal and tov
1000
0100
0001
0010

nilvaxa: CNOT =

o H »Bavtnd) nohn Toffoli (tpewc eloodor-é€odot). Amnotelel, ouvoaotixnd, v
avtioteédiun noirn Toffoli nou napovsidotnxe oe dhho xepdaro. Ileprypdpeton
[ 10000000 7
01000000
00100000
00010000
00001000
00000100
00000001
00000010

and 1oV mivaxa: Groffoli =

"Evag xBavtinde vnohoyiouds elvar o axohoubia egopuoydv xBavitixdy Tukdy
o€ x4nowo xPavtind xataywenth. Juvibog évoag xPavtindg utohoyioude tepuatileta
ue N uétpnomn (rapathenom) xdnolou and Toug xBavinols XATUYWENTES TOU OUOTY-
uatog. Xtny meplntworn auth to obotnua Ba "xatappeloe” oe wa and Tig Pacixég
TOU XUTAGTAGELC.

7.2 O ahyobpbuog tou Grover

O »xBavtinde akyodplfuog mou Bo pog anacyorfoel 6T cuYXeXEUUEVY SLdaxTopLXN
St elvar o alydebuog tou Grover. O ahydplfuog mou Ba mpotelvouue Pactletar
oe auTOV. BTNV evoTnTa AuTh dlvouue wia oUvTOUT REPLY QT TOU.

O Lov Grover pe 1o dpfpo tou "H »foavtiny| unyoavh uropel vo pag Ponbdrost va
Beovue ula Behdva ota dyvea” anédelle oL évag xPaviindg uTohoYLOTHS Unopel Vo Log
Bonbhoel va Bpolue éva otouyeio oe ula un Sounuévn Bdor dedouévov N atolyelwy,
av v epeuviooupe sqrt(N) gopéc. H Bertimon mou nopéyer auth 1 pébodog elvon
Wraltepa onuavted, YTl oe évayv xhaoond unohoYLoTy|, 6Ny xakitepn neplnTtwon,
T0 otolyelo umopel va Bpebel otny mpdtn npoondbeia aAAd 611 yEWHTERN TEplTTWOY)
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10 atolyelo unopel va Beebel uetd and N npoondbeec. Katd uéoo dpo bdumg yivovtat
N/2 avalnthoec.

Avadutixdtepa To mpdBinua mou emAiler o akydplfuog tou Grover meptypdpeTan
o e&nc: 'Eotw ula un Sounuévn Bdon dedouévwy nou mepiéyer N otouyela. Kdbe
otouyelo trg Bdong dedouévwyv €yel évav aplBud and to 0 éwg to N — 1. To otouyeto
mou avtiaTolyel aTov apliud k cuuPoiiletal ye z,. Xwplc TEpLOPLOUS TNG YEVXOTNTAS
unopolue vo Hewphoovue:

N=2n—-1ywun=123,...

(Av éyoupe hiybdtepa otoryela unopolue va npochécouue euelc 6oa ypewdlovton
Yo var @Téeoupe otov entuuntéd apud).

Kdbe otoyelo avtiotouyeiton oe ula and tic Bacixée xataotdoelg evoc xBavtixol
xotaywenth Tou TepthauBdvel n qubits.

Oewpolye enlong 6tL Slabétovue Eva aloTnua To onolo unopel vo avayvwploet oy
xdmoro otouyeto elvar autd mou {ntdue 1 oyt To ovotnua autd ovoudletal oracle
xon etvon ula hoywer ouvdptnon f. 'Etor av to otowyelo mou Ydyvouue elval to z;,
THTE €YOUUE!

{ love =u }

U= .

0avx#uax

Av xon v napovoidlovtal oL tAeg Tou UAoToloUy To xPavtikd oracle, dtav autd
dpdoer oe évay xBaviixd xataywenth mou Bploxetar oty xotdotaon [zy >, TéTE:
ley >= |z > |y >—=C |z > |f(z) @y > énou 10 |y > elvar o qubit Tou oracle.

Kot v avalhtnorn tne Bdong Sedouévey, to qubit tou oracle tifetat otn Paouxn
xatdotaoy |1 > xou o1y ouvéyela dpa oe autd plo xBavtih toin Hadamard, n onola

EYEL OOV ATOTENEGULAL:

o [0>—|1>
|1 > sqrt2

Av 1o xBavtxd oracle dpdoel o éva Tuyalo otouyelo Tng un dounuévng Bdong
dedouévwy mou avamoploTatal and TNY xATdoToor Tou XBaviixol xoTaywenTr, To
AROTEAEGUN TOU TROXUTRTEL ElvaL:

0>—[1>\ _ 0 0>—[1>
o> (2202) =0 > |f(x) @ |22]
Ioodvapa 1 dpdon tov xBavtixol oracle unopel va ypagel (Aoyw tne un uetaBoific
Tou qubit Tou oracle):
[0>—]1>

iz > (M) > (qu) av x dev elvon to aTolyelo mou Ydyvouue
! sgriz ) [0>—]1> , , .

x> ( st ) av X elvar to aTouyelo Tou Pdyvouue
U

|z > avx dev elvar to atouyelo mou Ydyvouue
2 >= { —|z > av x elvor 10 oToyelo Tou Ydyvouue }
Lo ouvorntixd: |z >—0 (=1)/@) |z >.
Sounepaouatind, 1o xBaviixd oracle Spa otic Paoixéc xataotdoeg [z > mou

avTLeToLyoUv ot aTolyela TNHe un dounuevng Bdong SedoUEvmy xal €xel ooy anoTéAECUL

o Av 1 Baowr xatdotaon dev avitoTolyel o€ xaTtdoTACT TOU Pdy VOLUE, TNV aPRVEL
OTWS oy,

o Av 1 Baow xatdotacy aviietolyel oe xatdotaoy mou Ydyvouue, ahhdlel To
TE6ONUO TYC.

To xBavtixd oracle elvar xou autd €vac teleathic tou yopou Hilbert. Av to
otouyelo mou Pdyvouue avtiotolyel oty Paowed] xatdotaon |z; >, o TeheoThS TOU
»Bavtixot oracle elvol: O =1 —2|z;Xx;|, 6m0u n mpd&n X ovuPoiiler o TavueTind
YLVOUEVO.
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| 0—{ H

10— H

10)— w

Ewodva 7.3: O akydpfuog toug Grover.

[ va epeuviicouue T un dounuévn fBdon dedouévwy mou mepiéyer N otovyela ue
évay xBaviixd vnohoyioty, avitotolyilovue xdbe éva and ta otolyela pe ula and Tig
Baowés xataotdoeig Tou xPaviinold xataywenth nou neplhaufdvel n qubits. ' va
T0 meTOyouuE avutd, Bétouue tov xPavind xataywent oe plo xatdotacy s >, 1
ornota elvon unépleor GhwV TV Baoxdy xatactdoewy Pe to dlo tAdtoc mbavétnrag:

|s>= =|0> + 21>+ + LN - 1>= TlﬁZz]'\;_Ol 0>.

O tekeotric Tou Grover elval:

G=—(I—-2[sXs|) =2(sXs)) —I.

O ahyébpuog tou Grover elvon ula Stadoyxy e@apuoyy TwV TEAEGTOV O xa
G otov wPavind xotaywenth weplmov [(x/4v/N)] — 0.5 gogéc. Ta Brhuata Tou
aryopibuou elvar:

1. ©étouue 6ha o qubits Tou xBavtixod xataywenth ot |0 >, Snhadrh Hétovue Tov
xBavind xataywenti oty xatdotaor [000...0 >. Xt ouvéyewa dpolue ot
xdfe qubit Tou xataywenty ye ula oy Hadamard xo étol autdg petaBatver
oy xatdotaon: |s >= —= SN as > H xatdotaon |s > elvar 1 unépbeo

n n: = UN 2vj=0 1Tj ~- n 7 unepueon
twv N Baowdv xatactdoeny. Kdbe Pacur xatdotacy aviiotolyeitar ye éva
otolyelo Tng un Sounuévng Bdore Sedouévwy xat éoTtw 6TL avalnTteltal To oToLyelo
Tou avTleTolyel oY xatdoTaon |T; >.

2. Apobue ooV xotaywenth ue tov teheoth: O = I — 2|z; X ;)|

3. Apolue oT0ov %PBaviind xatoywenth Ue Tov TEAECTH: G = —(I —2|sXs]) =
2(sXs))—1

4. Av o aphuic Tov eravalfidewy elvar ueyalitepog A neplnou loog ue [(t/4V N )] —
0.5, t6te mpoywedue oTo embuUEvVo BrRua. Av o aplfuds Twv enavarfbewy elvat
uxpdTepog, ToTe augdveTal o aptiuds Twv enavakibewy xatd 1 xo o alydebuog
enavaloufBdvetal and To Tponyovuevo Briud.

5. Téhog, yetpdyue TNy xatdoTaoT ToU XPaviinos xataywenth xoL av 10 {NToluevo
otouyelo Bploxetal 6t Bdom T6TE 1) XAUTAGTAGT TOU XATAYWENTH AVTLOTOLYEL 6TO
otolyelo auto, dlapopeTind avTioTolyel oe xdmola Tuyala xatdoTao.

Yynuotixd o mapandve alydpetiuog napovoldletatl oTtny ewxdva 7.3.
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EK®PAYEQN

7.3 Ilepiypapn npotelvopevou alyoplbuou yia ehaylotonoinom

ESOP/ESCT exgpdoewmy

O ahybpibuoc nov npotelvouue (QMin) elvar oty ousla o akydetbuoc tou Grover
ue Swagpopetnd Oracle. Eidaue otnv neptypagh tou alyopibuou tou Grover 6t o
tekeotrc Oracle anogaailel Yo 0 ol otolyetla Do entheyoly GoTE VoL ELPAVLGTOVY
oty €Zodo Tou ¥Baviixol umoloyiouol xou mowr Oyt  Xtov QMin mpotelvouue
éva Slagopetind teheoty| Oracle o omolog e€etdlel dheg Tig duvatég ESCT v ESOP
exppdoelg ag hoyuhc ouvdptnong xou emoTtpépel 1 yia exelveg mou €youv Bdpog
x4t and xdnowo 6pto (threshold) xou 0, dpa anoppintet, tic unéhownes. O npotet-
véuevog teheotric Oracle ovolaotind otneiletal oto Ocdpnua 10, evéd 1 Aoywr Tou
Tpotewvouevou ahyoplfuou éyel, we xhaowd avdioyo, Tov akydpelbuo XMinb.

O ahybplbuoc QMin unopel va nopdyet ehdytoteg ESOP f ESCT exgpdoeic yio
onowdfnote Aoy ouvdptnon povadixric e€6dou (autd pubuiletar and to eldog Twv
LUT rekeotdv mou Oa ypnowwonoinfovy. Ilepiocdtepec Aentouépeteg Yo autols Ou
TOPOUCLAGTOVY GTY) GUVEYELX). 3TO TENOG TOU GUYXEXELUEVOL XEQahalou o ahybplbuog
QMin O enextalel dote va evtonilel eAdyioteg ESOP 1 ESCT exgpdoeic yia atehdg
oploUéveg hoyuxég ouvapthoelg Yovaduig e€68ou. O akydpfuog autdg umopel va
xenoruonoiniel xon Yo 6UVIETAGELS TOAGDY EE6BWY, YPTCLUOTIOLBYTAS TO GPORUAALGUS
TNG YAPAATNELOTIXTG CUVAETNONS TOU TUPOUGLAGTNXE GE TEOTNYOUUEVO XEQAAALO, AANS
oty neplntwon auth oo ESOP 1 ESCT exgpdoeic nou Oa dnuoupynboiv Oa elvon
oYed6V eNdyLoTES.

O ahydbpfuoc QMin mapovsidletor otny ewxova 7.4. H Stagopd ue tov ahyodpiuo
tou Grover elvon o dagopetindg tedeotric Oracle. Tlapduoia npocéyyion elye napou-

oaotel xow oty epyacio [LLPO6] énou évag xawvolpylog teheotiic Oracle dnutovpyotoe

xan e&étale exgppdoeic FPRM (Fixed Polarity Reed Muller) dote va evronioet exelveg
ot omoleg etyav aptbud bpwv xdtw and xdnowo xaboprouévo po. O teheotric Oracle,
¢ epyaotag [LLPO6], anotedeltal and tplo Swagopetind tufuata. To npdto elvon
o enelepyaothic FPRM (FPRM processor) o omoloc dnuloupyel éhec Tig duvatég
FPRM exgpdoeic yia 1 ouvdetnon eto6dou. To deldtepo elval anotiuntic xéotoug
(cost evaluator), o onolog Beloxel To péyebog e xébe FPRM éxgpaons. To tpito
xau tehevtalo Tufua elvat 0 ouyxpltiic (comparator) o onolog ehéyyeL TolEg and Tig
exppdoelg Eyouy apliud dpwv xdtw and to plo.

Av e€etdoovue évav xhaowd akyopliuo elayiotonoinone ESCT A ESOP ex-
pedocwy, 6nws tov XMinb yuw exgpdosic ESCT 1 tov avtiotoiyo alydplfuo yia
ESOP oty epyaotio [THO2], n xpia unoroyiotixf emfBdpuvon mpoépyetol and toug
emavaknrixos Pedyyouc (ny for loops). Eto xevipid emavahnmiixd Bedyyo tou
Xmin6, éva peydhro nhhboc ouvapthoewy n — 1 uetaintdy (n elvar o apliude v
UETABANTOV TN ouvdptnong eloddou) evdvovtol (dnutoupyolivia to abipoloyata a-
TOXAEWTIXG 1) UE TS LTOOLVOETAGELS NS cuvVdptnong ewédou. And g ESCT
exppdoelg mou Oa dnutoupynlody, Oo emheyoly exelveg ue o UixpdTepo aplbud dpwy
(oL eNdyLoTeg).

Ytov mpotewvouevo akyoplbuo QMin, dheg ov mopandve emavairfdels yivovron
oe éva xBavtixd uToloYLoTIXS BAUN, YPTOLLOTOLGVTIUS TO QPAULYOUEVO TNS XBAVTLXhC
unépbeornc. Autéd uog diver anuavTiny emtdyuvor, ae oyéon ue 1o xhaowxd avdhoyo,
XOL UG EMLTRETEL Vo dnutovpyovue ta alpolouata ”anoxielotixol 17 o€ £va uTOAO-
YioTd Bhua ywels udhiota va yeetalOUaoTe TIC EMTALOV TEYVLXES ETULTAYUVOTC TOU
yenotuonoinxay otov XMinb (6nwe ty 67t oL ouvapthoels tou Bo ouguetéyouy ota
Topandve abpolouata etvor autée ue Bdpog uxpdtepo Tou Bdooug Tng ouvdpTnong S
3. E8¢ emhéyouue xdbe duvath ouvdptnon).
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O(NHZ)
p A
| \Dleasured XOR
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E{: Walsh- Inversion — Invarsion L Inversion -
4 +— Hadamard — about mean — about mean LR about mean -
O O O
W m r i a8 r
o & a - a - a »
r . c * e . c A
k . I 1 . I 4
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S hd =] =] =]
* 88
p
2 G-St | G-5t L G-St
- -l - -31E]| - - e

z Threshold - - g P

Problem Comparator

Specific = (Oracle output

Circuit producer)

\%(ﬂe
FPRM Minimization Circuit (Li, ESOP or ESCGT Minimization

Thornton, Perkowski approach)

Circuit (Our approach)

FPRM

Processor

Cost Expression
Counter Estimator

Expression Estimator (n-1
variables) for n=2 or LUT
for n=2 (ESCT) or n=1
(ESOP) as seen balow

= = -
\ f,xorlbomb

% n-1 m m &
L | 4
{homb
function)
[fiz ey

b +

l[jg n-1 ”] LT Ll ¢
&
fo(xor)bomb\i

Expression Estimator for n variables

= [ R
= e | e
= > P R e
[é,\ D‘* D" £> |0> [ X+,
o> \ - - —

ESCT LUT for functions of 2 input variables

XX XX

1gtata

XX (xer) x g gx, X EE X, (Xon) X KoK X

LR U ey 1 ESOP LUT for functions
of 1 input variable

Ewéva 7.4: O alyéeibuoc QMin.
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9 n-1 m a
— LUT
a
(bomb function)
f,>  n1 AN T m b
N
b + (Comparator
f,(xor)bomb
[f,> n-1 N m c
— N Pj LUT
Cc
f(xor)bomb
0r)bol q
Expression Estimator

Ewéva 7.5: Tereotiic Oracle tou QMin.

O npotewvouevog xPBavtinde teheotiic Oracle gaivetal otny ewdva 7.5 xou elvan
umevluvog, avdueoa oe dAla, v T SnuLovpyia Twv tpoavagepliviwy agoloudtny
anoxAeloTixol 1.

[Magatneodyue 6t o npotevéuevog teheatric Oracle anoteheital and do drapopetind

tufuoata.  To mpdto ovoudletar Expr-Estimator xou elvar auté mou ulomoiel Ta
noployata tou Oewphuatog 10. To debtepo tufiua ovoudletal ouyxpithc (com-
parator) xat ouyxpelvel Tov apliud Ty 6pwv xdbe dnuovpyoluevne ESOP # ESCT
Exppaonc ue éva ouyxexpuévo 6po (threshold), nov Bétovue eueic. Emotpéger 1
av 0 mapamdve aplbude elval uixpdtepog 1 loog ue o bplo xar 0 ot undhoireg
TEQLITOOELS.

Ou nepiypdouue xatapynv Tov Expr-Estimator.

'Onwg unopovue vo mapatnefioouue o Expr-Estimator amoteieltor and 3 Sua-
popetixés vpouués. H mpdtn apywonoeiton ané nikec Walsh-Hadamard (Bhéne
xau exdéva 7.5) xar ovclaoTxd aviiotolyel otn cuvdptney g tou Bewphuatog 10.
IMpogavde otn yeauuh auth dnuloveyolvtal ot unépleon ou MT avanapaotdoelg
oAV TV duvatdv cuvapthoewy n — 1 pyetafintody. H deltepn xau v teltn yeouun

apywonowovvtan ue i MT avanapastdoceis twv utocuvaptioewy f1, fo Tng ouvdeTtnong

eloédou. Ovmikeg CNOT dnurovpyolv ta afipotlouata XOR tng mpdng ue ) deltepy
Yeauuh xar T TedTng Ue Ty Teltn. Ytnv ousla o Expr-Estimator viomotel Tig tpeLg
oLVaPTHGELS Tou avagépet To Oedpnua 10: g, f1 D g, fo © g. Xdugwva ue To Oedenua
autd av eréylouue Ohec Tic duvatés g ouvapthoels, Ba Bpolue Ohec Tic eAdyLoTeg
ESCT v ESOP exgpdoeic tng, dedouévou 61l yvwellovue ta ESCT v ESOP Bden
Toug avtiotowya. Ta Bden autd pag ta Sivouv ol teheotée LUT.

Ov teleatéc autol unopoty va Heweniolv we uadpa xoutld tou taipvouy v¢ elcodo
v MT avanapdotacy pag ouvdptnong xo pag emtoteégouy to ESCT 4 ESOP Bdeog
e. 'Evag tpbénog va Toug LAOTOLAGOUUE ELVAL VO YENOLUIOTOLACOUUE TOV TEAECTH
Expr-Estimator avadpouwxd yia n —1,n — 2,...,2, 1 yetafintéc. Ou xatainxtixol
teheoTég mou tepuatiouy TNV avadpout) auTh TapouctdlovTal 6T GUVEYEL.

Edv 6éhouue o QMin va napdyer erdyrotec ESCT exgpdoeig yia ) ouvdptnon
elobdou, t6Te 1 avadpour| yog Ou otauathcel 6to eninedo twv 2 yetafintodv. O
avtlotoryoc teheothic LUT napovoidletar oty ewdva 7.4 (xdtow apiotepd). To
(Bavind autd xOixhoua vionoel ) ouvdptnon: (x — 1+ x9 + 23 + 24) ® 1222324,
6mou z;,1 = 1,...,4 elvan T qubits mou avitietoryoly oty avanapdotacn MT tng
ouvdptnong elo6dou tou teheoth LUT. Enotpépel 0 uévo yia tig ouvapthoeis [0] xat
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S
= Jary
NV
S, an M
= NB) NV,
0> any D
= N N/
tl
=
tO
=

Ewéva 7.6: Teheotric comparator yio 2 qubits.

[F] xau 1 og 6heg g dhheg nepuntdoete (Buuilouvue b1t to ESCT Bdpoc onolaodhnote
ouvdptnone 2 petafAntdy etvon 1 extéc av elvar otabept).

Edv 0éhovue o QMin va napdyer ehdyiotes ESOP exgpdoeic yio ) ouvdetnon
elobédou, téHTE N avadpour) uvag Ba otauatioer oto eninedo tng 1 yetafintic. O
avtiotoyoc teheothic LUT napouoidletor otny exdva 7.4 (xdto 8e€id). To xBaviixd
autd wOxAwUa vhomowel T ouvdptnon: x1 + w2, 6mou x;,¢ = 1,2 elvon Ta qubits
Tou avtioTolyovy oty avanoapdotacn MT tng ouvdptnong ewddou Tou teheoth
LUT. Emotpéget 0 uévo yia ) ouvdptnon [0] xor 1 oe 6hec Tic dMheC MEPLTTMOELS
(Bupiloupe 6L o ESOP Bépoc onowsdhinote ouvdptnong ulag petafintic elvan 1
extog av auth elvan 0).

‘Eyovtag howndy tig e€680ug twv teheatdv LUT éyouue ta fdpn 1oy ouvapthioeny
9, [1®9, foDg yio dhec Tig duvatéc ouvapThoels g xat Ydhiota ot unepleor. Ldupwva
houméy ye to Oedpnua 10, vy va Bpolue tov apliud Twv dpwv yio v xdbe ESCT 4

ESOP éxgpaon tng ouvdptnong etaddou, npenet anhd vo npochécovue ta anoteAéouata

Twv tehect@dv LUT. Auté yivetar yenowonowdvtag évay xfavixd abporath. Tétowo
abporotéc éyouv napouotaotel atn debvr BPhoypagia [GosIs].

To étepo tufua Tou tereoty Oracle elvon o comparator. "Evog tétolog xBavtixdg
teheothc (v 2 qubit) napovoldletar oty ewdva 7.6. Ilpéner va onuewwbel 61 o
comparator dev petéyel otny avadpour; Tou Expr-Estimator, alld yenoiwuonoteltar
uévo uia gopd (oto eninedo mou aviietowyel 6ty ouvdptnon ews6dou). To xBaviixd
autd xOXhLUA cUYXplvel TO apliud TwY GpwV TWY TAPAYOUEVLY EXPRACENDY AN TOV
Expr-Estimator ye to threshold xat emoteégel 1 4 0.

Hopdderypa 56 Ytnv ewxdva 7.7 divovue tov oloxAnpwuévo tereots Oracle mou
evronilet eddyrotec ESCT exgpdocic yia ovvaptiioeis 4 uetafAntdy etoddou.

Yuvodilovtag ta mapandve, 1 eloodog Tou akyoplbuou elval pia cuvdptnoy oe
avanoapdotaon MT. Ot é€odol tou elvar ot a, b, ¢, ¢ (Bhéne exdva 7.4) tou tedeoth Or-
acle. Metd ané Tig anartodueveg enavalfPels 1oV TEAEGTAV 0, G ou akyopibuou Tou
Grover, exelveg oL exgpdoelg mou €youv apliud dpwv xdtw and to threshold éyouy,
TpoaxTixd, mbavotrTa eupdviong 1 evéd ou unérowneg €xouv mbavotrTa, mpaxtid, 0.
Metpdvtag pla and Tig e€680oug Tou *Bavitixod xuxhduatog QMin, éheg ot £€odol Ha
7 xatappedoouy” oe i and Tig Baoixég xaTtaotdoelc mou €youv Betixry mbavotnTa
eupdviong, dnhady oe o €xgpaot and exelveg mou €youv aptbud bpwv uixpdTeRo 1
oo tou threshold.

©Anuitelog Boudolprs - Ehaylotonolnon exgpdocny ”anoxietotxol 47

134



Evétnta 7.3. IIEPITPA®H [IPOTEINOMENOY AATOPIOMOY I'TA EAAXINTOIIOIHYH ESOP/ESCT

EK®PAXEQN
4 — Bomb function
(s
|o> |LuT
> M —
AR —
g 8 g |7 \J |0> LUT
[N =1 I +
R N—
L/ [0> |LuT
|0> 2 o 2 \Weight
— g : [
= C1 subcircuit $P)
4 — Bomb function
(s
|0> LUT
g L I
“D
||f13> 8 /TN 91 2> | o M —
L 4 TN — +
\J |0> LUT
hagll [
|0> 2 7 2 \Weight
= C1 subcircuit ($P)
4 — Bomb function
(s
|0> LUT
= ! —
“D
5 s (M e,
L wr
AR
\J |O> LUT
g [
||OD> 2 2 MWeight
C1 subcircuit ($P) Weight
|0> 4 (SP)
= 2 Comparatorm
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Ewéva 7.7: Tekeothic Oracle ahyoplfuou QMin yia evtomoud erdyiotwv ESCT
EXPPACEWY GUVAPTACEWY 4 UETABANTAY ELbdou.
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Evétna 7.4. EIIEKTAYH I'A ATEAQY OPIEMENEY AOTIKEY YXYNAPTHXEIE

Me tov mapandve oaiydpluo umopodue va Peolue ehdyioteg ESOP % ESCT
EXPPACELS, TRAYUATOTOLD VTS dadoyixés exteréoels Tou QMin pubuilovtag oe xdbe
xowvolpya extéleot), xatdhinha to threshold. H apyued tyud tou threshold yropet
va dwlel and tn yprion evoc xhaowxol akyoplfuou ESOP # ESCT chayiotonolnong
6rwe o EMinl ¥ o Find_Exact.

7.4 Enéxtaom yio ateAOS OpLOUEVEG AOYIXES GUVIRTHOELS

O mapandvew akydelbuoc umopel, edxoha, va emextabel xar yo atehdc oplouéveg
hoYxéC ouVAPTHGELS. LUUPOVA UE TOV OpLOUS ULAS ATEAMS OPLOUEVNG AOYIXNS OU-
vapTnong xdnolol and Toug elayloTépoug g Beloxoviar 6to ON set, xdmolor 610
OFF set xat xdnotor oto DC set (elvon adidgopot).

'Evog ehaytotépog elvar adidpopog 6tav dev €yel xoud onuocta av Hu tov Tonobe-
thoouue 610 ON set 1) 610 OFF set tng ouvdptnone. Mrogel, BéBawa, 10 Yeyovdg autod
va uny €yel xaud onuacta yio T ouvdetnoy, alkd enneedlel dueoa to Bdpog Tng.
Katd ouvéneia oty MT avarapdotacy tng cuvdptnong, évag addgpopog eAayLoT600g
umopel va €yer i 1 A 0 avdhoya ue to mowa Ty dlvel uixpdtepo Bdpoc.

IMa va Beolue to Bdpog uag atehods oploUéyng Aoyurc ouvdptnong mpénel va
O¢oouyue, dadoyxd, xdbe adidgpopo ehaylotépo ato ON set xal 610 OFF set xat va
dovue mola meplntwon wag divel uxpdtepo Bdpoc. H Swaduxasio auth elval eatpetind
XEOYVOPBOEA XAl AToLTNTIXY Yl €vay xAaoixd UToAOYLETH, Elval umS TOAY amhy Yo
€vay xBavTixd uTohoyLloTH.

H eréxtaon touv QMin elvor aniy. Apxel va npochécouue uia oelpd and miheg
Walsh-Hadamard otic ypauués mou divouv tny MT avanapdotacn tng cuvdptnong
eL6630U Uag, XAl YLo exelvoug Toug ehaylotdpoug mou elval adidgopol. Autéd pag Oéte
Ta qubits Tou avTieTOL oY GTOUC adLdPOopoUS EAUYLGTOROUC OE XaTdoTaoT unépbeang
(dnhad¥) elvan xan 0 xon 1, axpBds 6Twe 0 0pLouds Ty adldgopwy ehaylotépny). Ot
exppdoeig Tou Ba SnutoupynBodv Ba elvar oL ehdyioteg haufdvovtag unddmny xal Toug
adLdpopoug eAAYLETOROVG.

H tpononoinoyn avth tou QMin odnyel otov ahydplbuo DCQMin. O akydpelfuog
autée mapoustdletal otny ewdva 7.8 (paivovtar ubvo ot Slagopéc and tov QMin).

7.5 Enéxtaomn yia cuvopethoelg TOANGY 60wV

O mpotewvduevog xPaviixds ahyodplbuog DCQMin unopel edxoha va enextabel yia
hovuée oUVAETAOELS TOAAGY EEOBWYV YPNOULOTOLOVTAS TN YALAXTNELOTIXT, GUVAETNOT)
xoL To ouyxexpléva TN 21 mpocéyyiorn mou mugovoldolnxe oty Evétnta 5.1.2.
O xowvolpylog alyobpLbuog ovoudletor MOQMin xou anotehel 10 yevuxdtepn nopn
O oV TV alyoplfuwy Tou TapousLdchnxay 6To XxePdlalo aUTO Aol ENAYLOTOTOLEL
aTENDS 0PLOUEVES GUVUPTAHGELS TOAAGY e£68wV xat tapdyel ESOP v ESCT exgpdoeic.
O aryéebuoc MOQMin elvar Slog ye tov DCQMin extéc and to eninedo twv
xatohnutxdy teheotdy LUT (o070 eninedo dnhadh mou teketdvel n avadpour)). 1o
onuelo auTd NG avadpouric oL GUVARTHGELS AVTLETOLYOVY 6t TOAY-TES UETABANTES
e yapaxtnetoTxhic auvdetnong. Ou xatahnxtixol tekeotéc mou tepuatilouvy TNy
avadpour| e€aptdvTal and Tov apliud Ty 63wy TNg oLVAETNOTC ELGEd0U XL axo-
houfolv éva ouyxexpluévo uotifo.

[ v nepintwon tov exgedocny ESOP npénel va uhonounbel n npdln "hoyixd
7 ywtl to Bdpog tou literal tng moAU-tiung uvetaffAnthc elvar 0 wévo otav auth
elvar 0 xan 1 oe bheg Tig undhowneg Tepnt@oels. Autd unopetl vo uhorowbel edxoha
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Ewéva 7.8: Ahyépiuoc DCQMin.
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Evéotna 7.6. OEQPHTIKH IHOAYIIAOKOTHTA IIPOTEINOMENQN KBANTIKON AAT'OPIOMOQN

0 a

loyoL
loyoL
loyoL

i
H

P >
> B Do LD

x1'x2"...xn’(xor)x1x2...xn(xor)1 X1+X2+...+Xn

v v

Ewéva 7.9: Katahnxtuxol tekeotésc MOQMin.

yenotuonodvrac ua xavtueh tohy Toffoli, 6mou to/ta qubits eléyyou tne elvat loa
ue to 0, pall ye g anapaitnteg noieg CNOT. T v meplntwon TV exppdoewy
ESCT o (dtog teheotric elvan ehagpd mo mollmhoxog. Ou udveS TMEPLITOOELS OTLS
omoleg To Bdpog Bewpeltal oo ue to 0 elvan dtav 1 toAd-tyun petaBAntd elvan lom ue o
07 lon ue to 1. Xe 6heg g uTOAOLTES TEQLITMOELS TO BApOg TNS TOAU-TIUN HETAPANTAS
Bewpeltan (oo ye 1. 'Etol o xatahnutixds teheotic yio ESCT exgpdoeic unopel va
vhornownfel yenowonowdvrag dUo xBavtixég nokeg Toffoli xau Tig anapaltnteg mhkeg
CNOT. O apibuédc twv qubits Tev mapandve teieotdy LUT e€aptdvror and tov
apliud Ty e£6dwv TNg ouVdpTNoTNS £L6630L.

H yevuxd yopg Twv nogamdve xatahnxtixdy teheotody LUT napousidletal otny
Ewéva 7.9.

7.6 OcwpnTixn TOAUTAOAGTNTA TROTELVOUEVLY XBAVILXOY dA-
voplBuwy

'Orwe gavnxe oty Evotnta 4.4.1 1 Bewpntind) tolumhoxdtnTta 10U oUUBATLX0) dA-
yoptBuou XMin, dedouévne hoyuxhc cuvdptnong el6dou n UeTABANTGY elobd0v, elval
0(2%").

Ytov xfavixd arydéeipo MOQMIN 7 unohoylouevn yeovixy) TOALTAOXOTNTA
Tpoépyetal 1660 and T enavarferg Tou akyopibuou tou Grover 66o xaL and Toug
A(BovTinoUs TEAEGTES IOV YPTGLUOTIOLOUVTAL YA TOV UTOAOYLOUS TWY SLapopwy QAGERY
Tou teheot| Oracle. Oswpeital 61t xdbe xPavtinds eheaThc €yl YpoviXr TOAUTAOXO-
o otabepr) xou ton ue 1. Eivat yvoot6 61l o akyodpliuog tou Grover emavaioufdvet

Tov teheoth) Oracle yia VN @opég 6mou N elvat 0 aplBudc 6AeY TwV SUVATOY 6ToLyElLV.

Oupilouue 6Tt oTov ahy6pBUs uag o Grover egapudleta otn €€0d0o Yia T0 Bdpog Tng
ouvdptnone etoédou. Katd ouvénela av €youue K bits yia tnv anetxdvion tou Bdpoug
NG BUVAETNONS ELGGBOL TOTE GAa Tar dlapopeTind " Bden” mou unopolv va teoxtidouy
elvan 2V xan xatd ouvénew ypewdloviar O(V2N) enavalfierc tou teheots, Oracle.
Méver howndv vo unoroyiotel 1 todumhoxdtnta Tou teheoty Oracle. AauBdvovtog
umoYmy TNV avadpoutxr Guor Tou tpotelvéuevou tedeaty| Oracle tou aiyoplfuou MO-
QMIN wylder: O(1+ (14 (... + (1 + 3+ Kolog(Ko)) + ...) + Kn_1log(Kn—1)) +
Kplog(Ky)) + C, 6nou K; xau K elvar o aptbude twv qubits mou anattodvror vl
™V anexdvLoT, Tou Bdpoug TNe ouvdpeTtnong oto xdbe eninedo g avadpourc xouu C
elvar 0 aplbude Ty Brudtev tou armtolvrat and tov ouyxpeitr (Comparator). Xto
éhog g avadpopic (eninedo 2 yetaPintdyv yia tig exgpdoeg ESCT xou eniredo 1
uetaBAntic v tic exgpdoeic ESOP) n ntolunhoxdtnta tTou xotalnxtixol teAeath
LUT elvaw: O(1 4 3 + Kolog(Kp)) (npoxinter evxoha and tny Ewdva 7.4). Téhog
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Evéotna 7.6. OEQPHTIKH IHOAYIIAOKOTHTA IIPOTEINOMENQN KBANTIKON AAT'OPIOMOQN

1 noiurhoxdtnta tou abpoioth elvar O(K;log(K;)). 'Etol n molumhoxdtnta tou
ahyopifuou MOQMIN eivon: O(V2E (1 + (14 (... + (1 + 3 + Kolog(Ko)) +...) +
Ky—1log(Kp—1)) + Knlog(Ky)) + C) = 02K/ - (n + Y1, Kilog(K;))).

Xenowonowdvtag to avdrntuyua Shannon 2.1 ynopodyue eldxoha vo unoloylcovye
TO YEWOTERO Avw OpLo Y Ta Bdpn K xon K; Yo cuvapthoelg UE TEQLOGHTERES ATo
utor uetaPintéc ewobédou. loyver: K < log(2") < n (dedouévou éti t0 Pdpog elval
T0 okl 1 vy ouvdptnon wog yetafintric ewwdédou). Katd ouvéneia 1 Bewpntind
rohurhoxdtnra elvar O(2").

Yuyxplvovtag ™) mohumhoxdtnta Tou cuufatiod xar Tou xBaviixold alyoptfuou
Topatneeltal 6TL 1 TOAUTAOXOTNTA TOU TpOPAAUATOS UewdveTal and Sumhd exfetiny]
oe anhd exfetint], xdtL mou elvar Wialtepa onuavtixy Beitiwon. Tapdha autd 1o
TpdPBAnua cuveyiler va mapauével Wiattepa SUoXOAO.
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Kegpdhato 8

Ilponyolpeveg epyaacleg

I think there is a world market for maybe five
computers.

Author: Thomas Watson [IBM chairman, 1843]

g ehayloTonolnong exppdocwy T anoxielotiol 1. Eneldn n ouyxexpuuév

dudaxtopunt| Slatpl3) aoyoheltal xuplwg ye Ty ehaylotonolnoy exppedocwy
ESCT, o epyaosieg mou Ha napouciactoly aoyohodvtar TenTloTws Ue TNV EAAYLOTO-
Tolnon TéTolwy exQpdoewy N tageupepdy Toug. Iapdha autd Ha yiver xar uio obvtoun
AVUPOEY OTLS ONUAVTIXOTERES EQYACIEC GTO YOPO TNG EAUYLOTONONGNS EXPRAGEDY
ESOP.

: )‘EO XxEQAAALo aUTO YLVETOL avVaQPOEd OTLS TEOTYOUUEVES ERYAGLEC GTO Y WO

8.1 Elayiotonoinom exgpdocwy ESOP.

XNy evOTNTA AUTY ETLYELRELTAL ULO GUYTOUY AVA(PORd OTIS ONUAVTIXOTERES EQYAOlES
070 Y &po TNe ehayloTonolnong exgpdocwy ESOP. Kdnoleg ané tic epyaoieg agopoiy
akyoptlbuoug mou Sivouv axpBelc ESOP exgpdocic evd dhheg agopolyv alyopifuoug
mou Slvouy euploTnés AUoeElS. EMUaviés epyaciec 6To yOpo T660 NS axp3oUg
660 xau TNg evpLoTixhc ehaytoTonoinong aroterody ou [SP02, SP03, SP04, Pap8l]
oL onoleg SumS anoteholv mpoyvevéatepn cpyaoia TwvV moploudtwy Yo vy ESOP
ehaylotonoinon mou napoucidlovial 6T cuyxexpuévn SWbaxtopu ST, ondte
xohinTovton and To oyetxd xepdiao tne ESOP elayiotonolnorng.

8.1.1 Kldoeis Iooduvapios (Koda, Sasao)

]

7 Swavuouatued avanoagdotaon e f = Zfo+2f1. 'Eote axdua évac 2X2 duadixdg

'Eoto

mivaxoag M ue |M| # 0. Téte n [ go } =M { ;0 } optlet éva yetaoynuatioud ent
1 1

me f-

Muw oyéon wooduvaulag LP avdueoa otic ouvapthoec ((go, g1), (fo, f1)) n petap-
ATy elvar ulor avtietolylon mou npoxintel elte egupuéloviag TNy Topandve oyéon
yioo duaduxotc mivaxes ue |M| # 0 elte anhd avuuetabétoviag éva 1 neplocbiepa
Cebyn petaffinTtdyv oe wa cuvdptnon f.
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Evétna 8.1. EAAXIXTOIIOIHYH EK®PAYXEQN ESOP.

Muw oyéon wooduvaulag LP Siauepller o ydpo twv ouvapthoeny 68 xhdoelg
ouvapthoeny LP. "Okec ol ouvaptioec uéoa oe ulo xAdon LP €youv o (dto ESOP
Bépoc.

Etlvar duvatév va oplotel pua ohixy| didtadn petadd 6wy twv duvatédv ESOP
TOPAGTACEDY GUVIPTAGEWY N UeTABANTAV. Bdoel piag tétolag Sidtalng elvan Suvatdy
va emtheyfel i ouvdptnon and xdbe xAdorn Looduvaulag n onola Ty yapaxtneilet
(yapaxtnplotixr ouvdptnong e xAdone wooduvaplog). Elvow enlong Suvatév va
evtomiotel oyetxd anodotxdc ahydeluog o onolog, dedouévou uiag Tuyalag ou-
VARTNOMG, VAL UAG ETLOTEEPEL TN YapaxTnetoTh Tng xAdong LP otnv omola 1 mpdty
avrxeL.

Elvar npogavég 6tL €yovtag ta Bden OAwY TwV YopaXTNELOTLX®Y CUVIRTHCEDY TOY
xAdoewv tooduvauiog LP uéypl n uetafintéc eLo630u xaL 10V Topandve anodoTtixs
ahy6pLOUo YLt TNY EVREST]) TNG YUPAXTNELOTIXNAS GUYVAETNOTS, UTopoUue Vo Ppodue,
oyeTd elxoha, 10 Bdpog omotaadNnoTe AoYIXhc 6UVARTNOTS UE To TOAY 1 UeTaBANTES
€L6630L.

Yy epyaoio auty opiletar, enlong, akydelbuog o onolog unopel va Beet ta Bden
OAWV TWV YARAXTNPLOTIXOY CUVORTACE®Y TOY xAdoewv LP ue apllud uetaffintdy
el6630u T0 TOAY 1 xa Bdpog To Toh t. Xtnelletar otny eCavtintueh avalhnon dpev
oL ontoloL au&dvouy 0 Bdpog TV 11 UTOAOYLOUEV®DY YARAXTNELOTIXGDY GUVAPTACE®Y
xatd 1. Avotuydg o alydelbuog autdg yivetor un mpaxtixds 660 o apliuds Ty
UETABANTAV e16680u auidvetar, agol o apliuds Twv xhdoewy teoduvaulag avdvetal,
avtloTolya, exfetixd.

8.1.2 AxpBAg ehayiotonoinen ESOP (Hirayama, Nishitani, Sato)

'Eoto hoywd cuvdptnon n uetaBintdv. Kdbe ehdyotn ESOP éxgpaon uropel va
YEUPTEL GTNY ToPAXAT® HOpPH:

f=aFs1®xFp ® F¢

omou f1 = Fa®Fc, fo = FpPFc. 'Eotw, exlong, 6t ta Bder TV utocuvapthoewy
fo, f1 elvon yvwotd. Téte woyder: w(f) = mingg(w(fo®g)+w(fi®g)+w(g)), 6nou
g x&fe Suvath Aoyue) cuvdptnon n — 1 yetafBAntdy ewebddou.

H nopandve oyéorn odnyel otn dnuovpyla avadpouwxot akyoplfuou o omnolog
eZetdler bhec T Suvatée hoyxéc ouvapthoec n — 1 uetaffinTtdy, dote va Bpet 10
Bdpog uag hoyuxhic ouvdpetnong n eloddwy.

Yrevhupileton 670 0 aplfuée 1oy ouvapthioeny g elvan 227 xou ueyakdver andropa
660 o apbude n avldvetar. Xtnv epyacio autd divovtal, eniong, xavéveg dote
va pewwlel o yodpog avalitnong 1oy mapandve ouvapthoeny. Idviog v aplbud
UETABANTOV ueyahiTepo 1 too Tou 7 10 TEdBAnUa yivetal un emAlouuo.

8.1.3 Exorcism-4 (Helliwell, Song, Mishchenko, Perkowski)
'Eotw z1, 22 300 moAl-Tiueg Aoyuxéc uetafintéc. loyvel

xl xQZ@xl xgz =

() w52 e9351 952 ?) @ ay g

S1 gz@Rz @ (1) 1172 @ 331 1 Rz)
52€5R2 D xsl@Rl 52

[Mapatneodue dnhadh 6tL dVo Aoyuxd ywodueva ue dwagopd ot dbo uetafSAnTég
UTOPOVY VU UETACYNUATIOTOUY GE 3V0 xouvoUpYLa AOYLXd YLVOUEVA TOU EYOUY SLapo-
petxd literals oe autéc axpBdg tig wetaAnTeéc.
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Evéotnra 8.2. EAAXIYXTOIIOIHYH EK®PAYXEQN ESCT H ITAPEM®EPQN TOYX.

H rapoandvew oyéon umopel va yevixeutel yia Aoywxolc 6pouc Tou SLapépouy oe
Topandvew ané dVo uetafintéc. O uetaoynuatiouds autds ovoudletar Exorlink xau
oTN YEVWXT] TOU Uop@n elval:

iy xS @pfple gl =50 @ ed R gl

O yetaoynuatioude exorlink déyetar, 6ty yevixy| Tou Lopgi, Vo hoyixd yivéueva
ue andéotoot d xou unopel va mapdyel d Slapopetixd hoywd yLvoueva.

O napandvew yetaoynuatiouds yenoionoteitol 6tov ahybetbuo exorcism-4 [MPO1]
o omotog, dedouévng uag apyic ESOP éxgpaong, avdyer avd 0o Aoywd yivbueva
ue anéotact 0 ToAS 4 o Téooepa dlagopeTind hoywd yivoueva. Ta mapaydueva
AOYLXE YLVOUEVA EVOEYOUEVIS VA EVEVOVTIL TTLO EUXOA UE GANXL GTT)V ARy IXT) EXPEACT).

Mo axéua epoapuoy? Tou Tou uetaoynuotiouol exorlink elval otov alydetbuo
exorcism-mv2 [Son92] twv N. Song, M. Perkowski. O alydpfuoc autédc yenowuonolr-
eltan yua v evptotey ESOP ehayiotonolnon ateAdc oplouévmy hoyxdy cuvapthoeny.
Agettovpyel énog axpBog xal o alydpbuog exorcism-4 yio ThAfpws oplouéveg ouVapE-
Thoelg, av oL exterel To yetaoynuatioud exorlink yia Aoyuwxd yiwvoueva ue anéotaoy
T0 TOAD 3. XTI ATEANS OPLOUEVES CUVIPTHCELS O eXOrcism-mv2 eAayLoTOTOolEL TethTA
T0 ON set tng ouvdptnong. Xtn ouvéyela yia xdle po Tou anoTeAéoUATOS EAEYYEL AUV
unopel va tov xahber and xdnolov dhho 6po mou avixe. 6to DC set (ypnowonoudvtag
TN Aettovpylor # n omola amoxdfBel To xoLVO TURUL EVOS AOYLXOU YLVOUEVOU UE Eva
dAho). Av xahbrtetal, t6TE 0 6pog autéds amouaxpUvetar and ) Aben. ‘Otav dev
UTGEY0UY GPOL TOU Yo UT0EOUY Vo ATOXOTOVY THTE £@upudlel TO UETATYNUATIOUS €X-
orlink e 6poug ue andotaon 2 npoonafdvrag va Beet xal diloug bpoug tou ON set
Tou va xohUntovtal and adidgopoug bpouc. O uetaoynuotiouds tepuatiletol YeTd
and xdnolov aplbud exavalfihewy xal 6tav dev undpyet tepattépw Behtiman.

8.2 Elayiotonoinom exgpdocwy ESCT 7 nopgepgpepdy toug.

Xy evotnTa aut TapouctdlovTaL oL GNUAVTIXOTERES EpYAUCIES TOU aoyOhoUVTaL UE
TNV anewxévion xa ehaylotonoinot exgedocny ESCT ¥ napeugpepdy toug, oe dielvi
xhpaxa. Ou epyaciec mou avagépovtat elval autéc mou €youv elte Ta To oNUAVTIXS
anoTEAEGUATA ELTE AVTLOTOLYOUY TA\pwS 6T XUTTAELXT apyLtexTovixr Maitra.

Mohbtepes, ahhd Waltepa onuavtxée epyaoieg, elvar ou [Muk69], [Min64] xou
[Pap77a, Pap77h, Pap76] o. onoleg éBadav ta Bepéhwa yro ) Bewentind npocéyyion
NG amewxdvLong xaL ehaylotonoinong twv exgedocwy ESCT oe xuttapés Statdlerc.
Ilodhéc and Tic Wéeg TV epyaoidy [PapT7a, Pap77b, Pap76] enextelvoviar oty
ouyxeEXEWEVT dtateLBr) xat Yl T0 Adyo autd avagépovial ato xepdiato tng ESCT
ehayloTonoinong.

8.2.1 Arnewévion MV-PSDKRO ex@pdoewy 68 XUTTARLXES APYLTEXTOVIXES

(Lindgren, Drechsler, Becker)

Ané tic mpidteg, onuavTixég, TpooTdbeleg Yo TNV AmEWOVLET AOYIXDY EXPRICEWY
otny xuttopxt] apyttextovixs, Maitra napovordletar otic epyaoiec [LDBIS].

O mpotewvduevog ahybelbuog yenowwonotel exgpdocc PSDKRO, ou onoleg elvan
YVwot6 6T dev elvar 1600 anodotxéc (wg Tpog Tov aptiud TV TapaYOUEVLY GpwY)
600 ot exgpdocic ESOP 1 owexgpdoeig ESCT. Ytnpiletal 6t Yprion Twv avantuypdtey
Shannon xow Davio yw v anocivleon xo. avacivieon tng apyxfc €xgppaons tng
ouvdptnone eeddou otic PSDKRO exgpdocic Twv unocuvapthoedy tne. O npotelvé-
uevog alybpibuoc prod_psdkro hettoupyel avadpouixd xat yenowwonotel To Sworypduuoato
OBDD (Ordered Binary Decision Diagrams) yio tnv avanapdotaon xol arochvheo
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Evéotnra 8.2. EAAXIYXTOIIOIHYH EK®PAYXEQN ESCT H ITAPEM®EPQN TOYX.

TV ouvapThoewy. I xdbe cuvdptnon utoroyilovtal ol utocuvapticeg Tng. Edv 1
unoouvdptnom elvon 0 1 1 t6te autdg Dewpeltal xat o aptBudc Twv dpwy TNy eAdyLoTY
PSDKRO éxgpact| ng. Awagopetixd yiveton ua mpdTn extiunomn tou Bdpoug tng xdbe
unoouvdptnong avalntdvrag to anhovotepa wovordtia ato OBDD 8évtpo tng mou
xatahfyouy oe amhods poug (hoywd ywéueva). Ta yovordtia autd ovoudlovron
1-paths. Ané Tt nopandve extiufioels TallvouoUUe TS UTOGUVARTHOELS o8 aEovoa
oepd. XN ouvéyela, utoroyiletal o mpayuatind PSDKRO Bdpog ue egapuoyy) Tou
TpoTELYOUEYOU ahyopifuou, avadpouixd.

Enewd?| duwg o alydplbuog autde, otny naupandve Tou uopey, elval unepBohixd
amontnTiede, mpotelvovTal xdnoleg evploTixéc UEbodoL Ue oxomd Ty mpaxTixt aLo-
nolno? tou (pruning techniques). 'Etot ewodyetol pio mapduetpoc (prune) 1 onola
AVTLTPOOWTEVEL TO OPLO XOGTOUG, TAVW Amd TO OTOl0 ONMOLUSHROTE UROGUVAETNOY
anoppintetar and toug umohoyiouols. Anhady, oTnv TapATdvew TEELYEAPT), AV TO
%€60T0¢ ULag UTOGUVERTNONS Tou Teoéxude and Ty avadpolixr) eXTéAeaT, Tou alyopl-
Ouou prod_psdkro Eenepdioel tny napdueteo prune, T6Te auTY 1) UToouVAETNET dev Ha
emheyfel yia ™ dnurovpyla expedoewy g cuvdpTnong eloédou.

Emnhéov vy tny unoouvdpetnon nou €yel To UEYAAUTEPO EXTLOUEVO xboT0g (Mo
xatd ovvénela elvar 1 mo anlBavry and T TpEL LTOCUVUETHOELS YLol Vo ETLAEYEL
va oupuetdoyel oto oynuatioudé PSDKRO exgpdoemv Yo tn ouvdptnon ewo6dou),
T0 6pL0 x60TOUG Elvar axdua o auoTned.  Luyxexpuuéva dlvetar and Tov TURO:
min(maz(pq, py), prune — min(pq, py)), 6TOU Pq, Py VAL TA TEAYUATXE XEGTH TOV
300 GAAWY UTOGUVIPTHCEWY.

O nopandve ahydelbuog enextdfnxe ol yia tohd-Tipes uetofintée (multi-valued
variables). Elvat yvooté 61t ulo tohd-tuun Aoy uetaBhnt tou nalpvel Tiwéc and 1o
dudotnua: {0,...,u—1} aviinpoownedeton and [loga(u)] dltwes hoyixée uetafintéc.
'Onwe vy Tig dltiwes hoywée uetaBintég opllovtal ta avantiyuata Shannon xou
Davio, €tou xal Yo onoladnnote tohl-Ttiun uetafinty unopel va oplotel 1 exéxtact
toug. H enéxtoon tou akyoplfuou yia noll-tiun hoyuerd elvan mpogavic 6mwe xat 1)
avtiotolyn BEATIwoN TV OYETOV ATOTEAEGUAT®Y, TOPORO TOU OL TOAU-TWUES AOYLXES
uetafintéc ypewdlovtal, théov, nolunhoxdtepeg hoYIXES SOUES VLot TNY ANELXOVLGT
Toug (6nwe Look-Up Tables # uviuec ROM).

Téhog uwa axdua evplotint] enéxtaon nou npootébnxe otov prod_psdkro elvol
7 eVpeoT), XATIANAWY SLaTdewy TV UETUPANTOV LGEd0U TNE hoYMHS GUVAETNOTC.
Eivat yvwotéd é1tv 1o PSDKRO Bdpog prag Aoywrg cuvdptnong ennpedletol and
dudtaln Twv UeTaAnTdV elo6d0u tng ouvdptnors. 'Etol yenoiuonololvral uehodol
duvauurc avadidtaing Tov petaintey etobdou ota daypdupata OBDDs (petoxt-
vAoelg UETABANTAOY Tpog TNy xopuer Tou Sty pduuatos xat ohtolhoels) ue otéyo TV
elpeotn XATIMNALY STdEemy TOV PETABANTOV eL6650u Tou BEATIOVOUY Ta TEAXA
anoteléouata extéleonc Tou prod_psdkro.

8.2.2 Xuyydveuor dVo 6pwv (Sarabi, Song, Chrzanowska - Jeske,
Perkowski)

O ahyéplbuog autéc napovotdotnxe otny epyaoia [AS94]. Aedouévne g hoyixic
ouvdptnone xau uag " xaihc” ESOP éxgpaong tne, uetaoynuatilel Lebyn and hoyuxd
ywoéueva (logical products) uéoa otnv éxgpaon ESOP oe oivletoug dpouc.

‘Eotw wo hoyuw éxgpacn ESOP. Téte xdbe Lebyog hoyixdvy yivouévmy otny
Exppaom ehéyyetar av Unopel va uetaoynuatiotel oe évay olvlbeto 6po. O éheyyog
autés otnplletoar oty elpeon g andotaorg (distance) xav g dwupopds (differ-
ence) TV 300 hoywdv ywouéveyv péoa oto Ledyos. H andotacn dYo hoywdv
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Evéotnra 8.2. EAAXIYXTOIIOIHYH EK®PAYXEQN ESCT H ITAPEM®EPQN TOYX.

Ywouévey opiletol wg 0 apliuds TV UETABANTOY TV TopaTdve YIVouévwy oL oToleg
epgavilovtol xat ot 8Uo yvbueva xat €youy Slagopetixnd Tolxétnta (polarity). H
dtapopd optletal wg 0 aptBuds TwV UETABANTOY TOU £Y0UY SLUPORETIXES TUWIES AVAUETH
0TA AOYLXE YLVOUEVAL.

IMopddetypa 57 Eotw ta loyixd yivéueva: T(a,b,c,d) = ac,Q(a,b,c,d) = abd.
H Siagopd twv T, Q eivar 4 agoU éAec ot avtiotoryec uetafAntéc €yovy Siapopetixés
rodixétyres. H andotaon twv T, Q eivar 1 enetdy yia tn uetafAnti a ta napandve
yivoueva €yovy StapopeTixéc moAxoTyTES.

Anodewcvietal 6TL 800 hoyuxd ywvoueva Ue Stapopd to Tohd 1 unopoty va evwbholy
oe évay aVvlbeto 6po. T ) Beitiwon tou nopandve ahyoplbuou xdnowo Ledy
AOYXAV YLVOUEV®Y UTOROUY VO UETACYNUATLETOUY Y pNoLUOTOLdVTAS ToV ahyoptiuo
EXORLINK &ote ta xouvovpyla Aoyixd yivoueva va uropoty va evololy, to elxola,
ue dANo UTdEYOVTA AOYLXA YLVOUEVA.

Téhog, mpwy éva Lelyog Aoywdy Yvouévmy Uetaoynuatiotel oe évay alvlheto
6po, yviveton éheyyog 6AmY TV MBAVOY SlaTdEewy TV UETABANTOY el0édou Hote va
evtomLoToly exelveg mou Oa odnyroouv oe cuyydvevon Toug.

O nopamdve akybplbuog Bua enextabel otg epyaoies [SP98a, SPISb] n onoleg
TEouoLdlovTaL 6T GUVEYEL.

8.2.3 Minict (Song, Perkowski)

O alyépfiuog autée egapudletal oe exgpdoeig ESCT. Ytnplleton oTov uetaoyrn-
watioud m-link [SP98a, SPI8b] o onolog anotehel enéxtaoy ToU UETAGYNUATLOUOU
exorlink [MPO01] xow 0 onolog egapudletal otny nepintwon tov exgppdoewyv ESOP. H
Baowr Tou grhocopla elval o yetaoynuationds Leuydy olvlietny dpwy, utac ESCT
Exgppaong, oe 3 xawvolpyroug alvleToug dpoug Yo xdbe UETABANTY TV bpwV AUTOV.
Ou xawvolpytot pol mhavde va unopoiv va evelolyv ue dhhoug poug Tng exppaong.
O mapandve uetaoynuatiowos, Belalng, umopel vo e@opuooTel avadpouxd oL yLo
TEPLOGOTERES UETAPANTES.

O 800 Bacwxol petacynuatiouot tou m—link, yio 8%o civletoug bpouc PL XS PLXE

elva ol mopaxdte:
(PLX;) @ (PX)) = [(PLoP) X )@ (PX,0F) = [(Pro ) X @ (PLX;O) (8.1)

HolL

(PLX;)®(PX[) = [(PLoP)X]]0(PX;5F) = [(PoP) X e (PLX; %) (8.2)

6mov @ ouuBohiler v mpdln Tanoxiewotnd B (XOR), ® ouvufolrilel tnyv npdin
?anoxheotiné 17 (XNOR) xar X579F = X2 @ XE. Ko o1 %0 napandve yetaoyn-
uatioupol egopuélovial oTnY TepLoaoTERO GNUAVTIXT UETABANTH TwV GUVIETWY GpwV.

[eogavée xar ou 300 mapandve UeTaoyUATIoUol odnyoly and Vo ce Tpelg
ovvhetoug bpoug (PLXS Po X3 PoXS0R) 4 PLXE Py XE P XSOR)).

Mapddetypa 58 Eotw dvo ouvletor dpor: P = ((a+b) & ¢)d,Po = ((a® b)c) +d
xat n ESCT éxpeaon Pr® Py = ((a+b) ®c)d® (((a ®b)c) +d). Egapguslovrac tov

TedTO UETACY NUATIONG Tou m-link &youue:

PoeP=((a+b)®c)dd (((a®b)c)+d) =
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((a+b)@c)d® (((a®b)c) +d) =
((a+b) @)@ ((adb)e)d® (((a®b)e(d®d) =
((a+b)@c)® ((a®b)e))d® (((a D b)c=
((a+b)@c)@ ((a@b)e))dD (((adb)e.

Hapatnpotue Aotndy ot ue Ty mpdtn auth epapuoyy Tou m-link ard toug dvo
oUvbetoug dpouc mou elyaue otny apyl xataAféaue otouc tpetc: ((a +b) @ ¢),
((a@b)e))d, (((a @ be. Sty ovvéyeia n Sadixacia unopel va ovveyiotel otic
uetafAntéc e, b, a uéypt va xataiilovue oe uia uévo uetafAnti.

'Onwe avagépaye, o yetaoynuatiouds m-link, otnv ovsla, avidvel tov aplhud
TV oUVOETLY GpwY, 6TY YEVIXT TepinTwoT. YR cuyxexpLUEves, OUw, tpolnobéoelg
o Tapandvew Uetaoynuatiouwds odnyel ot pelwon tou apliuol Tev bpwv (d3nk ol dvo
bpot unopel vo evwboly oe évay 1 xaL va avaLpéoouy 0 €vag Tov dAho).

O tepuntdoelg autég, yia Toug alvletoug bpoug Py *X;f, PQ*XJI\? (n mpd&n * elvan
wa amd tie: OR, AND, NAND, XOR, XNOR) eilvat ot ax6éhovbec:

o =D

o P =D,

Pi# Py, P =0,1

e X7 =XE

o X7 =XR

e X2 £ XE XI=0,1

Yy epyaoto [AS94], vnonepintdoeig Tou m-link (ubvo oL tepuntdoelg Tou 0dnyoly
o1 oLYYGBVEUOT) V0 GpwV ot €va) oUYSUGOTXE UE TEYVLXES avadldtadne Twy UETA-
BhnTtdv ewo6dovu, pe 0téyo T Bektinon Twv anoteAecudtoy. XNy meplntnoy auth
xd0e Levyog olvletmy dpwv eréyyetal Gote va Bpebolv exelvec ol dwatdlelc Ty
UETABANTAV eL6680U Tou 081 YoUV 611 cuY Y Gdveust| Toug. Emhéyetat exelvn v dudtady
mou odnyel oty ueyakitepn duvath Uelwor Tou TEAX0U ATOTEAEGUATOC.

[Ipéner va onuewwbel 6t 0o ahydpliuog MINICT elvar evplotinds, dnhady dev
eYYLdTaL To BEATIOTO TOV AMOTEAEOUATWY Tou Topdyel. 'Onwe xdfe enavainmindg
ahyopLiuog, €tol xar o MINICT eoptdtal and v apyixr Tou elcodo dniady and
Tov oplhud xar 1o eldog twv olivletwy bpwv mou anaptilovyv v ESCT éxgpaon
elo6d0u. LN ouyxexpllévn meplntwon 1 apywy eloodog elvol To anotéheoua Tng
extéheong tou ahyopibuou EXORCISM-MV2 [Son92| nou napdyer oyeddv Péltiotes
ESOP exgpdocic.

8.2.4 PSDKRO nopduoleg exppdoels Yo TAp®S OPLOUEVES CUVAPTNOELS

we oLAAéxtn XOR(Lee, Park)

"Evag axdéua ahyoelbuoc mou noapousidotnxe yio ) oUvleon xou ehayiotonoiner
exgppdoewyv ESCT eivor autéc oty epyaocia [GLIT] and toug G. Lee xor S. Park
xav oty epyoota [Lee97] and tov G. Lee. O ahybpibuoc autde otnpiletar otny
anocUvleor) uag Aoyic ouUVAETNOYG GTIS UTOGUVORTHGELS TNS oL ELVAL EURLOTIXGS.

H Baower éa tou akyopifpou (cost) elvat n anocdvieon e ouvdptnore eloédou
xenoruonowdvtag tporonoinuéva BDD (Binary Decision Diagram) 8évtpa, ta yvootd
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ETDDs (Exor Ternary Decision Diagrams). Ilpogavée yu xdfe x6uBo tou ETDD
dEVTEOU OL GUVAPTNOELS TTOU AVTLETOLYOUY a1 Tplo Tadld Tou, amoteholy TIS TEELS
vnocuvapthoeg e f0,f1,£2. X1 ouvéyewa yio xdfe x6ufo tou dévipou eréyyovia
o tpla madLd tou. Av xdmowo and autd avtiotolyel oe otabepr, ouvdptnon (Snh n
ouvdpTnom eLobdou €xer otabepr, utocuvdptnon) téte dnutovpyelToL U Exppaoy Yo
TN 6UVEETNOT TOL XOUPOL ATd TNV EXPEACT) TNG GUVARTNOTS EVOS U6 TOUS UTOAOLTOUG
x6ufoug.

IMopddetypa 59 ‘Eotw 5 ovvdetnon: f(a,b,c,d) = a(bc) ® a(b+¢). Tére ta tpla
matdid mov Ga Snuiovpynbovy oto ETDD 8évtpo yia tyv napandvw ouvdptnon eivai:
fo=fla=0)=bc, fi=fla=1)=b+c, fo= fla=0)®f(a=1) = 1. Kat ot toeic
TREATAYVG UTOOUYAPTIOELS EXOUY EXPRATELS UE Evay udvo alvleto dpo. Ilapatneolue
ot n uroouvdptnon fo elvar otabepr xat lon ue 1. Katd ovvéneia uia éxpeaon yia
v f unopel va Snuiovpynbel ancubeiac and uia un-otalbepr vroouvdetnon (tyv fo
7y f1). H éxgpaon rnov Snuwovpyeitar yia tpyv [ eivai: f(a,b,c,d) = (be) ® a xau
n onola elvar évac udvo alvletoc dpoc.

Yty meplntworn mou xavéva and ta tpla modid evég x6ufou tou dévigou ETDD

dev elvon otabepd, tote 1) €xgpaon mou emAyETOL YA 1) CUVAETNOT TOu x6ufou
elvar exelvn ye Toug Aly6tepoug 6poug and aUTEC TOU TUEdYOVTAL YPNOLULOTOLGVTAS
ta yvwotd Shannon, Positive xau Negative Davio avantiyuata (énwe xou otny
neplntwon e ehaytotonolinone ESOP exgpdoewy).
Topddetypa 60 ‘Eotw 5 ovvdptnon: f(a,b,c,d) = a[(b ® éd) @ bed)] @ aled). O
vroowvaptioec tyc elvai: fo = fla = 0) = (b@ed) @ bed), fr = fla = 1) =
cd,fo=fla=0)® fla=1) =b®c®d. Iaparneovue éte n ESCT éxpeaon tne
vroouvdptnone fo neptéyet dvo avvletous dpouc, n ESCT éxppacn tne f1 meptéyet
évay dpo xar n ESCT éxgppacn tne fo nepiéyet évay dpo. Katd ouvéneia folevet va
xenowonotjoovue to avarntuyua Negative Davio dote n ESCT éxppaocn tne f mov
Oa Snuiovpynbel va €yer uévo dvo dpous. Ay emiAéyaue xdmow and ta Positive Davio
1 Shannon yia va Snuovpyijoovue tny ESCT éxppacn tne napandve ouvdptnons
o xatadifyaue oe tpeic alvletouc dpovs. 'Etor Aowmdy n éxpeacn mou Snutovpyeltal
elvai: f(a,b,c,d) =a(b®c®d) ® cd.

O napandvw alybéetbuoc agopd cuvaptioels povadixrc e€6dou. 2otdoo, enextdinxe

Yt var xohUTTEL XL TNV TERInTOON AoYXGY ouvapTHoEwY TOAGY e€6dwv. H enéxtao
auTh TEpLYpAPETAUL 6TOV Peudox®ddixa tou axohoulel:

Algorithm 1: main(input: f) returns Expr(f)

Ist: list of Maitra Terms generated;
for ith output f; of f do
for [ €lst do
if (NrTerms(f;) > NrTerms(I & f;)) then
fi=lafi; /*lelst™/

endif
endfor
endfor

Ist =1st U NrTerms(f;); /* NrTerms elvaw ot 6pol tne éxgppaone tne fi */

Emniéov o akybpliuog, mou meptypdgetal oTtny evétnTa auth, yenouwonouiinxe
xan yar TNy €bpeor) plog xahic Sudtadng ueTaBAnT@Y eLo6d0u Y T oLVAETNOT Tou Ha
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Ewéva 8.1: Tepononownuévy apyLtextovixry Maitra mou npotelvetol yio tnyv elpeoy
HAIADY ApYX GV BLaTZEWY TwV UETUBANTGV £16680U Ut hoYxig GUVAETNOTC GTOY
ahybetuo tou Lee.

ehaytotorownbel. T o oxond autd TpomomoLElTAL 1) UPYLTEXTOVIXT TWY XUTTAPLXGDY
dtatdlewy Maitra dote xdfe €€odog xdmolou xuttdpou Maitra va unopel va tpogo-
dotnhel wg eloodog oe xdnowo dAho mou avixel oe GhAn yeauur 1 oThAN oTr SudTady.
H tponomounuévn apyltextovxt| Qatvetal 6Tny ENOUEV EXOVAL.

I v edpeon tne napandve dudtaing yenouwronoteitor 1 alyoplbuoc modified-
shift [Rud93] o omoloc extiud to xéotoc xdfe Swawpopetindic ddtalng UeTaUBANTOY
elobdou. Xe xdbe Brua Tou o Tapandve akybelbuog aviixabiotd uw yetaAnTh Tng
ouvdpTnoNg eLe6dou ue uwa otabepr) T, exTtiudvTag nopdhinia tov aplud Twv
bpwv TN €xpaong v xdbe Staupopetixy Stdtaln HeTABANTAY EL66S0U TOU TEOXUTTEL.
IMpogavde oe xdle Briua Tou emiéyel uévo exciveg tig Slatdéels mou elvon mbavéd va
odnYNoouY 61OV EAAYLGTO SuvaTd apliud Gpwy.

Yuvodilovtag ou mapandve epyacieg mpotelvouy évav euplotixd alydeluo yia
N dnuovpyia xar ehayiotonolnon ESCT exgpdocswy yua hoyurés ouvapthoeg ulag
1 meplocotépwy e€6dwy. MTig epyaoieg autég, ol ouyypagelc aoyoholvTal Ue To
TepLoc6Tepa and Ta xhaowxd npoBihuata ehayiotonolnong ESCT exgpdoswy, énwg 1
neplntwon e ebpeonc g xahiTepnc dtdtadng Ty LeTafANTOV eLadd0U ULag hAOYLXHS
oLYAETNENS 1) TOU TEOPAAUATOS TNG EAAYLOTONONGTS GUVIPTHGEDY TOAAGDY eE63wWV.

'Onwe Bo gavel xow 0Tn ouvéyela, o alybpLliuog autdg anotelel unoneplnTwWoy TOU
Minl nou avantiylnxe ota nhalow g ouyxexpLUuevng Sdaxtopixrc StatplBrc.

8.2.5 PSDKRO napduoleg exppdoels Yo ATEADS OpLOUEVES AOYLXES
ocuvaptiioels Le 6UAEXT) OR-XOR(Lee, Drechsler, Perkowski)

Enéxtaon tov epyaotdv [Lee97, GLI7] anotelel n epyacia [GLIS] twv G. Lee, R.
Drechsler xow M. Perkowski. ¥tnv epyactio auti npotelvouy évav euptotind ahyodpiuo
Y TNy €lpeon oyedOV EAAYLOTWY AOYLXGDY EXPRAGERDY Tou Uoldlouy apxetd UE Tig
exgpdoelg ESCT. To onuavtindtepo mheovéxtnua tou aiyoplfuou autol elvar 6t
unopel va ypnowponotnlel Yo TNy eEAayLOTOTONGCT ATEAGDS OPLOUEVKDY AOYIXGY GUVIE-
THOEWY.

O mpotewoduevog ahydpliuog dnuoupyel Aoyuxés exgpdoelc mou anotehodvial
ané ovvBetouc bpoug xou elvon e wopghic: f = Y i=0(Q:) + ;ig” ®(P;). H
apyLtexTovxy) Tou npotelvetar wotdlet ue TNy xuttapua) Sidtaln Maitra alkd €xel dvo
ouhhéxteg évay " anoxhetotxol 7 (XOR) o évay "hoyixot /7 (OR). H apyttextovind
auTh Qalvetal 6Ty ewova 8.2

O rnpotewdpevoe alydpluoc exuetahieletar T0 YEYOVOS OTL oL bpor @ GTNV
TopATdve €xppact Unopolv va Bewpnoldv wg adldgopol bpot 61 Expoacy Tou SnuL-
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Complex
term

\

OR
Collector
row

XOR
Collector
row

Ewéva 8.2: Tpormonounuévn apyitextovixt) Maitra ue oculkéxtn XOR xar cukiéxty
OR.

ovpyeltor ané 1o dfpowoua ”anoxieloTinol K7 Ty dpwv P;. H Siaduxacio Zexivd and
évar apy 6 xdhuupa and hoywd ywéueva SOP (Sum Of Products). tn ouvéyewa
eqapublel évav akydplfuo (cost_dc) napbuoio ye autdv (cost) nou neptypdonxe oTny
epyaota [Leed7] (o ahybpibuog mou meplypdgnxe otnv Tponyoluevy evétrta) Ue
dapopd 6TL autdg AauBdvel UTOPNY Tou XL TOUG adLAPOEOUS GRPOUS TNG CUVERTNONG.
ITo ouyxexpwéva yio xdfe x6uPo tou dévipou ETDD Bploxel to x6610¢ 10V LTO-
ouvapTthceny fo, f1 (yoplc va haufBdver urddmy adidpopoug Gpouc) xaL ot oUVEYEL
Beloxel to avtioTtolyo x6cTog Y Tig unocsuvapthoe fo, f1, f2, hauPBdvovtag vnddny
%0 Toug avtloTolyoug adldgopoug dpouc. To cuvoixd x6oTog Tou x6UPou Hu elval:

c(f) = min(c(fo(de))+e(fi(de)), c(fo(node))+c(fa(de—fo))), c(fr(node))+c(fo(de—f1)))

6mou ¢(fo(de)) elvar to xbéoT0C TN LTOOULVAETHONG fo AauBdvovtag utbdmy Toug
adidpopoug bpoug g fo, c(f1(de)) elvan o x6oT0< g UTooLVaETRONG f1 AauBdvovTag
unddmy Toug adtdpopouc bpoug e fi1, ¢( fo(node)) elvar to xdotog TN UTOGULVEETNOTS
fo ywelc va hauBdvouue unddny toug adidgopous bpouc, c(fa(de — fo))) elvar to
%x667T0¢ NS unocuvdpTNong f2 hauBdvovtog unddmny toug addgopous dpouc e fo,
c(f1(node)) elvan to x6aT0C TNC UROGULVEETNOTE f1 Ywelc va hauBdvouue unddny Toug
adidpopouc bpouc, ¢ fa(de— f1)) elvon to x60T0¢ TNE UTOCUVEETHETC f2 hawPdvovTag
umdYmy Toug adldpopous bpouc e f1 o ¢ elval T0 x66T0C TS auTd unoroylletal
and tov ahybplbuo (cost) Tou TUPOLUCLAGTAXE GTNY TEONYOUUEVY EVOTNTA.

I va unoloyiotody molor and Toug oUvlhetoug 6poug Tou anoteréouatoc Ha
avhixouy o€ auTtols UE T0 GUAAEXTY 7 anoxAeloTixol 17 xat totot Ho avixouy oe autolg
ue To oUAAEXTY "hoyuxol K7 axohoubeltal 1 embuevy dwaduxacia. I xdbe 6po mou
avixel 670 apyxd xdhuupa SOP ehéyyetatr av n Tonobétnon tou otoug adidpopoug
bpoug NS cuVdpETNoNg eleédou Oa uetdoe 1o x6610¢ TNS. Av val TéTE 0 bpog auTdg
tonobeteltar 610 heyduevo ON_SET. Tehxd ov 6pol mou evidvovial Ue GUAAEXTY
"hoywou 17 Ba mepéyouy avtotc tou ON_SET pall ue 6houg toug bpoug mou elval
adidpopor (and Tov oploud NG oLVEETNOTNG).

Or napandve bpot tehxd Ha tpopodotnholy wg eloodoc (eloodoc OR—XOR otny
ex6va 8.2) yia T Snurovpyia TV 6pwv TOU EVEVOVTUL UE GUAREXTY ” ATOXAELGTIXOD
7. Tt Snulovpyia Twy 6pwy autoY YenoLuoroleltal xul TdAL o ahyobpLiuog cost_dc.
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8.2.6 Reversible Wave Cascades(Mishchenko, Perkowski)

Yy epyaoio [AMO02] mapoucidletor évag alydpliuog yio v dnuoupyia ESCT
EXPPAOEMY Yl aTENDS oplouéves hoyixée ouvapthioelg (don’t care Boolean func-
tions). H xdpia oupBolf duwe, e ouyxexpwévne epyaociog, elvar 1 aviietolyion
NG apYLTEXTOVLXNG TNS XuTTapwhg ddtalng Maitra pe uia yevixevuévn noin Tof-
foli. Ou yevixeuuéveg noheg Toffoli elvan avtioTpédiueg xon xatd ouvénewa unopolv
VOl YeNOWLOTOLNBOVY VLol TNY XATAGKELT XPAVTILXGY XUXAOUATWY. LNy epyacia auTh
N xutTaput Swdtaln Maitra avagépetal wg avTLOTEEPUT OPYLTEXTOVLXY XUTALEAXTY)
(Reversible Wave Cascade). Ilepioo6tepec AenTOUEPELES YLl TOV OPLOUO TNG YEVL-
xevuévng moing Toffoli oL tov Tpdno avtioTolylong authc TNy apyLlTexTOVIXY TNS
xuTTapwerc didtagng Maitra uropolv va Peefolv otny napdypago 2.3.

Y1n ouyxexpluévn epyacta Tteplypdpetor ahyoptiuog Yol TV avIleTolylor aTeAn
0pLOUEVDY GUVOPTAGE®Y GTNV OpYLTEXTOVLXY TNg xuTTapig didtagng Maitra. O
ahybpiuoc autde, Grwe avagépouv oL ouyypageic, dev vhonotiinxe (rapauével oe
Bewpnuxd eninedo) eved enlong dev anodidel oe Wialtepa dUoxolec xar a¥vhetes ou-
vapthoels. Autd ogelietal 1660 oty ntolunhoxdtnTa Tou aiyopibuov 6Go xou GTNY
avarapdotacy e ESCT éxgpoaone mou Ba anewxoviotel otny apyltextovixy Tou
xotopedxtn. O alydelbiuog autdg avalletal otn cUVEYEL.

‘Eotw wa atehdg oplouévn Aoyt ouvdptnor nou opiletar and to 6lvoko Tov
ehaylotépwy g Yo Toug onotoug €yel T 1 (ON set) xauv and avtolc v Toug
omotoug éyer Twh 0 (OFF set). Enedr| n ouvdptnon elvon atehds opropévr toyleL:
(ON set) \/ (OFF set) # 1. O alydpfuoc mou mpotelvetal elvan emavoknmtixde (it-
erative). Ye xdbe BrAua tou agopel éva tufua and Tic uetaBintéc and Ti¢ onoleg
e€optdtar  ESCT éxgpaocy, eved tautdypova uroroyilel évav ¥ teploadtepoug abv-
Oetoug 6pouc. Me tov tpdémo autd "éva TUAUA” TNG ATEAGDS OpLOUEVNS GUYAETNOT
UETATEENETOL G TAp®S OpLoUEVY ouUVAETNoT Xou anewxoviletal ue T Borbewa evig A
neplocotepwy olvletwy bpwv. Yrmohoyllovtag cuveyde olvletoug dpoug xaL UeL-
ovovtag T UETABANTEC €w0bdou, o mapandve oiydelbuog ueldvel oe xdfe Bua
T0 yhpo avalftnone Tou mpoflAnuatog agol o aplfude Twy UeTABANTOY £L66d0U
¢ ouVdpTnong 1 onola Tapauével atehds oplolévy (To T SN TNS oLVEETNOTNC
eLo680u YL T0 ontolo dev €youv dnutovpynbel axdua olvbetol Gpol) peldvetar.

H emhoyh tov yetaBintody eo6dou o onoleg Oa agaipefoldy and v ateidg
oploUévn ouvdpTnot ele6dou xan Ha yenoiwononfoldy uévo yia Toug ovvhetoug bpoug
emhéyovial ue Béomn tov mapuxdte tino: z(2) = Jas[Ja, Q% (a, 2)&3a, RE(a,2)] # 1
, 60U QR , R® elvar 1o ON xot o OFF set NS ATEADC 0pLOUEVNC GUVAPTNOTC IOV BEV
€yeL axdua anetxovioTel ypnolwonoldvtag avvletoug dpoug, ar elval ol uetafBAnTég
and g omoleg dev elupTdTon TAEOV 1 ATEAGS OpLoUEVY GuVAPTNOY xaL as elval o
uetafintéc and tic omoleg eloptdtal M aTEADS oplouévry ouvdetnor. To z elvon
6hot oL duvatol abvletor Gpol oL onolol enainebouy TV mapaTdve GUVBRXY Yio T
OUYXEXPWIEVT] ETavaAndn Tou akyopibuov.
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Kegpdhato 9

dYuunepdopata xot MeAhovtixég
Erextdosic

There is no reason anyone would want a

computer in their home. [1977]
Author: Ken Olson

gpedoewv ESOP xaw ESCT, elvar éva Wiaitepa Soxoho npdéfinua. Metd tny

Tepdtwon authg TNg Swaxtopuhc dtatelBhg, mapauEvel va axoua Wialtepa
duoeniiuto mpoPinua. I'vopllaue and tny apyr 6TL avrixel otny xatnyopla Twv NP
TpoPBANUATOY, enouévng dev Ha frav duvatédy va Beebel anotereouatindg arydeibuog
o onotog va evtonilel Béhtioteg ESCT 7 ESOP exgpdoeic o1n yevinr neplntwon.
[apdha autd, ota mhatowa Tng SrateBrc avtrg, avantdybnxav uebodohoyieg ol onoleg,
Oéhovye vo moTebouue, EMEXTELVOY Ta UEYEL GHUER GUVORI TNG YVHOGNG GTO YKOEO
autd.  Emuyeprfnxe n dnuovpyla evée cuunayoic Oewpentixod uroBdbpou yia tnv
axplBr ehaytotonoinon xuplng exgpdoewy ESCT xabde xar exppdoenv ESOP, ol
ornoleg anotelovy UTOGUVORO TV TEGOTLY. MdAoTa, Yo TeGOTY Popd, tapoucldleTat
o BewpnTinds Qopuahiouds v Ty elpeon eldytotng ESCT éxgpaone yia tuyaia
hoyuxt| ouvdptnom, avelopthtweg Tou ESCT Bdpoug tne 1) tou apliuod towv uetafintéhy
™me. O gopualioudg autds €xel mpotlotwg Bewpntiny onuacia ahhd pag Stvel xau
evOLapEPOYTA TEAXTLXd ANOTEAECUATA Yiol ouVaETHoELS UEypl 6 ueTaAnTtég etaddou.
Emnumiéov, énwe dellaye 610 xe@dharo yio Ti¢ xBaviinés ENEXTAGELS, O POpUAALOUOS
autdg unopel va yenowonownfel tohd mo anotehecuaTind and TOUG UEANOVTLXOUG
xBavtinolc UTOAOYLETES, ATOTEADVTAG ETOL Ulal ULxpY Topaxatadhxn yia To uéAlov.
IMapddAnho avartiyOnxe uehodoroyia ya v edpeon ehaylotwy ESCT xaw ESOP
EXPPACEWY YL GUVPTHOELS UE Bdpog To mohl T xa aveapthtwg Tou aptiuold tov
UETABANTAOVY €L66B0U TOUG.

Mehethfnxay axdua ol diheg napdueteot e ehaylotonoinong ESCT exgpdoewy.
Elaue ota avtiotouya xe@dhata 6L 7 Sidtady v LeTaAnTdy eLobdou uag hoyurs
ouvdptnone Swdpauatiler onoudalo pdho otn Saudppwon tou ESCT Bdpoc tne.
'Etov, pelethfnxe xaw 1o npdPinua g avaddtalng Twv UetaAntdy etoédou xon
npotdlnxe evpiotixyy uehodohoyia yio tnv elpeon xalfic té€tolag Sdtadns. Axdua
UEAETHONX Y OL ATEADS OPLOUEVES XOL OL GUVARTHOELS TOAAGDY EE6BWY XL TpoTadn Ay
uebodoroyieg v v elvpeomn ehdylotwy 1 oxeddy ehdytotwy ESCT xow ESOP ex-
PEACEWY YL AUTES.

l l ehaylotonoinoy exppdoewy " anoxAELGTIX0U 17, XAl TLO GUYXEXPLUEVO EX-
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Evétna 9.1. IIPOX THN ENOIIOIHXH THY ©EQPIAY EAAXIYTOIIOIHYHY EK@PAYEQN ESOP KAI ESCT

Yuvoilovtag Ta mapandvew emtyeeRinxe Ul o@atpxy) UEAETY Tou TpoflAiuaTog
e ehayrotonoinone ESCT, xuplwe, xav ESOP, Seutepevdviwe, exgpdocwmy. Ou
akybelbuol tou tpoéxuday cuvexplfnoay ue dhhoug tng diebvoic BiBioypaplag xal Ta
TELPUUATIXG ATOTEAEGUATA TTOU TUPOUGLAGTNXAY GTO GYETIXO XEPANALO, QPAVELHDVOLY
TNV TOLOTNTE TOUG.

Mua evduapépouoa mhavotnta 1 onola Stapdvnxe xdmov oTa U€Ga TNG TepdTWoNg
™ dtpBric autrig KTav n evonoinen g Bewplag ehayiotonolnong ESOP xaw ESCT
exppdoewy. Ilapdho nou, tehnd, dev xatéoty duvath, otny Evotnra 9.1 napouoid-
CovTon ToL oNUAVTIXOTERD GYETNE EVRTHUATA XAl CUUTERAGUATA.

Ov pyelhovtnés mpoextdoelg Tng dtatpPric authc unopolv va xwvnfoly npog Sud-
popec xateubiveels. Katapyhyv unopel va uehetnbetl n uebodoroyla yia tnyv mpontind
elpeon ehaylotwv ESCT exgpdocwy yio ouvaptioeis ue Bdpog ueyaritepo tou 7 1) ue
nepLocdTepeg and 6 uetafintéc eloddou. H Oewpla Twv cuyyevdy bpwv, TpoBiénouyue,
6t Bo anoteréoel Oepého Mbo oty mpoomdbela auty, agol Swagpaivetar 6T elval o
ouydeTIndS upixog T Dewplag ehaytotonoinong ESOP xat ESCT exgpdoswy. Enlong
onuavtxr Bewpolue v tpoondbela evonolnong g Hewplag ehayiotonoinong ESOP
xou ESCT exgpdoeny.

IToAd onpavtixy elvar enlong 7 edpeon eZehiyuévwy ahyopliuwy yio To TedfAnua
e avadidtaing Tov YeTABANT®OY erobdou mou Olylnxe mponyouuévws. Mo xohf
dudtaln otig petafintéc etoédou umopet va yeidoet Spauoatind to ESCT Bdpog uag
hovyuedc ouvdpTNong xafKg XaL TOUg YpPOVOUS TOU ATULTOVYTOL YLo TNV avTloTouy
ESCT ehayiotonoinon.

Téhog avantiybnxe fewpla yio ESCT ehayiotonolnon yenollonoldviag xovoveg
ouyydvevons. And Ta TEGTU REWRAUATIXE ATOTEAECUATA PALVETOL OTL TPOXELTAL YLo
eZoupeTind yeryopoug xal eAmdopdpoug uetaoynuatiouols. llotebouue 6tL akyd-
etbuol mou Ou otneilovtal 6TOUC TUPUTAVEL UETACYNUATIOUOVS XAl 6 dAAOUS TOU
Ba npoxddouv and v nepuntépw eZéMEn g avtiotouyne Bewplag, Ba npocpépouy
ONUAVTIXE ATOTEAEGUATOL.

9.1 Ilpog tnyv evonoinon tng Bewplag eAayloTonoinong exppdoswy

ESOP xoav ESCT

I'vwpilouue #371 671 oL exgpdoeic ESOP elvar umosivolo twv exgpdoewy ESCT. To
Tp®OTO oNUavTLXd atolyelo Yo T ayéon avdueoa oty fewpla ehayLotonoinong ESOP
xor ESCT npoxtntel and tn olyxpion g yevurs wopgprhc wag ESOP éxgpaong:
f=2P1 ®zPy ® P3 xau ) yevuer nopey wag ESCT éxgpaong mou Slvetar and to
Ocdpnua 7. Tapatneeitar 61l oL napandve Yop@éc elvar " ouclaotixd” dlapopeTixég
uévo 6TaV ULo UTOGLYAETNON TNC, WS TEog TN UeTaANnTh =, elvar atabepr, xon (o
ue 1. Xtnv neplntwon avth npoxvntel o ESCT éxgpaocy v tn cuvdptnor f nou
dev eyeL avtiotoryn ESOP. Tho ouyxexpuwéva 1 ehdyiotn ESOP exgpaon eyeL evay
TEELo60OTERO 6po ot oyéon ue TNy ehdyotn ESCT éxgpaon. Ye onowdrhmote diiy
neplntwor), 6nwg elvor evxolo va anodevylel, x&0e erdyrotn ESCT éxgpaon tne f Oa
€yel xou ula eAdytotn ESOP éxgpaon mou Ba avixouy otny (Sua yevviteia xAdor. To
Yeyovog autéd yenouwonoliinxe yio T dnulovpyia tou aiyopluou EWTMIN.
Emniéov, xav 1 yevixeuuévn Bewpla ehaytotonoinong ESCT exgpdoewy uwoldlel
oe Ueydho Babud ue tnv aviiotouyn yia ehayiotonoinon ESOP exgpdoewy. Ka otig
dvo mepntdoelg 1 elpeo eAdyLoTng Exppaone cuvollletal oTny edpecn XATIAANALY
exppdoenv (ehaylotwyv B un) and tic vnocuvapthoec ou onolec Ba éyouv boo to
duvatdy teptoadrepouc (Bloug poug (Aoyd YLvoUeva 6TNY TEpINTHON TV EXPPAOEWY
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Evétna 9.1. IIPOX THN ENOIIOIHXH THY ©EQPIAY EAAXIYTOIIOIHYHY EK@PAYEQN ESOP KAI ESCT

ESOP xou otvletoug bpoug otny meplntwon tov exgpdocwy ESCT). Anié oty
nepintwon Twv exgpdocny ESCT Ou npéner oe xdfe otddio tng ehaylotonoinon va
nopdyovtol xoL oL anapaltntes m-loodbvoues Lopgés (ov onoleg dev undpyouv GV
nepintwon e ESOP ehaylotonolnonc).

To nopomdve yopoxtneiotixd exgpdlovtol, xahltepa, péow tng Bewplog Twv
ouyYeVeY 6pwy. H Oewpla ehaylotonolnong ulag Aoy cuvdptnong, otny neplntwo
auTh, ouyyvelel ouyyevels Gpoug, avtl yia Bloug (otny teplntwon TwV exppdoewy
ESOP).

H nopoamdve meprypagy Setyvel, mpdyuatt, onuaviés opotdtntes otny Hewplog
elpeong ehaylotwv ESOP xaw ESCT exgedocwv yia tuyalo Aoy ouvdptnoy. Aev
anotelel Suwe oyupd Texurplo. Anaitelton emnAiéov €peuva HOTE TA TAPATEAVGD VO
Oepelwbolv Bewpntind. H apyr tng mapandve épeuvag Ba unopoloe va elvon 1) ebpeon
TOV TEPLTTOOENY XauTd TLS ontoleg 1) Dewpla elvar axpBde (8o xaL ot o nepuntdoetc.
Anhadi va Peeboiv ol tepintdoelg otig onoleg To ESCT Bdpog elvan (8o ue to ESOP.
M ewxaotia, and Tt yepld uvag, elvor 6Tl 10 nopandve ouuPalvel étav 1 ouvdeTnoT
elo6dou dev €yel xabdrou otabepéc 1 unocuvapthoelc uéoa 6To dEVTpo YEVVATELE TNG.
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ITapdptnua A

Weudoxmoxog LVAOTOLNBEVT®Y
aAyoplbuwmy

akyopiBuoug mou vhonowibnxay ota Thalow g dwatehc autrc. Ilapouot-
dlovtat ot ahyoelbuolr Minl, Min2, EMinl, XMin6, VRORDER, EW7MIN
xor MIN2-EWT7MIN.

: )'mv evoTNTA T TpouoldleTal 0 PeUdoXMILNAC TWY TEPLOCOTERWY UTO TOUG

A.1 Alyépibuog Minl

Algorithm 2: Minl(f: Switching function in minterm formulation) returns
(Min Expr of f)

ETDD: Ternary tree;

Expr(f): List of expressions for f;

begin
ETDD=Generate_ ETDD(f);
Expr(f)=Minimize(ETDD);
return Expr(f);

end
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Algorithm 3: Generate ETDD(f: Switching function in minterm formulation)

returns Ternary Tree

fo, f1, fo: Switching function in minterm formulation;
CurNode: Ternary tree node;
begin
Assign f to the current ETDD node (CurNode);
if f is a 2-variable switching function then
return;

endif

From the remaining variable support, produce fy, f1 and fo (as the XOR-

sum of the first two) for the most significant variable;
CurNode— fyNode=Generate_ ETDD( f);
CurNode— fiNode=Generate_ ETDD( f1);

CurNode— faNode=Generate_ ETDD( f2);
end

Algorithm 4: Minimize(input: produced ETDD) returns (Expr(ETDD— f))

fo, f1, fa: Switching function in minterm formulation;
CurNode: Ternary tree node;

Expr(f): List of expressions for f;

Cascade: Array of Maitra Cells;

EquivForms: List of expressions for f;

begin

/* f is the function assigned to the current ETDD node (CurNode); */

if f is a 2-variable switching function then
/* f is cascade realizable */
Cascade=Find Cascade for f (Look up table);
Expr(f) = Cascade;
return Expr(f);
endif
fo=CurNode— fo;
fi=CurNode— fy;
fo=CurNode— fs;
Expr(fo)=Minimize(CurNode— foNode);
Expr(f1)=Minimize(CurNode— fiNode);
Expr(f2)=Minimize(CurNode— f2Node);
if fo OR f1 OR f2 is constant then
return
ConstSubFunc(Expr(fo, f1, f2));
endif
Expr(f)=ExpansionExpr(Expr(fo, f1,/2));
for every expression E in Expr(f) do
EquivForms=Produce m-equivalent forms of E;
Expr(f)=Expr(f) |J EquivForms;
endfor

return Expr(f);
end
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Algorithm 5: ExpansionExpr(input: Expr(fo, f1, f2)) returns Expr(f)

cell’, cell?, LastCell;, LastCelly, LastCells: Maitra Cell;
fL. f2, f;: Function in minterm formulation;

Expr(f), Expr!, Expr?: List of expressions for a function;
E'. B2 MergedTerms, Removed: Expression of f;

PL PL P2 P2 | P3: Array of Maitra cells;
begln

for every decomposition - Shannon, Dav+, Dav- do
cell' =Normalized cell index for 1st normalized term:;
f'=Subfunction for 1st normalized term;
cell?>=Normalized cell index for 2nd normalized term;
t2=Subfunction for 2nd normalized term;
for fi in fo, f1, f2 do
if needed Ezpr(f;) then
for E' in Expr(f;) do
Expr(f;)=Expr(f;) U (E' by complementing odd number
of complex terms);

endfor
endif
endfor

Expr!=Expr(AssignCells(f!, cell!));
Expr?=Expr(AssignCells(f?, cell?));
for every expression E' in Ezpr' do
for every expression E? in Expr® do
MergedTerms = Removed = O;
for every term PL in E' do
for every term P2 in E? do
LastCell;=Last cell of P1
LastCello=Last cell of P2
Pl =Pl - LastCelly;
PZ_ =P2 - LastCell%
if P ,=P2 | OR P! ,=P2 | then

endif

LastCells = Merge of LastCell;, LastCelly according to
Lemma 3;

P3 =P  or P1 _; according to Lemma 3;

P3=pP3 | + LastCellg,

MergedTerms MergedTerms |J P2

Add P}, P? to Removed;

endfor
endfor
NewExpr=Terms(MergedTerms) | J Terms(E!) |J Terms(E?) -
Terms(Removed);
Expr(f)=Expr(f) |J NewExpr;
endfor
endfor
endfor
return Expr(f);

end
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Algorithm 6: AssignCells(input: Expr(f), input: Celllndex) returns (Expr(f))

Expr(f): List of expressions for a function;
begin
for every expression of f in Expr(f) do
Produce all possible combinations of cells, which result in cell of index
Celllndex, and add the corresponding cells to the end of each term
according to Lemma 2;
endfor
return (Expr(f));
end

Algorithm 7: ConstSubFunc(input: Expr(fo, f1, f2)) returns Expr(f)

begin
if fo = 0 then
return Expr(AssignCells(f1, 4));
endif
else
if fo = 1 then
return Expr(AssignCells(f1, 2));
endif
if fi = 0 then
return Expr(AssignCells(fo, 3));
endif
else
if fi = 1 then
return Expr(AssignCells(fo, 1));
endif
if fo = 0 then
return Expr(AssignCells(fo, 6));
endif
else
if fo = 1 then
return Expr(AssignCells(fo, 5));

endif
end
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A.2  Alyépibpog Min2

Algorithm 8: Min2(input: Switching function f expressed as a set of complex
terms, Number of Iterations) returns (Min Expr of f)

output, 5Terms, NewTerms, Expr(f): Expression of f; in minterm formula-
tion;
loop: integer;
ETDD: Ternary tree;
begin
output=input;
loop=0;
while loop < Number of Iterations do
5Terms=Pick 5 random terms from output;
output=output—5Terms;
Expr(f) = Minl(5Terms);
NewTerms=Pick randomly an expression from Expr(f);
output=outputU NewTerms;

loop++;
endw

return output;
end
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A.3 Alyépibuog EMinl

Algorithm 9: EMinl(f: Switching function in minterm formulation) returns
(Min Expr of f)

ETDD: Ternary tree;

Expr(f): List of expressions for f;

begin
ETDD=Generate_ ETDD(f);
Expr(f)=Minimize(ETDD);
return Expr(f);

end

©Anuitelog Boudolprs - Ehaylotonolnon exgpdocny ”anoxietotxol 47 160



Algorithm 10: E_Minimize(input produced ETDD) returns Expr(f)

fo, f1, fo: Switching function in minterm formulation;
CurNode: Ternary tree node;
Expr(f): List of expressions for f;
Cascade: Array of Maitra Cells;
EquivForms: List of expressions for f;
begin
/* f is the function assigned to the current ETDD node (CurNode); */
if f is a 2-variable switching function then
/* f is cascade realizable */
Cascade=Find Cascade for f (Look up table);
Expr(f) = Cascade;
return Expr(f);
endif
fo=CurNode— fo;
fi=CurNode— fy;
fo=CurNode— fo;
Expr(fo)=Minimize(CurNode— foNode);
Expr(f1)=Minimize(CurNode— f1Node);
Expr(f2)=Minimize(CurNode— faNode);
if fo OR f1 OR f2 is constant then
return
ConstSubFunc(Expr(fo, f1, f2));
endif
Expr(f)=0;
for every expression pair (E1,FEy) belonging to  couples
(Bapr(fo), Bopr(£1)), (Bapr(fo ), Eapr(f2)), (Ezpr(f1), Espr(f2)) do
NewExpr= 0);
by_products= ;
commons= ();
for term Ky in E1 AND term Ky in E5 do
if K1, Ky are relatives then
by_products U(K; & K2);

commonsUK; OR commonsUK5;

endif
endfor

NewExpr = (E; U E2@ by _products) OR NewExpr = (E; U E2®
by_products); /* use shannon and davio expansion only */
if Number Of Terms(NewEzpr) < Number of Terms(Ezpr(f)) then
Expr(f) = NewExpr;
endif
else
if Number Of Terms(NewEzpr) = Number of Terms(Expr(f))
then
Expr(f) U NewExpr;
endif
endif
endfor
return Expr(f);
end
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A.4 Alyépbpoc XMinb

Algorithm 11: XMin5(f: Switching function of 5 vars in minterm formulation)
returns (weight of f, k1, ko, k3 functions)

fo, f1, fo: subfunctions of f.
W4: Table with pre-computed weights of all 4-var switching functions.
wl,w, initial: int
begin
if f(),fl,fg = 0, 1 then
return weight of non-constant subfunction, kj=non constant

subfunction,ko=constant subfunction,ks = 0;

endif
end

initial = w = MIN(w(fo) + w(fr), w(fr) + w(fa), w(fo) +w(f):
// fi, [; are the subfunction which give w
k1= fi
ko = f;
ks =20
for K in (all 4-var cascades)) do
90 = fo® K;
g =hHoK;
92 = f2® K;
wl = MIN(W4(go) + Wd(g1) + 1, Wd(go) + W4(g2) + 1, Wd(g2) +
Wa(gr) +1); // w(K)=1
if initial — wl > w(K) then

w=wl;

// gi,g; are two of go, g1, g2 that fulfill the previous condition
k1= gi

ki1 =g,

ks =K

break for loop;

endif
endfor

return w, k1, ks, ks3;
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Algorithm 12: XMin6(f: Switching function of 6 vars in minterm formulation)
returns (weight f, k1, k2, k3 functions)

fo, f1, fo: subfunctions of f.
wl,w,initial: int
begin
if f07f17f2 = 0, 1 then
return  weight of non-constant subfunction,kj=non constant

subfunction,ko=constant subfunction,ks = 0;

endif
end

initial=w=MIN(XMin5( fo)+XMin5(f1), XMin5(f1)+XMin5(fa),
XMin5( fo)+XMin5( f2));
// fi, [; are the subfunction which give w
k1= f;
ko = f;
ks =20
for g in (all 5-var funcs with weight < |(w —1)/3]) do
go = fo @ g;
n=hnogy
92 = f2 @ gX;
wl1=MIN(XMin5(go)+XMin5(g1)+w(g), XMin5(go)+XMin5(g2)+w(g),
XMin5(g2)+XMin5(g1)+w(g));
if wl < w then

w=wl;
// gi,g; are two of go, g1, g2 that fulfill the previous condition
ki = gi
k1 = gj
ks =g
endif

if (initial —wl > w(g)) */ then
break for loop;

endif
endfor

return w, k1, ks, ks3;
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A.5 Alyépibuogc VRORDER

Algorithm 13: VRORDER pseudocode

VRORDER(f: Initial variable ordering of a switching function)
returns (gain of f)
fo, f1, fo: subfunctions of f.
currentlevel: int
fo, f1, fo: subfunctions of f
W4: Table with pre-computed weights of all single-output 4-input switching
functions.
MAXWEIGHT: Maximum weight of any single-output 4-input switching
functions = 3.
begin
if f. NumberOfVariables < 4 then
return ERROR; /* for switching functions of less than 4-variables we

know the weight and the best ordering */
endif

/* The gain is bigger if f has smaller weight*/
if f. NumberOfVariables = / then
return MAXWEIGHT - WA4([f];
endif
if fo 1S CONSTANT OR f1 IS CONSTANT OR fy IS CONSTANT
then
return
endif
return MAX(VRORDER(fo)+VRORDER(f1),

VRORDER(fy)+VRORDER( f2), VRORDER( f1)+VRORDER(f2));
end

3cur7"entlevel74
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A.6 Alyépbpoc EWTMIN

Algorithm 14: EW7MIN(f: ESCT epxr of Switching function) returns (Min
Expr of f)

ETDD: Ternary tree;

Expr(f): List of expressions for f;

begin
ETDD=Generate_ ETDD(f);
Expr(f)=EW7_Minimize(ETDD);
return Expr(f);

end

Algorithm 15: XOR.MERGE(input: f;, f;,9)

begin

newfunc = f; @ g;

NewExprs = EW7Min(newfunc);

Merge(Esor(1), NewBsors, w(fy ©5;) + (1 & 0, + (9,
en

Algorithm 16: Merge(Exprl: ESCT expressions, Expr2: ESCT expressions,
w)

begin
if NrTerms(Exprl) < w then
return Expr2;
endif
if NrTerms(Exzprl) = w then
return Exprl U Expr2;
endif

return Exprl;
end
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Algorithm 17: EW7_Minimize(input: produced ETDD) returns
(Expr(ETDD— f))

fo, f1, fa: Switching function in minterm formulation;
CurNode: Ternary tree node;
Expr(f): List of expressions for f;
Cascade: Array of Maitra Cells;
EquivForms: List of expressions for f;
begin
level = current level in the tree;
/* f is the function assigned to the current ETDD node (CurNode); */
if f is a 2-variable switching function then
/* f is cascade realizable */
Cascade=Find Cascade for f (Look up table);
Expr(f) = Cascade;
return Expr(f);
endif
fo=CurNode— fo;
fi=CurNode— fi;
fo=CurNode— fo;
Expr( fo)=Minimize(CurNode— foNode);
Expr(f1)=Minimize(CurNode— f1Node);
Expr(f2)=Minimize(CurNode— faNode);
if fo OR f1 OR f2 is constant then
if fo OR fi OR fo =1 then
ConstLevel
level

= true;
endif

return

ConstSubFunc(Expr(fo, f1, f2));
endif
Fxpr( f)=ExpansionExpr(Expr(fo, f1.f2));
XORSUMS(ETDD, currentnode);
for every expression E in Expr(f) do

if ConstLevel

level
= true then
EquivForms=Produce m-equivalent forms of E;
endif
Expr(f)=Expr(f) U EquivForms;
endfor
return Expr(f);

end
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Algorithm 18: XORSUMS(input: ETDD, current ETDD_NODE) returns
(Expr(ETDD— f))

begin
f is the func of the ETDD_NODE;
w(f)=current weight of f;
for g;,g; terms in couples (Expr(fo),Bapr(f1)), (Ezpr(fo),Expr(f2)),
(Ezpr(fz),Ezpr(f1)) do
/* fi the chosen subfunction and its associated g; terms */
/* f; the chosen subfunction and its associated g; terms */
if w(f) = 4 then
w(gi) = w(gj) = 1;
XOR-MERGEC(fs, fj, 9;);
XOR-MERGE(f;, fj, 9:);
endif
if w(f) = 5 then
w(gi) = w(gj) = 1;
if ’LU(fZ) =3 AND ’LU(fj) = 2 then
XOR-MERGE(f;, fj, 95);
XOR-MERGE(f;, fj,9);
endif
if w(f;) =1 AND w(f;) = 4 then
XORMERGE(f;, f;, 95):
endif
if w(f) > 7 then
w(gi) = w(g;) =1;
XOR,MERGE(J:Z, fj7 gj);
endif
if w(fz) =4 AND w(fj) =4 then
wlgi) = wig;) = 2
XOR-MERGE(f;, f;, 9,):

XOR-MERGE(f;, f, 9i);

endif

if w(fi) =3 AND w(f;) =5 then
w(g;) = w(gj) = 2;
XOR-MERGE(f;, fi,95);

endif

endif
endif

endfor
end
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A.7T  Alyépibpog Min2-EWTMIN

Algorithm 19: Min2-EW7Min(input: ESCT Expression, Number of Iterations)
returns (Expr of f)

output, Terms, NewTerms, Expr(f): Expression of f; in minterm formulation;
loop: integer;
NrTERMS: {2-7};
ETDD: Ternary tree;
begin
output=input;
loop=0;
while loop < Number of Iterations do
Terms=Pick NrTerms random terms from output;
output=output—Terms;
Expr(f) = EW7Min(Terms);
NewTerms=Pick randomly an expression from Expr(f);
output=outputU NewTerms;

loop++;
endw

return output;
end
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ITopdptnua B

Ilivaxag EAANvo-AyyAxoOv opmv

ESCT

ESOP

MVESOP

Maitra Cell

XOR

dc function

ON set

OFF set

DC set

Benchmark function
Reversible Gate/Circuit
Quantum

CMOS

FPGA

ASIC

Exclusive or Sum of Complex Terms -

‘ABpoloua 7 anoxherotixol §7 and atvletoug dpoug.
Exclusive or Sum Of Products -

‘Afbpoloua " amoxhetotixol §7 and hoywd yivoueva.
MultiValued Exclusive or Sum Of Products -

‘Abpotoua "anoxheloTinol K7 and Aoyixd YLVOUEVA TOU €Y 0UV
TNV TeATN LeTaBANTH ToAG-TIU.

Kittapo Maitra.

eXclusive OR - Aoy, npdln ”anoxhewotinod 1.

Don’t Care function - Atehéc oplouévn cuvdptnon.

To 60voho TV ehaylotdpwY TNG GLVARTNONG YL TS OTOlES
auth éyel Tyun 1.

To 60voho TV ehayLoToHROY TNE GUVAPTNONG YL TLS OTOLES
auth €yel tyun 0.

To 6¥voho TV ehaylotdpny TNg CUVAETNONS Lo TIC OToleg
auth dev oplletat

Tunonownuévn Yuvdptnon Metporpdypauua.

Avtiotpéduun mohn/xoxhoua.

KBavtixoée - xBaviixd xuxAduata mou €Youy wg

Bdon mhnpogoplag To qubit.

Complementary Metal-Oxide Semiconductor (transistor type) -
Teyvohoyvia xataoxeuiic OAOUANEWUEVLY XUXAOUATWY.
Field Programmable Gate Array -

Teyvohroyia 0hoXANEOUEVOY XUXAOUATWY TOU ETLTEETOLY
TOV €UXONO EMAVATLOYPAUUATIOUS TOUG.
Application-Specific Integrated Circuit -

Teyvoloyla 0AOXANEWUEVODY XUXAOUATOV €EEBIXEVUEVODY
YL XEATOLL GUYXEXPUUEVT]) EQUQUOYT).
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